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1.  INTRODUCTION  J 

1.1  General  - The  orbiting  of  Skylab  has  marked  the  beginning  \ 

In  a series  of  large  manned  orbiting  spacecraft  that  will  be  used 

as  bases  from  which  a variety  of  experiments  will  be  performed. 

These  experiments  include  astronomy,  Earth  resources,  biomed,  space 

physics,  and  various  other  technology  areas.  The  orbital  environ-  j 

ment  will  enable  measurements  and  observations  to  be  made  over  ex-  i 

tended  periods  of  time  that  were  not  possible  from  the  Earth  or 
high  flying  aircraft  due  to  atmospheric  obscuration,  the  gravity 
environment,  and  limited  observation  times.  These  observations, 

measurements,  and  experiments  conducted  in  space  will  contribute  ; 

significantly  to  the  understanding  of  the  universe,  its  origin  and 
dynamic  behavior,  as  well  as  the  Earth,  its  resources,  weather,  and 
its  complex  dynamic  life  cycles. 

The  Space  Shuttle  presently  being  planned  by  NASA  will  not 
only  be  a logistics  vehicle,  but  will  also  serve  a crucial  role  as 
a manned  experiment  base.  In  this  role  the  Shuttle  will  orbit  the 
Earth  from  7 to  30  days  performing  various  experiments  with  equip- 
ment mounted  in  the  cargo  bay  and/or  deployed  on  various  types  of 
booms  and  isolation  mechanisms.  Examination  of  the  experiments 
proposed  for  performance  in  low  Earth  orbit  attached  to  a manned 
orbiting  spacecraft  such  as  Shuttle  indicates  that  attitude 
stabilization  of  one  degree  or  better  is  required  by  approximately 
65  percent  of  the  payloads  with  many  of  them  primarily ^in  the 
astronomy  area  requiring  pointing  stabilities  of  an  sec  or  better. 

In  addition,  all  of  the  astronomy  and  plasma  physics  experiments 
proposed  are  extremely  sensitive  to  contamination.  A CMG  system 
that  will  stabilize  large  orbiting  spacecraft  such  as  the  Shuttle 
is  very  attractive  since  it  would  provide  a contamination  free 
environment  and  simplify  the  experiment  integration  equipment 
needed  to  meet  the  stringent  pointing  stability  requirements  of 
the  astronomy  and  some  of  the  physics  experiments. 

This  study  titled  "Study  to  Define  Logic  Associated  With  CMGs 
to  Maneuver  and  Stabilize  an  Orbiting  Spacecraft”  will  define  a 
CMG  system  capable  of  controlling  a large  orbiting  spacecraft  such 
as  a Shuttle  and  develop  all  of  the  software  required  to  vSatis- 
factorily  manage  and  control  such  a system. 

1.2  Study  Objectives  - The  objectives  of  this  study  were  the 
following: 

a.  Define  mission  requirements  and  feasible  attitudes  for 

a Shuttle-like  vehicle  that  will  meet  mission  objectives. 
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b.  Determine  the  CMC  actuator  type  (i.e.,  Single  Gimbal 
CMGs  or  Double  Gimbal  CMGs)  and  system  configuration 
that  will  best  meet  overall  mission  requirements. 

c.  Define  all  of  the  software  required  to  manage  and  con- 
trol the  selected  CMG  system. 

d.  Verify  by  computer  simulation  the  adequacy  of  the 
selected  CMG  system  and  specified  software  package  in 
meeting  the  overall  mission  requirements. 

All  of  the  above  objectives  were  met  during  the  course  of  the 
study. 


1-3  Relationship  to  Other  Efforts  - The  Bendix  Corporation 
has  been  critically  involved  with  the  Skylab  program  since  its  in- 
ception, performing  studies  in  the  areas  of  communications,  mis- 
sion operations,  experiment  integration,  stabilization  and  control, 
human  factors,  and  test  and  reliability.  Bendix  has  also  furnished 
the  double  gimbal  CMGs , double  gimbal led  star  tracker  and  the 
experiment  pointing  electronics  assembly  (EPEA)  which  form  a 
critical  part  of  the  total  Skylab  attitude  and  pointing  control 
system  (APCS)  in  addition  to  the  C&D  console  used  to  operate  and 
command  virtually  all  systems  aboard  Skylab.  During  the  course 
of  the  Skylab  program  detailed  studies  have  been  made  into  the 
behavior  of  CMG  systems  and  the  software  required  to  satisfactorily 
control  and  manage  such  a system.  Valuable  experience  and  insight 
into  the  behavior  and  idiosyncracies  of  CMG  systems  has  been  gained 
over  the  seven  years  that  these  studies  were  performed,  and  was 
directly  applicable  to  the  performance  of  the  present  study. 

Data  generated  during  the  course  of  the  Research  and  Appli- 
cations Module  (RAM)  study  (May  1971  - June  1972)  in  which  Bendix 
was  a prime  participant,  provided  valuable  input  to  the  present 
study  in  the  area  of  proposed  experiment  payloads  for  the  Shuttle 
vehicle  and  the  requirements  placed  upon  that  vehicle  due  to  those 
payloads.  In  addition  the  experience  gained  in  the  analysis  and 
design  of  candidate  CMG  control  systems  for  RAM  applications  is 
directly  applicable  to  the  present  study. 

The  Astronomy  Sortie  Mission  (ASM)  Definition  Study  (December 
1971  - March  1973)  in  which  Bendix  was  a prime  participant,  also 
provided  valuable  inputs  to  the  present  study  in  the  area  of 
Shuttle  vehicle  requirements  due  to  proposed  astronomy  experimenta- 
tion and  in  the  design  of  possible  attitude  control  systems  which 
included  reaction  control,  CMG,  and  experiment  isolation  systems 
that  could  be  used  to  meet  these  requirements. 
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The  experience  and  technical  expertise  gained  during  the 
performance  of  Skylab,  RAM,  and  ASM  formed  the  technological 
base  which  the  present  study  was  able  to  draw  upon  to  further 
advance  CMC  technology  for  Shuttle-like  vehicle  applications 
thus  yielding  the  basis  for  the  design  of  a realistic  hardware 
and  software  package  that;  could  be  used  for  tills  purpose. 

i • 4 Method  of  Approach  and  Principal  Assumptions  - The 
approach  taken  in  the  performance  of  the  present  study  was  to 
make  maximum  use  of  the  results  obtained  in  the  RAM  and  ASM  pro- 
grams. These  outputs  still  assumed  applicable  were  used  to 
specify  the  requirements  placed  upon  a Shuttle  type  vehicle  by  the 
experimentation  programs  defined  in  these  studies.  In  addition 
whatever  developed  hardware  (i.e.,  CMGs)  available  from  Skylab 
and  other  programs  would  be  given  maximum  consideration  for  use  in 
the  present  application  in  order  to  obtain  an  optimum  and  cost 
effective  system.  The  software  packages  designed  for  Skylab, 

RAM,  and  ASM  were  used  as  a starting  point  for  the  present  study 
which  helped  to  optimize  both  system  performance  and  computational 
requirements  for  the  software  package  specified  to  meet  the  present 
overall  mission  specifications. 

Verification  of  the  specified  CMC  control  system  and  asso- 
ciated software  package  was  accomplished  on  a hybrid  computer. 

The  reason  for  choosing  a hybrid  machine  to  perform  system  veri- 
fication was  to  enable  the  faithful  simulation  of  the  A/D  and  D/A 
interfaces  that  would  be  encountered  in  an  actual  flight  control 
system.  Effects  of  quantization  and  sampling  time  were  taken  into 
account  in  the  specification  of  overall  system  performance. 

The  Shuttle  as  defined  in  the  July  1972  time  frame  was  the 
vehicle  for  which  the  CMG  control  system  design  was  defined.  The 
Shuttle  was  modeled  as  a rigid  body  which  was  another  assumption 
of  the  present  study.  Modeling  the  vehicle  in  this  manner  obviated 
the  need  for  bending  mode  filters  that  might  be  required  to  yield 
satisfactory  vehicle  stability  when  flexibility  is  taken  into 
account.  These  bending  mode  filters  would  probably  be  implemented 
in  the  digital  computer  aboard  the  vehicle  and  therefore  represent 
an  added  software  load.  In  addition  the  vehicle  pointing  stability 
would  be  somewhat  degraded  when  vehicle  flexibilities  are  taken 
into  account.  However,  all  of  the  software  developed  for  managing 
and  cont rolling  the  CMG  system  specified  would  still  apply  when 
vehicle  flexibility  is  considered. 


V 


id 


I 


1-4 


1.5  Basic  Study  Output  and  Significant  Results  - The  study 
results  and  significant  conclusions  are  listed  below: 

a.  The  Shuttle  attitudes  that  will  meet  mission  require- 
ments can  be  divided  into  two  classes » pseudo— inertial 
and  local  vertical.  The  pseudo-inertial  orientations  are 
longitudinal  vehicle  axis  perpendicular  to  the  orbital 
plane  (X-POP) , and  the  longitudinal  axis  of  the  vehicle 
in  the  orbital  plane  (X-IOP).  In  the  local  vertical 
orientation,  the  vehicle  Z axis  is  local  vertical  with 
the  vehicle  X axis  in  the  orbital  plane  (X-IOP,  ZLV) 

or  perpendicular  to  the  orbital  plane  (X-POP,  ZLV). 

b.  CMG  system  is  sized  to  allow  attitude  hold  for  one 
orbit  under  the  worst  case  gravity  gradient  momentum 
accumulation . 

c.  The  CMG  system  chosen  for  Shuttle  attitude  control 
consists  of  six  Skylab  double  gimbal  CMGs  modified  with 
slip  rings  to  enable  unlimited  gimbal  freedom.  Each  of 
these  CMGs  have  a momentum  capability  of  2,300  ft-lb-sec 
and  provides  fail  operational,  fail  safe  capability. 

d.  A rate  plus  position  control  law  is  recommended  for 
vehicle  stabilization  with  a closed  loop  bandwidth  of 
0.127  rad/sec  and  a damping  ratio  of  0.7. 

e.  The  Pseudo-Inverse  CMG  Control  Law  is  recommended 
for  commanding  appropriate  CMG  gimbal  races.  This 
gimbal  rate  steering  law  will  give  decoupled  vehicle 
control  while  minimizing  the  energy  expended. 

f.  The  Optimal  CMG  Distribution  Singularity  Avoidance 
Control  Law  is  defined  in  order  to  avoid  CMG  singularity 
conditions.  This  type  of  control  will  maximize  the  dis- 
tance from  a singularity  condition  for  a particular  CMG 
system  momentum  state  and  is  compatible  with  the  Pseudo- 
Inverse  CMG  Control  Law. 

g.  Gravity  gradient  desaturation  is  the  recommended 
means  of  CMG  momentum  unloading.  This  will  yield  a 
contamination  free  environment  required  by  a number  of 
the  proposed  experiment  payloads.  The  gravity  gradient 
desaturation  control  law  selected  maneuvers  the  vehicle 
through  small  angles  (i.e.,  <15  deg)  in  order  to  achieve 
momentum  dump.  This  type  of  control  law  minimizes  compu- 
tational requirements  and  the  momentum  required  to  affect 
the  gravity  gradient  maneuvers. 
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h.  A hybrid  computer  simulation  verified  the  adequacy 
of  the  chosen  CMG  system  configuration  and  associated 
software  package  in  meeting  overall  mission  requirements. 

1*6  Study  Limitations  - The  present  study  was  primarily  geared 
to  define  the  software  package  required  to  manage  and  control  a 
representative  CMG  system  that  cculd  be  used  to  control  the  attitude 
of  a Shuttle  type  vehicle.  Although  trade  studies  were  performed  to 
select  a candidate  CMG  system  configuration  from  several  alternatives, 
they  did  not  constitute  a major  portion  of  the  study  and  hence  were 
top  level  in  nature.  When  the  design  of  an  actual  CMG  system  for 
Shuttle  is  contemplated,  considerably  more  effort  wcuid  be  required 
in  trading  various  candidate  CMG  system  configurations  in  order  tc 
determine  the  optimum  configuration  that  would  meet  overall  Shuttle 
requirements  in  a cost  effective  manner.  Shuttle  mass  characteristics 
should  be  updated  to  reflect  the  present  Shuttle  configuration.  Addi- 
tionally the  latest  experiment  payloads  slated  to  fly  in  a sortie  mode 
should  be  examined  in  order  to  better  ascertain  and  update  the  require- 
ments placed  upon  the  Shuttle  by  these  experiments.  However  it  should 
be  noted  that  all  of  the  techniques  and  some  of  the  control  laws 
(i.e.,  gravity  gradient  desaturation)  developed  in  this  study  will 
be  directly  applicable  to  any  CMG  configuration  that  may  finally 
result  for  Shuttle  attitude  control. 

Although  the  pointing  stability  achievable  by  the  CMG  system 
selected  has  been  estimated,  the  pointing  performance  that  could 
ultimately  be  obtained  would  require  a more  comprehensive  simula- 
tion for  its  determination.  This  simulation  would  include  vehicle 
flexibility,  CMG  dynamics  including  all  nonlinearities,  and  adequate 
representation  of  man  motion  disturbances.  A more  accurate  deter- 
mination of  the  pointing  stability  achievable  by  the  CMG  system  is 
desirable  since  it  would  have  a very  strong  effect  on  the  type  and 
complexity  of  the  required  experiment  integration  equipment.  This 
in  turn  can  appreciably  effect  the  overall  cost  of  the  Shuttle 
experiment  program. 

1-7  Suggested  Additional  Effort  - The  following  additional 
effort  is  suggested: 

a.  Review  the  experiments  that  are  presently  candidates 
for  the  Shuttle  sortie  mode  und  revise/update  Shuttle 
mission  requirements. 

b.  Define  candidate  CMG  control  system  configurations 
that  could  meet  Shuttle  mission  requirements.  Perform 
indepth  trade  studies  between  the  various  CMG  control 
system  configurations  in  order  to  determine  the  optimum 
CMG  configuration  that  will  meet  overall  mission  require- 
ments in  a cost  effective  manner.  These  studies  should 
include  detailed  hardware  trade  offs  with  respect  to  size. 
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weight,  power  consumption,  reliability  and  cost  as 
well  as  the  impact  various  CMG  configurations  have 
on  software  complexity  and  overall  software  cost. 

In  addition  candidate  types  of  control  logic  (e.g. , 

CMG  gimbal  rate  control  laws,  singularity  avoidance 
laws,  etc.)  required  to  satisfactorily  manage  the 
CMG  control  system  should  be  evaluated  from  the 
standpoint  of  software  complexity,  and  required  com- 
puter capacity  for  implementation  as  well  as  overall 
performance.  These  software  trades  will  be  of  key 
significance  in  determining  whether  a dedicated  or 
the  central  Shuttle  computer  be  used  to  drive  the 
chosen  CMG  system  configuration. 

c.  Define  the  software  package  required  to  satisfactorily 
manage  and  control  the  resulting  CMG  system  configuration. 

The  amount  of  revision  to  the  candidate  CMG  control  logic 
described  in  this  study  will  depend  on  the  final  con- 
figuration of  the  Shuttle  CMG  control  system.  If  the 
configuration  consists  of  a cluster  of  double  gimbal 
CMGs,  the  modifications  required  to  the  defined  control 
laws  would  be  minimal.  If  the  chosen  CMG  system  con- 
sists of  a cluster  of  single  gimbal  CMGs  or  a mixture 
of  single  and  double  gimbal  CMGs  the  required  software 
modification  would  be  more  extensive.  However,  regard- 
less of  the  CMG  configuration  chosen,  all  of  the 
techniques  used  to  derive  the  various  control  laws 
required  to  manage  a CMG  system  detailed  in  this  re- 
port still  applies. 

d.  Determine  the  accuracy  that  can  be  achieved  by  the 

CMG  system  and  the  impact  this  accuracy  has  on  the  type 
and  complexity  of  required  experiment  integration  equip-  jj 

ment . j 
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2 . STUDY  PLAN 

Figure  2.1  is  the  study  flow  diagram  describing  the  logic 
flow  "S  to  perform  this  study.  The  study  was  nltlsted  as 

shown  in  block  1 by  first  selecting  an  ' ^e  eonSol 

would  benefit  from  a control  moment  gyro  (CMC)  a titude 

. vehicle  selected  was  the  Space  Shuttle.  Ihe  assum 

Shuttle  vehicle  dynamics  and  baseline  reaction  control  subsystem 

(RCS)  characteristics  used  in  this  study  are  contained  ln^sect^ 

1 Prnree dine  onto  block  2,  the  next  oDjective  i.» 

the  vehicle  mission  requirements  !nd  how  propo  d 

CMC  control  system.  For  this  analysis,  the  guttle  -ort: l 
defined  in  the  General  Dynamics /Con vair  Ph as c » Research 
Application  Module  (RAM)  program  were  used.  The  re* sul 
this  analysis  are  contained  in  section  4.  In  block  J ot  tne  st  y 
flow  the  mission  requirements  defined  in  the  previous  tas 
translated  into  appropriate  CMC  system  requirements,  such  as  out- 
put torque,  momentum  storage,  and  system  redundancy  retirements. 

The  analysis  and  the  resultant  CMC  system  requirements  are  docu 
^ ^ , c tr.  r CMG  svstem  requirements  have  been 

rcrrii™  =s of 

gl^af  a'dC*ngUUgi»b8.i  CMOS  was  performed.  From  this  Purvey  e 

bm  s,s£r.  as 

figuration  was  selected  baaed  on  system  docu^k  la 

stability.  The  resultant  vehicle  control  law  analysis  is 
mented  In  section  7. 

In  block  6 of  this  study  flow  diagram,  a trade  study  is  per- 
formed to select  the  CMG  control  logic  needed  to  mplen>ent  the  CMG 
control  system  configured  and  designed  in  blocks  4 and  5.  Th^ 
quired  CMG  control  logic  consists  of  three  c^pon  ,^^^  laWf 

(1)  a CMG  maneuver  control  law,  (2)  a CMG  gi  general  rela- 

and  (3)  a CMG  system  momentum  management  scheme.  The  illustrated 
tionshlps  of  these  three  CMG  control  logic  unction.  re  11  usrr.ted 

l:r“?S b"^^  orc^tnnafco^^"8^  performance. 
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Figure  2.1.  Study  Plan  Logic  Flow  Diagram 
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In  section  8,  three  candidate  CMG  maneuver  control  laws  are 
derived;  these  three  laws  are  based  on  (1)  quaternion,  (2)  direc- 
tion cosine,  and  (3)  Euler  angle  strapdown  implementations  for 
describing  the  attitude  of  a spacecraft.  The  function  of  these 
three  methods  for  computing  the  strapdown  equations  of  motion  is 
to  generate  the  appropriate  error  signals  that  will  enable  the 
vehicle  to  maintain  or  track  specific  attitudes  and  to  perform 
particular  maneuvers  from  one  attitude  to  another.  The  resultant 

attitude  error  A0  and/or  rate  maneuver  command  are  implemented 

by  inputting  these  signals  into  the  vehicle  control  law  as  shown 
in  figure  2.2. 

The  CMG  gimbal  rate  command  law  shown  in  figure  2.2  consists 
of  two  components;  they  are:  (1)  a CMG  control  law  and  (2)  a CMG 
singularity  avoidance  scheme.  The  CMG  control  law  generates  a 
set  of  CMG  gimbal  rate  commands  as  a function  of  the  CMG  gimbal 

state  that  will  produce  the  desired  CMG  torque  T£qM  as  computed 

by  the  vehicle  control  law.  The  purpose  of  the  CMG  singularity 
avoidance  scheme  is  to  drive  the  CMG  system  away  from  singularity 
points  in  its  CMG  gimbal  space  where  the  CMG  system  is  physically 
unable  to  generate  a three  axis  control  torque.  In  other  words, 
the  function  of  the  CMG  singularity  avoidance  scheme  is  to  insure 
that  the  CMG  system  is  always  capable  of  generating  tha  desired 

CMG  torque  T--w  whenever  the  system  is  not  in  saturation.  The 
COM 

singularity  avoidance  scheme  generates  an  additional  set  of  CMG 
gimbal  rate  commands  that  drive  the  CMG  system  away  from  singu- 
larity without  applying  a net  CMG  torque  to  the  vehicle.  The  sum 
of  the  CMG  control  law  and  singularity  avoidance  scheme  gimbal 

rate  commands  ? are  routed  to  the  appropriate  CMG  actuators  as 
c 

shown  in  figure  2.2.  In  section  9 of  this  report,  various 
candidate  CMG  control  laws  and  CMG  singularity  avoidance  schemes 
are  derived  and  from  these  candidates  a CMG  control  law  and  a 
singularity  avoidance  scheme  is  selected. 

The  function  of  the  CMG  momentum  management  scheme  depicted 
in  figure  2.2  is  to  insure  that  the  CMG  momentum  exchange  system 
does  not  saturate.  Two  types  of  laws  are  described  in  section  10, 
accomplishing  the  above  objective  in  different  ways.  The  first 
law  described  is  a CMG  desaturation  law  which  desaturates  the  CMG  sys- 
tem by  applying  a torque  to  the  vehicle  which  reduces  the  magnitude  of 
the  momentum  stored  in  the  CMG  system.  In  section  10,  two  general 
types  of  CMG  desaturation  systems  are  described;  they  are  (1)  a 
reaction  jet  desaturation  system  utilizing  the  baseline  Shuttle 
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RCS  and  (2)  a gravity  gradient  desaturation  system  wliich  uses 
the  gravity  gradient  torques  acting  on  the  vehicle.  As  illustrated 
in  figure  2.2,  a RCS  desaturation  system  desaturates  the  CMC  sys- 
tem by  sending  appropriate  jet  firing  commands  to  the  baseline 
RCS.  For  a gravity  gradient  desaturation  system,  CMC  desaturation 

is  accomplished  by  sending  the  appropriate  vehicle  manuever  command 
->  ■> 

£ and  rate  command  to  the  vehicle  control  law  where  these  com- 
mands are  implemented.  In  section  10,  from  among  the  various  RCS 
and  gravity  gradient  desaturation  systems,  a preferred  desaturation 
law  is  selected.  The  second  law  described  in  section  10  is  a 
pseudo-axis  alignment  scheme  which  attempts  to  compensate  for  the 
momentum  build-up  in  the  CMG  system  resulting  from  vehicle  principal 
and  control  axis  misalignments.  In  this  way,  the  pseudo-axis  alignment 
scheme  minimizes  the  momentum  that  the  CMG  desaturation  law  must 
"dump"  for  any  particular  attitude. 

In  block  7 of  the  study  flow,  all  of  the  selected  components 
of  the  CMG  control  system  are  brought  together  into  a hybrid  com- 
puter simulation.  This  hybrid  computer  simulation  is  used  to  verify 
the  effectiveness  of  the  selected  CMG  control  logic  and  to  demon- 
strate the  overall  operations  of  the  selected  CMG  attitude  control 
system.  The  results  of  this  computer  simulation  are  documented  in 
section  12. 
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3.  VEHICLE  AND  BASELINE  RCS 

The  vehicle  used  in  this  study  is  assumed  to  be  the  Space 
Shuttle.  Using  the  Shuttle  as  the  baseline  vehicle,  the  mission 
requirements  and  the  sizing  of  the  CMG  attitude  control  system 
are  determined  in  the  following  sections.  Since  at  the 
beginning  of  this  study  no  final  Shuttle  design  existed,  the 
vehicle  dynamics  and  baseline  reaction  control  subsystem  (RCS) 
listed  in  this  section  are  assumed  to  be  representative  of  a 
final  design. 

3.1  Vehicle  Dynamics  - The  Shuttle  is  assumed  to  be  a rigid 
body  with  the  following  moments  of  inertia: 

Ixx  = 1.04  X 106  slug  ft2 

I = 8.21  X 106  slug  ft2 

I = 8.55  X 106  slug  ft2 


The  vehicle  cross  products  of  inertia  1,1,  and  I 
assumed  to  ba  negligible.  x^  xz 


The  vehicle  dynamics  are  governed  by  the  following  Euler 
equation  of  motion: 
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Tv  *s  the  total  resultant  torque  acting  on  the  vehicle;  T consists 
of  all  disturbance  torques  T , torques  T exerted  on  the 
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vehicle  by  the  baseline  RCS*  and  the  CMG  control  torques  T 

->  CMG 

<TV  = ad  + TRCS  + TCMG^ ‘ ^ *s  t*le  vehicle  inertia  tensor; 
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Note  that  because  the  cross  products  of  inertia  are  zero,  the 

X,  Y,  and  Z vehicle  geometric  control  axes  are  also  the  vehicle 
->  *> 

principal  axes*  u)  and  u)  are  the  vehicle  angular  rate  and 
acceleration , respectively* 
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3.2  Baseline  Reaction  Control  Subsystem  (RCS)  - Figure  3.1 
is  a sketch  of  the  Space  Shuttle  showing  the  locations  of  the 
baseline  on-orbit  reaction  control  subsystem.  This  system  is 
assumed  to  consist  of  three  pods,  a single  forward  pod  containing 
16  thrusters  and  two  aft  pods  containing  12  thrusters  each. 

The  forward  pod  thrusters  in  conjunction  with  the  aft  pod 
thrusters  control  both  pitch  and  yaw  while  the  two  aft  pod 
thrusters  control  roll.  The  normal  control  torque  operating 
mode  for  this  RCS  system  is  to  fire  thruster  pairs.  A thruster 
pair  firing  consists  of  two  thrusters  fired  simultaneously  in 
opposite  directions  so  that  no  net  translational  force  is 
produced;  the  resulting  pure  control  torque  equals  the  engine 
thrust  level  times  the  corresponding  moment  arm  between  the 
two  thrusters.  The  baseline  RCS  operacing  characteristics  such 
as  thrust  level,  attitude  deadband,  etc...,  are  listed  in 
table  3.1. 

3.3  Baseline  Vehicle  Orbit  - The  vehicle  is  assumed  to  be 
stabilized  in  a 270  nautical  mile  circular  orbit. 


Shuttle  RCS  Thruster  Locations 
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4,  MISSION  REQUIREMENTS 

In  this  section,  typical  Shuttle  mission  requirements  are 
defined  that  impact  and  influence  the  design  or  a CMG  attitude 
control  system.  These  mission  requirements  are  used  in 
sections  5.0,  6.0,  and  7.0  to  size,  configure,  and  design  a 
Shuttle  CMG  control  system. 

4.1  Vehicle  Pointing  and  Stabilization  - The  vehicle 
pointing  and  stabilization  capabilities  of  a CMG  control  system 
are  in  general  much  superior  to  those  of  a reaction  Jet  attitude 
control  system.  The  addition  of  a CMC  attitude  control  system 
to  a vehicle  like  the  Shuttle  can  drastically  improve  its 
pointing  and  stabilization  capabilities  and  convert  the  vehicle 
into  an  accurately  stabilized  on-orbit  experimental  base.  For 
this  study,  a CMG  attitude  controlled  Shuttle  base  stabilization 
capability  of  three  arc  minutes  is  assumed.  This  projected 
stabilization  capability  is  a conservative  value  because  other 
studies  for  similar  vehicles,  reference  1,  indicate  that  a 
stabilization  capability  of  less  than  one  arc  minute  is  feasible. 
The  accuracy  with  which  this  vehicle  can  be  pointed  using  a 
CMG  control  system  is  assumed  to  be  approximately  equal  to  its 
stabilization  capability  of  three  arc  minutes.  In  general,  the 
accuracy  with  which  a vehicle  can  be  pointed  is  limited  by  the 
accuracy  of  its  attitude  determination  sensors;  these  sensors 
therefore  will  need  to  have  accuracies  of  three  arc  minutes  or 
lee  v . 
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Listed  in  table  4.1  are  thi  ty-seven  Shuttle  sortie  payloads 
defined  in  the  General  Dynamics/  onvair  Phase  B Research  and 
Application  Modules  (RAM)  Study,  reference  2.  These  payloads 
are  listed  in  table  4.1  by  disciplines:  astronomy,  physics. 

Earth  observations,  communications  and  navigation,  materials 
science,  technology,  and  life  sciences.  Also  listed  are  the 
payload's  pointing  accuracy,  stabilization,  maximum  observation, 
orientation,  and  contamination  control  requirements.  It  should 
be  noted  that  the  stabilization  requirements  listed  in  table 
4.1  are  specified  either  in  terms  of  maximum  allowable  angular 
velocity  (e.g.,  0.5  sec/second)  or  angular  displacement  (e.g., 

1 sec/observation).  This  latter  method  of  specifying  a stability 
criteria  is  preferred  because  angular  displacement  usually 
determines  the  success  or  failure  of  an  observation.  Stability 
requirements  are  specified  in  terms  of  angular  velocity  only  in 
cases  of  very  short  observation  intervals  where  an  angular  rate 
limit  is  essential.  In  the  following  paragraphs,  the  impact  of 
this  proposed  Shuttle  CMG  attitude  control  system  on  the  payloads 
listed  in  table  4.1  are  investigated  by  scientific  disciplines. 
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High  Energy  Array  5 min  1 min/  0.75  Stellar  10,000 


Table  4.1.  RAM  Sort  it'  Payloads  and  Requirements  (Continued) 
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Eight  astronomy  sortie  payloads  are  defined  in  table  4.1 
Six  of  these  pavloads  consist  of  a telescope  and  a separate  high 
energy  array;  the  two  remaining  pavloads,  A3S1B  and  A6S1B 
consist  of  a single  telescope.  The  pointing  accuracy 
and  stabilisation  requirements  associated  with  each  telescope 
and  high  energy  array  are  listed  separately  In  table  4.1.  |„ 

general , these  pointing  accuracies  and  stability  requirements 
are  more  stringent  than  the  corresponding  projected  vehicle 
capabilities  thus,  an  additional  fine  pointing  and  stabilization 
•system  is  required  to  meet  these  requirements.  Another  problem 
associated  with  the  combined  telescope  and  high  energy  array 
payloads  is  that  some  of  the  telescopes  and  high  energy  arrays 
be.point?d  rt  8°Parat*  targets.  For  example,  payload 
1 consists  of  a telescope,  a photoheliograph,  that  must  be 
po  nted  at  the  sun  and  a high  energy  array  that  must  be  pointed 

tLta^°US  ?teliar  ener*y  sources-  This  latter  problem  implies 
that  the  telescope  and  the  arrays  must  have  the  capability  of 

being  pointed  independently.  These  pointing  and  stabilization 

S°;yeVn  RAM  a"d  the  subsequent  NASA  Astronomy 
Sortie  Missions  (ASM)  programs  by  mounting  the  telescope  and  the* 

arr?^  °n  separat0  ‘‘xperiment  counts  located  in  the 
Shuttle  bay  as  Illustrated  in  figure  4.1.  Built  into  each 
mount  are:  (1)  a wide  angle  gimhalling  system  so  that  each 

elescope  and  array  can  be  accurately  and  independently  pointed 

3 fllU  Stabllizatlon  to  provide  the  additional 

stabilization  required.  From  table  4.1,  note  that  the  high 

.'nergy  array  stability  requirements  range  from  <1.5  to  6 arc  minutes, 
*be  ^ntual  -Shuttle  base  stabilization  can  be  improved  to 
within  0.5  arc  minute  using  a CMC.  control  system,  th-  high 
energy  array  mount  can  be  simplified  by  removing  its  fine 
stabilization  system;  the  array  and  vehicle  stabilization 
requirements  and  capabilities  will  then  be  comparable.  In  any 
case’  stahilizing  the  Shuttle  to  three  arc  minutes  simplifies 
the  design  problems  associated  with  these  mounts  and  therefore 
trom  the  standpoint  of  the  astronomy  pavloads  pointing  and 
stabilization  requirements,  the  addition  of  a CMC.  control  system 
to  the  Shuttle  is  desirable. 


Five  physics  payloads  are  defined  in  table  4.1.  Three  of 
these  pavloads’  pointing  and  stabilization  requirement  can  be 
mt  i ^ a * Mt’  8takUlzcd  Shuttle.  The  two  remaining  physics 
payloads  have  pointing  and  stability  requirements  that  exceed 
the  projected  Shuttle  capabilities.  To  these  two  pavloads, 
addltiona!  fine  pointing  and  stabilization  systems  will  have  to 
be  added  to  their  affected  scientific  instruments  in  order  to 
achieve  these  instruments’  pointing  and  stabilization  requirements, 


Figure  4.1.  Shuttle  Astronomy  Sortie  Missions  Experiment  Mounts 
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Six  Earth  observation  and  three  communications  and 
navigation  payloads  are  listed  in  table  4.1.  All  of  these 
payloads  have  pointing  and  stabilization  requirements  that  are 
compatible  with  the  projected  CMC  stabilized  Shuttle  capabilities. 
Only  one  other  payload  contained  in  table  4.1  lias  definite 
pointing  and  stabilization  requi rement s ; this  payload  Is  the 
technology  payload  T1S3A.  Its  pointing  and  stability  require- 
ments are  also  compatible  with  the  projected  CMC  Shuttle 
capabil  i t ies . 

Of  the  thirty-seven  sortie  payloads  defined  in  the  RAM 
program,  twenty-three  have  definite  pointing  and  stabilization 
requirements.  Ten  of  these  payloads1  pointing  and  stability 
requirements  can  be  directly  met  by  the  projected  pointing 
and  stabilization  capabilities  of  a CMG  stabilized  Shuttle. 

These  payload  pointing  and  stability  requirements  cannot  be 
realistically  met  by  the  baseline  RCS  system  defined  in 
section  3.0.  The  remaining  thirteen  payloads  will  require 
additional  fine  pointing  and  stabilization  systems.  The  com- 
plexity of  these  additional  systems  can  be  simplified  due 
to  the  improved  Shuttle  base  pointing  and  stabilization 
capabilities  afforded  by  a CMG  control  system.  In  total,  the 
pointing  and  stabilization  requirements  of  twenty-three  of  the 
thirty-seven  sortie  payloads  listed  in  table  4.1  can  be  met 
or  partially  met  by  the  projected  Shuttle  CMG  control  system. 

4.2  Vehicle  Attitudes  - The  Shuttle  payloads  listed  in 
table  4.1  requires  two  types  of  attitudes;  they  are:  (1)  an 

inertial  attitude  which  allows  the  experimental  payloads  to  be 
pointed  towards  the  sun  or  a distant  celestial  target  and 
(2)  a local  vertical  attitude  with  one  of  the  Shuttle  axes 
normally  the  Z axis  pointed  towards  or  away  from  the  Earth. 

Three  Shuttle  attitudes  were  selected,  two  inertial  and  one 
local  vertical,  for  meeting  the  above  payload  pointing  require- 
ments. The  three  selected  attitudes  are: 

a.  An  inertial  attitude  with  the  X axis  perpendicular 
to  the  orbital  plane  (X-POP) . 

b.  An  inertial  attitude  with  the  X axis  in  the 
orbital  plane  (X-IOP). 

c.  A local  vertical  attitude  with  the  Z axis 
aligned  along  the  local  vertical  (Z-LV) . 
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The  stellar  and  solar  payloads  can  be  pointed  and  stabilized 
using  either  inertial  attitudes  a or  b.  These  two  inertial 
attitudes  impact  with  the  designs  of  the  CMG  attitude  contr 
and  experiment  pointing  systems  in  different  ways.  For  an 
inertial  X-POP  attitude,  attitude  a,  the  vehicle  s Y and  Z a 
are  constrained  to  the  orbital  plane  thus  reducing  the  space- 
craft’s rotational  degrees-of-f reedom  from  three  to  one.  The 
vehicle  can  be  rotated  about  only  the  X axis.  ‘"order  to 
permit  a hemispherical  experiment  coverage  capability  to  with  n 
an  accuracy  of  three  arc  minutes,  at  least  one  wide  angle 
gimbal  (range:  ~ 180  degrees)  must  be  added  to  the  experimental 

instrument  to  provide  the  second  degree-of-f reedom  require  . 

For  an  inertial  X-IOP  attitude,  attitude  b,  the  vehicle  s 
X axis  is  constrained  to  the  orbital  plane  thus  reducing  the 
vehicle's  rotational  degrees-of-f reedom  from  three  to  two. 

The  vehicle  can  be  rotated  about  the  X axis  and  an  axis  normal 
to  the  orbital  plane.  Because  the  vehicle  still  has  two 
rotational  degrees-of-f reedom,  the  experiment  package  can  be 
pointed  anywhere  in  the  celestial  sphere  hardmounted  to  of 6 this  addi- 
snacecraf t ‘ no  wide  angle  gimbal  is  required.  The  cost  of  this  a acx 
degree-of-f  reedom  for  an  X-IOP  altitude  rs  a large 

increase  in  the  CMG  momentum  storage  requirement  per  orbit 
oyer  that  requited  by  an  X-POP  attitude.  This  increase  mo^entu. 
storage  requirement  significantly  impacts  the  .1<<  of  the  CMC 
control  system:  it  can  be  directly  related  to  additional  CMGs 
required  and  more  frequent  CMG  momentum  desaturation  dumps  . 
Depending  on  the  experiment  payload  and  its  pointing  an 
stabilization  requirements,  one  of  these  two  inertial  attitudes 
may  be  required  or  exhibit  certain  characteristics  that  are 
particularly  attractive  for  this  specific  mission  or  class  o 
missions.  For  example.  If  on-orblt  access  to  the  payload  s 
sensors  or  other  components  by  the  experimenter  is  required  it 
may  be  impossible  to  add  the  wide  angle  gimbal  to  the  experimen 
required  by  the  X-POP  attitude  therefore,  a X-IOP  Shuttle 
attitude  would  have  to  be  utilized  in  order  to  provide  a 
hemispherical  pointing  capability. 

The  Z local  vertical  attitude,  attitude  c,  is  required  by 
certain  experiments  such  as  Shuttle  payloads  C1S1F  and  P7S3A 
that  must  either  remain  pointed  towards  or  away  from  the  Earth. 
Payload  C1S1F  is  a Communication  and  Navigation  payload  that 
must  remain  oriented  towards  the  Earth  while  payload  P7S3A, 
the  Combined  Cosmic  Ray  Physics  and  Chemistry  Laboratory,  must 
be  kept  pointed  away  from  the  Earth.  By  mounting  these  payloads 
along  the  Shuttle  Z axis,  the  experiments  can  be  either  pointed 
towards  or  away  from  the  Earth  using  this  Z local  vertical 
attitude. 
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4.3  CMG  Momentum  Desaturation  - CMG  momentum  desaturation 
will  be  performed  by  either  firing  the  vehicle's  baseline 
reaction  jets  or  by  performing  gravity  gradient  desaturation 
maneuvers.  The  select  CMG  desaturation  system  is  assumed  to 
have  the  capability  cf  desaturating  the  CMG  system  once  an 
orbit.  Therefore,  the  maximum  momentum  that  the  CMG  system  must 
be  sized  to  absorb  corresponds  to  the  maximum  momentum  that 

the  CMG  system  must  store  during  one  orbit  for  the  worst  possible 
vehicle  orientation.  The  possible  vehicle  orientations  are 
limited  to  those  contained  in  the  classes  of  vehicle  attitudes 
listed  in  section  4.2. 

4.4  Vehicle  Maneuver  Capability  - The  Shuttle  is  assumed 
to  have  a maximum  maneuver  rate  capability  of  a 0.1  degree 
per  second  about  each  vehicle  control  axis.  It  is  further 
assumed  that  this  maneuver  rate  can  be  achieved  in  15  seconds. 

4. 5 Baseline  Reaction  Control  Subsystem  (RCS)  for  On-Orbit 
Vehicle  Stabilization  - In  this  section,  the  on-orbit  fuel 
requirements  for  stabilizing  the  Shuttle  with  the  baseline 
reaction  control  subsystem  described  in  section  3.0  are  computed. 
Using  the  baseline  RCS  for  stabilizing  the  vehicle  while  on-orbit 
is  a viable  alternative  to  adding  a CMG  control  system  to  a 
vehicle  like  Shuttle. 


To  compute  the  fuel  consumed  by  the  baseline  RCS  during  one 
orbit,  the  number  of  reaction  jet  actuations  per  orbit  must  be 
determined.  The  vehicle's  on-orbit  torque  environment  is 
assumed  to  be  comprised  of  only  gravity  gradient  torques.  The 
resultant  counteracting  RCS  control  torques  are  generated  by 
expelling  mass.  The  minimum  rate  at  which  this  mass  is  expelled 
corresponds  to  the  case  where  the  resultant  RCS  control  torques 
just  counteract  the  effects  of  the  gravity  gradient  torques. 

For  this  case,  the  amount  of  fuel  consumed  is  directly  proportional 
to  the  rectified  gravity  gradient  momentum  acting  on  the  vehicle. 

If  on  the  other  hand  the  RCS  system  is  continuously  limit 
cycling  back  and  forth  through  the  RCS  deadbands,  the  resultant 
fuel  consumption  can  be  excessive. 


The  maximum  average  rectified  gravity  gradient  torques  that 


can  exist  along  the  Shuttle  X,  Y, 
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where 


w is  the  vehicle  orbital  rate,  g is  the  gravitational  acceleration 
o 

of  the  Earth,  R is  the  mean  radius  of  the  Earth  (R  - 3.48  nautical 
miles) , and  r is  the  distance  between  the  center  of  the  Earth 
and  the  vehicle  center  of  mass. 


For  a 270  nautical  mile  circular  orbit, 

a)  2 - 1.23  X 10-6  -i-r- 

o l 

sec 


a)  = 1.11  X 10 
o 

T I , T I , and  T | equal 
gx 1 ra  gy'ra  gz  ra 


-3  1 


T = 0.396  ft-lb 

gx'  ra 


T - 8.75  ft-lb 

gy'ra 

T I * 8.36  ft-lb 
gz'ra 


The  minimum  angular  momentum  impulse  bit  (MIB)^,  i ■ x,  y,  z, 

that  can  be  imparted  along  the  vehicle  X,  Y,  and  Z control  axes 
due  to  firing  the  appropriate  RCS  pairs  equal 


(MIB)i  = Fj^tj 


i = x,  y,  z 


Using  the  RCS  parameters  defined  in  section  3.0,  the  minimum 
impulse  bits  (MIB)^  equal 

(MLB)x  = 828  f t-lb-sec 
(MIB)^  * 4000  ft-lb-sec 


(MIB)  - 4000  ft-lb-sec 
z 

The  vehicle  body  rates  along  the  X,  Y,  and  Z vehicle  axes 
due  to  firing  the  appropriate  momentum  impulse  bits  (MIB)^  equal 
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oj. 


(MIB) 


ii 


where 


(i  = x,  y,  z) 


, th 


(13) 


is  the  angular  rate  along  the  i vehicle  axis, 


radians  per  second 


,th 


I is  the  vehicle  moment  of  inertia  about  the  i axis, 

11  2 
slug-f t 

Using  the  vehicle  inertias  given  in  section  3.0,  u)  , oj  , and 

equal  X ^ 

z 

w * 0.796  m rad/second 
x 

co  - 0.487  m rad/second 

y 

co  a 0.468  m rad/second 
z 


(14) 

(15) 

(16) 


Assume  that  the  Shuttle  is  in  a torque-free  environment. 

In  this  environment,  the  vehicle  will  limit  cycle  between  the 
limits  of  the  baseline  RCS  attitude  deadband  +0q.  Figure  4.2 

is  a sketch  of  one  of  the  RCS  deadbands.  The  lower  limit,  -0^, 

is  designated  state  a,  and  the  upper  limit,  +0  , is  designated 

t h ^ 

state  b.  Assume  the  i vehicle  axis  is  at  state  a.  At  this 
point,  the  appropriate  RCS  thrusters  will  fire  one  (MIB)  sending 


, th 


th 


the  i axis  towards  state  b.  As  the  i axis  traverses  the 
deadband  from  a to  b,  the  iC^  axis  angular  velocity  equals 


u) 


ab 


w.  + a)  (0) 

i ab 


(17) 


,th 


where  0)^(0)  the  i axis  velocity  just  before  the  appropriate 


, th 


i axis  RCS  reaction  jets  are  fired.  The  resultant  angular 
displacement  of  the  i axis  within  this  attitude  deadband  equals 


e 


ab 


I“l  + “ab<0),t  - 6o 


(18) 


1 


d 
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STATE  a 


STATE  b 


Figure  4.2.  Sketch  of  RCS  Attitude  Deadband 
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When  the  axis  reaches  state  b,  another  net  of  RCS  thrusters 
will  fire  sending  the  i^  axis  back  towards  state  a.  The 
corresponding  angular  velocity  u)^  and  displacement  0^a  as  the  i 
axis  travels  back  towards  state  a equal 

V * “wi  + O)ba(0) 

9ba  " [_a)i  + ^ba^16  + 6o 


th 

(19) 

(20) 


t*  Vi 

^ba(0)  is  the  angular  velocity  of  the  i axis  just  prior  to  the 

reaction  jet  firings  sending  this  vehicle  axis  back  towards  state 

a.  From  equation  18 , the  time  t , for  the  i^  axis  to  traverse 

ab 

the  deadband  from  state  a to  state  b equals 


0 


ab 


>“l  +“ab(0)ltab  - 9o 


20 


'ab 


wi  + U)ab(0) 


(21) 


From  equation  20,  the  time  t^a  to  return  to  state  a equals 


ba 


-6 


‘-“l  + “ba(0)Itba  + 6o 


29 


ba  - %(0) 

Under  steady  state  conditions 


(22) 


'ab 


'ba 


(23) 


Therefore,  from  equations  21,  22,  and  23, 

Wab(0)  " "*u)ba(0) 


(24) 


th 

Because  the  angular  velocity  of  the  i axis  cannot  change 
instanteously  at  either  boundary  of  the  deadband,  the  following 
expressions  can  be  written  using  equations  17  and  19, 


| - v rr ^ ipr; -■  ^ . -*rwp  j=  J* !v 17- 
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“ha<0> 

“ Wi  + Uab<0) 

(25) 

“ah(0) 

- -u),  + w.  (0) 
i ba 

(26) 

Solving  equations  24, 

25,  and  26  for  ^(0)  and  (^(0)  in  terms 

of  u)t,  coab(0)  and  u)ba 

(0)  equal 

%b(°)  - - ^ 

(27) 

“baC0)  ■ r 

(28) 

Substituting  the  above  expressions  into  either  equation  21  or 
22  yields  the  time  tTi  required  to  transverse  the  i^  axis  attitude 
deadband,  20  . 

9 r\ 


46 

t = t * t = — — 
cTi  ab  ba  w 


(i  - x,  y,  z) 


(29) 


For  the  baseline  RCS  described  in  section  3.0,  0q  equals  8.75  m rad 

(0.5  degrees).  Substituting  the  values  of  given  in  equations 

14  thru  16  into  equation  29  yields  the  transit  times  to  traverse 
the  X,  Y,  and  Z axis  RCS  attitude  deadbands,  respectively. 


t„  * 39  seconds 
Tx 

(30) 

t„  =63.6  seconds 
Ty 

(31) 

t_  =66.2  seconds 
Tz 

(32) 

The  assumption  that  the  vehicle  is  in  a torque-free  envitonment 
is  valid  if  the  actual  gravity  gradient  torques  acting  on  the 
vehicle  are  unable  to  prevent  the  baseline  RCS  from  limit  cycling 
with  every  RCS  actuation.  The  gravity  gradient  decelerating 
angular  momentum  impulse,  H^,  for  the  above  deadband  transit 

times,  tTi,  equal 


I 


! 

i 


i 

4 

\ 


j 


. j 


T 
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1 


H 


gi 


(T 


gi 


ra)t:Ti 


(i  - x,  y,  z) 


(33) 


Substituting  the  appropriate  values  of  Tgi!ra  and  cxi  into 
equation  33,  corresponding  to  the  three  vehicle  axes  equal 


= 15.4  ft-lb-sec 

(34) 

gx 

[ = 556  ft-lb-sec 

(35) 

gy 

l * 554  ft-lb-sec 

(36) 

gz 

Note  that  the  above  values  of  are  less  than  one-seventh  of 

the  corresponding  RCS  minimum  momentum  impulse  bit  (MIB) ^ indicating 

that  the  gravity  gradient  torque  environment  cannot  prevent  the 
baseline  RCS  from  limit  cycling.  The  assumption  that  the 
vehicle  is  in  a torque  free  environment  is  therefore  valid. 

Because  the  vehicle  can  be  considered  to  be  in  a torque-free 
environment,  the  rate  of  fuel  consumption  is  independent  of  the 
vehicle  attitude  and  only  depends  on  the  average  time  t^  it 
takes  to  traverse  the  RCS  deadband. 

The  number  of  engine  firings  per  orbit  equals 

V 1 To  V (MIB)i 

NEF/orbit  - 2T  2-7 — ” C-  J 

0 i fcTi  o i Aii 

(i  - x,  y,  z)  (37) 

where  T is  the  period  in  seconds  of  one  complete  orbit. 


= ±1  (38) 

o U) 

o 


For  a 270  nautical  mile  circular  orbit,  Tq  equals 


T 

o 


5 700  seconds 


I 


i 


4 

| 


(39) 


i|  mill  imii pm  1 1 ■ I II  l i n UH  in 


wrnmpgr 
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The  weight  of  fuel  per  orbit  equals 


Ftf 

WOF/orblt  - (NEF/orbit)  ~ 

sp 

T Ftf  T*  (MIB), 

= -°— 1-  4 ^ fi  = x.  v. 


(40) 


For  the  baseline  RCS  described  in  section  '1.0,  the  weight  of  fuel 
per  orbit  required  to  stabilize  the  vehicle  within  a +0.5  degree 
attitude  deadband  equals 


WOF/orbit  = 114  lb/orbit  (41) 

The  amount  of  fuel  consumed  per  dey  equals 

WOF/day  = 1,730  Ib/day  (42) 

Th  conclusions  from  the  above  analysis  are:  (1)  the 

baseline  RCS  fuel  consumption  rate  necessary  to  hold  the  Shuttle 
attitude  within  a +0.5  degree  deadband  is  two  large  and  (2)  the 
resultant  RCS  contaminates  produced  are  excessive.  Increasing 
the  baseline  RCS  deadband  can  drastically  reduce  the  fuel 
consumption  and  therefore  the  RCS  contaminates  produced  but,  at 
the  expense  of  vehicle  pointing  and  stabilization.  Contamination 
is  an  important  consideration  because  the  astronomy  payloads 
listed  in  table  4.1  require  a clean  vehicle  environment.  Three 
possible  alternative  exist  to  this  contamination  problem;  they 
are:  (1)  eliminate  the  astronomy  payloads,  (2)  add  a low  thrust 

RCS  system,  or  (3)  add  a CMG  attitude  control  system  to  the  Shuttle. 
The  first  alternative  is  unacceptable  because  the  astronomy 
payloads  are  one  of  the  principal  reasons  for  having  a Shuttle 
sortie  program.  The  second  alternative,  adding  a low  thrust 
RCS,  can  improve  the  vehicle  pointing  and  stabilization  capabilities 
and  reduce  RCS  contaminants.  This  potential  answer  is  not  a 
"sure  proof"  solution  because  although  RCS  contaminates  are  reduced, 
they  are  not  eliminated.  Even  with  a low  thrust  RCS,  the 
astronomy  payloads  might  still  have  to  be  eliminated  from  the 
list  of  potential  Shuttle  sortie  missions  due  to  RCS  contaminates. 

The  third  alternative,  the  addition  of  a CMG  attitude  control 
system,  can  drastically  improve  the  vehicle’s  long  term  pointing 
and  stabilization  capabilities  without  contributing  to  the 
experiment  contamination  problem  because  CMGs  are  contamination 
"free"  devices.  From  a total  program  standpoint,  the  costs  of 
a CMG  control  system  versus  a low  thrust  RCS  are  very  competitive. 
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Table  4.2.  Shuttle  Mission  Requirements 

Absolute  Shuttle  Pointing  Requirement:  3 min 

Shuttle  Stabilization  Requirement:  3 min/observation 

Potential  Shuttle  Attitudes: 

X-POP  Inertial 
X-IOP  Inertial 
Z-LV 

CMG  System  Momentum  Desaturation:  Once  an  orbit  capability 

Vehicle  Maneuver  Rate  Capability:  0.1  deRree/second 

about  each  vehicle  control  axi9  (rate  must  be  attainable 
in  15  seconds) 

Contamination  Control: 

Particles:  10,000  class 

Gas:  10~6  to  10  7 torrs. 


!• 
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From  a preliminary  examination,  the  total  costs  including 
operational  and  refurbishment  costs  appear  to  favor  a CMG 
system  over  an  add-on  low  thrust  RCS.  This  third  alternative, 
the  addition  of  a CMG  attitude  control  system,  is  the  preferred 
solution. 


4.6  Mission  Requirements  Summary  - The  mission  requirements 
defined  in  this  section  are  summarized  in  table  4.2.  These 
mission  requirements  are  used  in  subsequent  sections  as  guide- 
lines to  size,  configure,  and  design  an  approrpiate  CMG 
attitude  control  system. 

4.7  Notes 


4.7.1  Symbols  and  Abbreviations 


ARC 

ASM 

CMG 

deg 

F 

g 


u , 

gi 

Xii 

IR 

I 

sp 

*i 

(MIB) 


min 


Ames  Research  Center 
Astronomy  Sortie  Missions 
Control  Moment  Gyro 
Degree 

RCS  thrust  level 

Gravitational  acceleration  of  the 
Earth  (32.2  ft/sec) 
ith  axis  rectified  average  gravity 
gradient  momentum  (i  * x,  y,  z) 
vehicle  moments  of  inertia  (i  * x,  y,  z) 

Infrared 

RCS  fuel  specific  impulse 

RCS  vehicle  moment  arms  (i  ■ x,  y,  z) 

i axis  minimum  RCS  angular  momentum 
impulse  (i  * x,  y,  z) 

Arc  minute 


min/obs 

N/A 

NEF/orbit 

NS 

R 

RAM 

RCS 

r 

sec" 


Arc  minute  per  observation 
Not  applicable 

Number  of  RCS  engine  firings  per  orbit 
Not  specified 
Mean  radius  of  the  Earth 
Research  Application  Modules 
Reaction  Control  Subsystem 
Distance  between  the  center  of  the  Earth 
and  the  vehicle  center  of  mass 
Arc  second 


sec/obs  Arc  second  per  observation 

T .|ra  i**1  axis  rectified  average  gravity 

gradient  torque  (i  * x,  y,  z) 
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T 

o 


t 

t 


ab 


t 


ba 


t 


f 


t 


Ti 


WOF/day 

WOF/orbit 

X-IOP 

X-POP 


Z-LV 

9ab 


0 

0 


ab 

ba 


(0) 


(0) 


ab 

^ba 

“b.(0> 


0) 

o 


Orbital  period  in  seconds 
Time  in  seconds 

Time  for  vehicle  axis  to  traverse  RCS 
attitude  deadband  from  "a"  to  "b" 

Time  for  vehicle  axis  to  traverse  RCS 
attitude  deadband  from  "b"  to  "a" 
Minimum  RCS  pulse  duration 

Time  to  traverse  axis  RCS  deaband 
(i  - x,  y,  z) 

Ultra-violet 
Weight  of  fuel  per  day 
Weight  of  fuel  per  orbit 
X axis  in  the  orbital  plane 
X axis  perpendicular  to  the  orbital 
plane 

Z axis  aligned  along  the  local  vertical 
Angular  displacement  as  vehicle  axis 
traverses  RCS  attitude  deadband  from 
"a"  to  ,,b” 

Initial  value  of  8 , at  "a" 
ab 

Angular  displacement  as  vehicle  axis 
traverses  RCS  attitude  deadband  from 
"b"  to  "a” 

Initial  value  of  9,  at  ,fb#f 
ba 

RCS  attitude  deadband  limit  (+9  ) 

— o 

Physical  constant,  3,141593 
Angular  velocity  as  vehicle  axis 

traverses  RCS  attitude  deadband  from 
"a!l  to  "b” 

Initial  value  of  w . at  "a” 
ab 

Angular  velocity  as  vehicle  axis  traverses 
RCS  attitude  deadband  from  %"  to  "a" 
Initial  value  of  co.  at  "b" 
th  ba 

i axis  angular  velocity  due  to  a single 
(MIB)t  (i  - x,  y,  z) 

Orbital  rate 
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5 * CMG  SYSTEM  REQUIREMENTS 

Using  the  mission  requirements  defined  in  section  4.0,  the 
size  of  the  proposed  CMG  attitude  control  system  and  the  role 
that  it  is  to  play  in  meeting  these  requirements  are  determined. 

The  CMG  control  system  torque  and  momentum  storage  requirements 
are  computed  so  that  a CMG  system  can  be  selected  and  configured 
in  section  6.0. 

5. 1 Impact  of  Mission  Requirements  on  CMG  Attitude  Control 
System  - For  convenience,  the  mission  requirements  specified  in 
section  4.0  are  listed  below: 

a.  Pointing:  3 arc-minutes  j 

b.  Stabilization:  3 arc-minutes/observation 

c.  Contamination 

Particles:  10,000  class 

Gas:  10  ^ to  10  ^ torrs  j 

d.  Attitudes:  | 

Inertial  X-P0P  1 

Inertial  X-IOP  1 

Z local  vertical  j 

.3 

3 

e.  CMG  Desaturation  Capability:  once  an  orbit  j 

f.  Vehicle  Maneuvering:  0.1  degree/second  maneuver  | 

rate  capability  about  each  vehicle  axis;  this  ] 

rate  should  be  attainable  in  15  seconds.  j 

From  a potential  experiment  payload  standpoint,  adding  a ' 

CMG  attitude  control  system  converts  a vehicle  like  Shuttle 
from  a poorly  stabilized  experimental  base  to  a rather  good 

one.  The  resultant  CMG  vehicle  pointing  and  stabilization  i 

capabilities  should  exceed  the  mission  requirements  a and  b 

listed  above.  Unlike  the  baseline  RCS  or  a small  reaction  jet 

system,  CMGs  are  contamination  free  devices  and  therefore  will 

not  add  contaminates  to  the  vehicle  environment.  This  means 

that  adding  a CMG  control  system  will  reduce  contamination  and  1 

thus  make  the  problem  of  meeting  the  mission  contamination 

requirement,  requirement  c,  more  easily  attainable.  The 

remaining  mission  requirements  d thru  f directly  impacts  the 

size  of  the  CMG  control  system.  The  following  sub-sections  deal 

with  the  sizing  of  this  CMG  attitude  control  system.  1 


5-2 


5. 2 CMG  Torque  and  Momentum  Requirements 

5.2.1  Vehicle  Torque  Environment  - The  CMG  system  momentum 
storage  requirements  are  sized  based  on  the  gravity  gradient 
momentum  that  must  be  stored  per  orbit.  Because  the  vehicle 
cross  products  of  inertia  are  assumed  to  be  negligible,  the 
gravity  gradient  torque  equation  T reduces  to 


m m 

T 

gx 

i 2 

■ 3t») 

o 

a a (i  - I ) 

y z zz  yy 

T 

gy 

a a (I  - I ) 

X Z XX  zz 

, 

N 

OC 

H 

1 

a a (I  - I ) 

L x y yy  xx  J 

T„>  T_v»  and  T are  the  components  of  T along  the  vehicle 
gz  gg 

X,  Y,  and  Z axes,  respectively,  u is  the  vehicle  orbital  rate. 

o 9 

the  rate  at  which  the  vehicle  orbits  the  Earth.  For  a 270  n.m. 

circular  orbit,  u)  equals  1,11  x 10  radians  per  second,  a , 

° x 

a , and  a are  the  components  of  the  local  vertical  vector  a in 

y * 

vehicle  coordinates,  a is  a unit  vector  directed  from  the  center 

of  the  Earth  towards  the  vehicle  center  of  mass.  1,1,  and 

xx  yy 

I 22  are  the  vehicle  moments  of  inertia.  The  resulting  gravity 
gradient  momentum  H that  must  be  stored  in  the  CMG  system  equals 

oo 


H 


8g 


(2) 


The  CMG  control  system  needs  only  be  sized  to  store  the  maximum 
~¥ 

momentum  H that  can  occur  during  a single  orbit  because  the  CMG 
system  can  be  desaturated  every  orbit  (mission  requirement  e) . 

It  should  be  evident  from  the  definition  of  a,  the  local 

vertical  vector,  that  if  the  vehicle  is  stabilized  in  a Z-LV 

attitude,  a and  a are  both  zero.  The  resultant  components  of 

► * y ^ 

are  zero  and  therefore,  no  gravity  gradient  momentum  H 

storage  requirement  exists.  The  same  result  occurs  if  either  of 

the  two  other  vehicle  axes  X or  Y are  aligned  along  &.  For  the 


5-3 


other  candidate  vehicle  attitudes  X^POP  and  X-IOP,  the  components 

of  T are  not  zero  and  therefore,  the  CMG  control  system  must  be  \ 

gg  -+ 

sized  in  order  to  accommodate  the  resultant  angular  momentum  H^.  \ 

i 

I 

5.2.2  X Axis  Perpendicular  to  the  Orbital  Plane  (X-POP)  - 
An  inertial  X-POP  attitude  where  the  X roll  axis  remains 
perpendicular  to  the  orbital  plane  is  desirable  from  a momentum 

storage?  standpoint  because  the  resultant  gravity  gradient  torque 
remains  low.  Assume  that  the  Shuttle  is  stabilized  in  the  X-POP 
attitude  depicted  in  figure  5.1.  The  components  of  the  local 
vertical  vector  a equals 

a - 0 (3) 

x 

a * cos u)  t 

y ° 

a * sinu)  t ) 

z o 

where  t is  the  elapsed  time  in  seconds  (see  figure  5.1). 

Substituting  the  above  components  of  a into  the  gravity  gradient 
torque  equation,  equation  1,  T^t  ^gy*  ^gz  ec*ua^ 

2 

T * 3u>  (I  -I)  sinu)  t cosu)  t 
gx  o zz  yy  o o 


* 0.626  sin  2«  t ft-lb 
o 


gy 


i »o 

gz 

The  resultant  gravity  ~-'dient  momentum  H that  must  be  stored 

nn 

in  the  CMG  system  equals  the  time  integral  of  the  above  torque 

components.  Because  the  Y and  Z components  of  T are  zero,  the 

change  in  H occurs  only  along  the  X axis.  H equals 

gg  gx 


(6) 

(7) 

(8) 


„ ■ '( 
8«  j 


T dt 
g* 


0.626 

2w 


(cos2u  t - 1) 
o 


- 282  (cos2w  t - 1)  ft-lb-sec 
o 


(9) 
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For  this  ideal  X-POP  attitude,  the  momentum  H is  purely  cyclic 

R* 

and  therefore  bounded.  Ideally,  given  a CMC  system  large  enough 
to  store  H , no  CMG  desaturation  system  would  be  required  since 

no  accumulative  momentum  build-ups  exist. 


Given  an  ideal  X-POP  attitude,  the  maximum  values  of  torque, 
0.626  ft-lb,  and  momentum,  564  ft-lb-sec,  that  the  CMG  system 
would  have  to  absorb  are  small.  A reasonable  question  is  does 
small  angular  departures  from  an  ideal  X-POP  attitude  lead  to 
excessive  CMG  torque  and/or  momentum  storage  requirements.  To 
answer  this  question,  assume  that  the  vehicle  is  stated 
through  a small  angle  c about  the  Z axis.  The  local  vertical 

vector  a equals 


1 e 0 1 

r 0 

f * 

e cos  a)  t 

o 

-£  1 0 

cosu  t 

m 

COSO*  t 

0 

o 

0 0 1 

sinu  t 

sinu)  t 

. . 

L o J 

L ^ J 

(10) 


The  resultant  components  of  the  gravity  gradient  torque  are: 


T * 3aj  “ (I  - I ) sinu  t cosu  t 
gx  o zz  yy  o o 


■ 0.626  sin2u  t ft-lb 
o 


(ID 


T ■ 3u  c (I  - I ) sinu  t cosu  t 
gy  o xx  zz  o o 


-13.9  G sin2u  t ft-lb 
o 


(12) 


r *3u  c (I  -I)  cosu  t 
gz  o yy  xx  o 


« 13.2  C (1  + cos2w  t)  ft-lb 

o 


(13) 


_2 

Assume  e corresponds  to  a one  degree  offset  (e  - 1.745  x 10  radian) 

T and  T equal 
gy  gz  M 

Tgy  - -0.242  sin2wot  ft-lb  (14) 

Tgz  - 0.230  (1  + cos2u>ot)  ft-lb  (15) 


The  magnitude  of  Tgg  (|Tgg|  » ^(7gx)2  + (Tgy)2  + (Tgz)2  ) is 
a maximum  when  a)  t equals  0.458  tt;  the  peak  magnitude  of  T 

O gg 

equals  0.715  ft-lb.  This  magnitude  of  T is  small  and  therefore 

gg 

does  not  pose  a sizing  problem  for  the  CMC  system. 


The  resultant  components  of  the  angular  momentum  H are: 

gg 


gx 


H 


gy 


gz 


f T dt 

1 - 


t 

/ 


• 282  (cos2wQt  - 1)  ft-lb-sec  (16) 


1 


T dt  - 109  (cos2w  t - 1)  ft-lb-sec  (17) 

O/  ^ 


T dt  * 207  (w  t + 0.5  sin2(0  t)  ft-lb-sec 
gz  o o 


Note  that  a non-cyclic  momentum  build-up  occurs  along  the  Z axis; 
the  components  of  momentum  along  the  X and  Y axes  are  cyclic. 

After  one  complete  orbit,  u)Qt  = 2tt,  the  momentum  build-up 

along  the  Z axis  equals 

Hgzla  - 0. 230t  = 1300  ft-lb-sec  (19) 

It  is  this  accumulated  momentum  build-up  H | that  a CMG  desatura- 
tion system  would  have  to  "dump"  per  orbit.  The  time  histories 
of  the  components  of  Hgg,  Hgx,  Hgy,  and  Hgz»  are  illustrated  in 
figure  5.2.  From  this  figure,  it  is  esticwted  that  the  magnitude 

of  the  gravity  gradient  momentum  H is  a maximum  after  7/8  of 

gg 


(18) 
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an  orbit  has  been  traversed;  H is  neur  its  peak  and  H and 
H are  at  half  th^ir  peak  values.  The  magnitude  of  the  peak 

gy 

gravity  momentum  stored  in  the  CMG  system  during  a single  orbit 
equals 

- [ (282) 2 + (109) 2 + (1 ,300) 2 ] 1/2 

- 1,330  f t-lb-sec  (20) 


This  value  of  H„AV  will  be  greater  in  successive  orbits  because 

of  the  momentum  build-up  along  the  Z axis  unless  means  are 
provided  for  desaturating  the  CMG  control  system.  Continuous 
operation  in  this  X-POP  attitude  for  several  orbits  without 
desaturating  the  CMG  system  is  plausible  and  is  a reasonable 
mission  requirement. 


5.2.3  X Axis  in  the  Orbital  Plane  (X-IOP)  - Maintaining 
the  vehicle  inertially  fixed  with  its  long  axis,  the  X axis, 
in  the  orbital  plane  significantly  increases  the  CMG  torque 
requirements  over  those  required  to  stabilize  the  same  vehicle 
in  a X-POP  attitude.  The  gravity  gradient  momentum  build-up 
accumulated  during  an  orbit  is  small  as  long  as  the  moments 
of  inertia  of  the  vehicle  transverse  axes  are  approximately 
equal  which  is  the  case  for  the  vehicle  used  in  this  study. 


Assume  the  Shuttle  is  stabilized  in  the  X-IOP  attitude 
depicted  in  figure  5.3.  The  minimum  angle  between  the  vehicle 
Z axis  and  the  orbital  plane  is  denoted  by  the  parameter  X.  The 

corresponding  local  vertical  vector  a equals 


cosw  t 
o 


-sinXsinco  t 
o 

-cosXsincu  t 
o , 


(21) 


Substituting  the  components  of  a into  equation  1,  the  gravity 
gradient  torque  components  Tgx»  Tgy,  and  T^  are: 
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* 

3w  2 

a - 

• i ) 

2 

sinXcosAsin  u)  t 

gx 

o 

J5Z 

yy 

0 

jb 

-3u>  2 

(I 

- i ) 

cosXsinu)  t coso)  t 

gy 

0 

XX 

ZZ 

0 0 

' =* 

CM 

a 

\ 

(I 

- I ) 

sinXslnu)  t cosgj  t 

gz 

o 

yy 

XX 

o o 

Substituting  the  appropriate  vehicle  inertia's  and  orbital  rate 
ui  corresponding  to  a 270  n.m.  circular  orbit  into  equations 

22  thru  24,  T , T , and  T equal 
gx  gy  gz 

T - 0.313  sin2A  (1  - cos2u)  t)  ft-lb 
gx  o 


T “13.9  cosAsin2aj  t ft-lb 

gy  o 


(22) 

(23) 

(24) 


(25) 

(26) 


T “ -13.2  sinAsin2u>  t ft-lb  (27) 

gz  o 

Because  the  magnitude  of  is  much  smaller  than  those  of  T 
and  Tgz  , assume  that  the  gravity  gradient  torque  consists* 
of  only  two  components  Tgy  and  Tgz*  The  peak  magnitude  of  Tgg, 

Tmax>  occurs  when  uQt  equals  0.25*  and  A equals  zero;  equals 

T “ 13.9  ft-lb  (28) 

max 


This  minimum  CMC  system  torque  requirement  T is  over  twenty-two 

max 

times  larger  tuan  its  corresponding  value  for  the  X-POP  attitude 
(0.626  ft-lb)  described  in  section  5.2.2. 


The  corresponding  components  of  the  gravity  gradient 
-► 

angular  momentum  H are: 

88 


H 


gx 


gy 


gz 


T dt  ■ 282sin2A(u>  t - 0.5  sin2w  t)  ft-lb-sec 
gx  0 o 


I 

| T dt  - - 

1 8y 


•1 


6,260cosX(cos2b>ot  -1)  ft-lb-sec 


T dt  ■ 5,950sinA(cos2u>  t -1)  ft-lb-sec 
gz  o 


(29) 

(30) 

(31) 
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Note  that  an  accumulative  momentum  build-up  occurs  along  only 

the  X axis , H | equals 
gx  a 

H I ■ 282  u>  t sln2X  ft-lb-sec 
RX  a o 

This  acc  imulated  momentum  build-up  increases  at  its  maximum 
rate  when  X equals  45  degrees.  After  a complete  orbit,  u^t 

equals  2tt,  and  for  a X of  45  degrees,  H | equals 

gx  a 

H I * 1,770  ft-lb-sec  for  w t « 2ir,  X - 45° 
gx  a o 

H I is  the  maximum  momentum  for  an  ideal  X-I0P  attitude  that 
gx  a 

would  have  to  be  "dumped"  on  a per  orbit  basis  by  the  CMC 
desaturation  system. 

The  maximum  gravity  gradient  momentum  that  is  stored  in  the 
CMG  system  on  a per  orbit  basis  corresponds  to  an  orbital 


elapsed  time  t approximately  equal  to 


Because  H is 
8* 


much  smaller  than  either  H or  H , R..v  can  be  approximated  by 

gy  gz  MAX 

2 2 1/2 
“«AX  ‘ <V  + V > 

7 ? 2 2 1/2 

- [(12  *520) ^ cos  X + (11,900)  sin  X] 

for  eo  t « 1.5tt 
o 

For  X equal  to  45  degrees  which  corresponds  to  the  maximum  rate 
of  momentum  accumulation  along  the  X axis*  e<lua^8 

H AV  - 12*210  ft-lb-sec 


The  effects  of  a small  angular  departure  from  a ideal  X-I0P 
attitude  must  also  be  considered.  Assume  that  the  X axis  is 
rotated  out  of  the  orbital  plane  through  a small  angle  r.  about 

the  Z axis*  the  corresponding  local  vertical  vector  d1  equals 
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a* 


r i « o’ 

CO  HU)  t 

. 

O 

o 

H 

T 

-sinX  sinu>  t 

o 

1 

H 

o 

o 

-cosX  sinu)  t 
L o J 

costo  t - e sinX  sinu  t 
o o 


-e  co sco  t - sinX  sinu)  t 
o o 


-cosX  sinu>  t 
o 


(36) 


The  prime  (f)  superscript  is  used  to  denote  the  offset  X-IOP 
attitude  from  the  ideal  X-IOP  attitude;  all  unprimed  functions 
in  this  section  5.2.3  correspond  to  the  ideal  X-IOP  attitude. 

Substituting  the  above  components  of  a’ , into  equation  1 and 

2 2 

neglecting  all  terms  that  are  multiplied  by  r.  (l  ~ 0)  t the 

resultant  gravity  gradient  torque  components  T 1 , T and 

T * equal  gX  gy 

gz 

T ' * 1.5  u 2 (I  - I ) [e  cosX  sin2u  t 
gx  c zz  yy  o 

+ 0.5  sln2X  (1  - cos2uj  t)] 

o 

* T + 1.5  u)  (I  - I ) cosX  sin2to  t (37) 

gx  o 22  yy  o 

T ' - 1.5  co  2 (I  - I ) [0. 5 € sin2X(l  - cos2w  t) 
gy  o xx  z 2 o 

- cosX  sln2u>  tl 
o 

■ T > 0.75  u)  2 r (I  - I ) nln2X  (l  - cos2u)  t)  (18) 

gy  o xx  z z o 


T ' • *1.5  u>q2  (1  - Ixx)l°*5  0 (1  + cos2X)(l  - co82<i>ot) 

+ sinX  sln2u>  t] 
o 

- T - 0.75  u 2e  (I  - I ) (1  + cos2X)  (1  - cos2u>  t)  (39) 
ee  ° yy  xx  o 


r 
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T , T , and  T are  the  gravity  gradient  torque  components 

gx  Ry  Rz 

corresponding  to  the  ideal  X-IOP  attitude  illustrated  in  figure 
5.3.  The  components  of  the  gravity  gradient  momentum  H are: 

oo 


H ’ 
gx 


I 


T 'dt 
gx 


0.75  w (I  - I )[sin2X(w  t - 0.5  sin2w  t) 
o zz  yy  o o 


-e  cosX(cos2w  t - 1)  ] 
o 


= H - 0.75  00  £ (I  - I )cosX(cos2w  t - 1) 
gx  o zz  yy  o 


H ' 

gy 


Y T ' 

l ^ 


dt 


(40) 


= 0.75  oo  (I  - I )[e  sin2X(w  t - 0.5  sin2w  t) 
O XX  zz  o o 


+ cosX(cos2(uot  - 1)] 


H + 0,75  oo  £ (I  -I  )sin2X(u)  t - 0.5  sin2u)  t)  (41) 
gy  o xx  zz  o o 


H 1 

gz 


dt 


0:75  ou  (I  - I ) (slnX(cos2u)  t - 1) 
o yy  xx  o 

-e  (1  + cosX)  (oo  t - 0.5  sin2u)  t)] 
o o 

H - 0.75  we(l  - I )(1  + cosX) (w  t - 0.5  sin2w  t)  (42) 
gz  o yy  xx  o o 


Assume  that  £ corresponds  to  a one  degree  offset  (e  - +1.745  x 10 
radian).  Substituting  £ , the  vehicle  moments  of  Inertia,  and 
the  orbital  rate  w corresponding  to  a 270  n.m.  circular  orbit 

into  equations  37  thru  42,  the  components  of  T and  H are: 

gg  gg 


-2 


/ 
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T ' 

M 

T 

+ 

gx 

gx 

T ' 

T 

+ 

gy 

gy 

T ’ 

m 

T 

+ 

gz 

gz 

H ' 

m 

H 

gx 

gx 

H ' 

* 

H 

+ 

gy 

gy 

H ' 

m 

H 

+ 

gz 

gz 

(1.1  x 10  cosX  sln2u)ot 

0.121  sin2X  (1  - cos2u  t) 

o 

0.155  (1  + cos2X)  (1  - cos2u>ot) 

4.93  cosX(cos2to  t - 1) 
o 

109  sin2A(u>  t - 0.5  sin2u)  t) 
o o 

140  {1  + cos\)(u)  t - 0.5  sln2oo  t) 


(43) 

(44) 

(45) 

(46) 

(47) 

(48) 


Comparing  the  above  components  of  T f and  H 1 with  those  for 

88  88 

T and  H given  in  equation  25  thru  27  and  29  thru  31, 

88  88 

respecitvely , no  significant  change  in  the  magnitude  of  the 
resultant  gravity  gradient  torque  or  momentum  is  produced  due 
to  this  one  degree  e offset. 


5.2.4  Acquiring  and  Maintaining  Local  Vertical  - It  was 
pointed  out  in  section  5.2.1  that  the  magnitude  of  the  gravity 
gradient  torque  acting  on  the  vehicle  is  zero  when  one  of  its 
principal  axes  is  aligned  with  the  local  vertical.  To  keep 
this  principal  axis  aligned  with  the  local  vertical,  the  space- 
craft must  rotate  at  the  orbital  rate  a)  about  an  axis  perpendicular 

o 

to  the  orbital  plane.  If  this  axis  perpendicular  to  the  orbital 
plane  is  also  a principal  axis,  no  dynamic  torque  due  to 
spinning  the  vehicle  is  produced,  but  if  the  vehicle  is  spun 
around  a non-principal  axis  a constant  dynamic  torque  is  generated 
that  must  be  absorbed  by  the  CMG  system.  This  statement  can  be 
verified  by  the  following  Euler  equation  of  vehicle  motion 
contained  in  section  3.1. 

Tv  - [I]w  + to  x [I]u>  (49) 


is  the  total  resultant  torque  acting  on  the  vehicle  due  to  all 

disturbance  and  control  torques,  [I]  is  the  vehicle  inertia  tensor, 

and  to  and  to  are  the  vehicle  fngular  velocity  and  acceleration, 

— ► -► 

respectively.  The  terms  [I]to  and  to  x [ I ]to  in  equation  49  are 
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the  two  dynamic  torque  terms  due  to  the  angular  motion  of  the 
vehicle.  Because  for  a local  vertical  attitude  the  vehicle  is 

-►  > 

spinning  at  a constant  velocity  u),  to  is  zero  and  the  first  term 

[I]co  is  zero.  If  the  vehicle  is  rotating  about  a principal 

axis,  the  vehicle  angular  momentum  [I]u>  is  a vector  quantity 

along  the  angular  velocity  vector  to  therefore,  the  second  term, 

->  *> 

the  cross  product  of  to  into  [I]to,  is  also  zero.  If  on  the 
other  hand  the  vehicle  is  not  rotating  about  a principal  axis, 

■+  ->  -> 
the  dynamic  torque  tox[I]to  is  a constant  because  to  and  [I  ]to  are 

not  aligned.  This  constant  torque  ul  x [I]tu  in  vehicle  coordi- 
nates must  be  absorbed  by  the  CMG  system.  The  above  discussion 
emphasizes  the  need  for  spinning  the  vehicle  abou^  either  the 
X or  Y principal  axis  when  the  spacecraft  is  in  a Z local  verti- 
cal attitude  (Z-LV) . 


For  a 270  n.m.  circular  orbit,  the  vehicle  angular  momentum 
that  the  CMG  system  would  have  to  impart  to  the  vehicle  in  order 
to  acquire  a Z-LV  attitude  is  a function  of  whether  the  vehicle 
is  spun  around  the  X or  Y principal  axis.  The  corresponding 
momentum  requirements  needed  to  acquire  these  two  Z-LV  attitudes, 
X-POP  Z-LV  and  X-IOP  Z-LV,  are: 


X-POP 

Z-LV: 

' H * 

X 

I u ■ 

XX  o 

1,154 

f t-lb-sec 

(50) 

X-IOP 

Z-LV: 

H =■ 

y 

I ll)  ” 

yy  o 

9,111 

f t-lb-sec 

(51) 

From  strictly  a momentum  standpoint,  a X-POP  Z-LV  attitude  is 
preferred  because  It  requires  the  smallest  expenditure  of 
momentum  to  acquire. 

Assume  that  the  vehicle  is  stabilized  in  a Z-LV  attitude 
and  that  its  orbit  is  elliptical  rather  than  circular.  As  the 

vehicle  travels  along  this  elliptical  path,  the  angular  velocity  0 

and  acceleration  0 of  its  spin  axis  perpendicular  to  the  orbital 
plane  varies  as  a function  of  its  orbital  position.  Because  the 
vehicle  is  in  a Z-LV  attitude,  the  Z vehicle  axis  remains  pointed 

towards  the  center  of  Earth  along  the  vector  r shown  in  figure  5.4. 


I 


1 


i 


j 


\ 


j 


In  other  words,  the  vehicle  is  stationary  with  respect  to  r 

► 

and  therefore,  the  rotational  velocity  and  acceleration  of  r 
equals  those  of  the  vehicle's  spin  axis.  The  rotational  motion 
0 of  this  spin  axis  can  be  described  by  the  following  four 

(52) 

(53) 

(54) 

(55) 

r is  the  magnitude  of  r 

h is  the  angular  momentum  of  the  vehicle  about  the 
center  of  the  Earth 

0 is  the  angle  from  perigee  describing  the  location  of  r 
a is  the  semimajor  axis  of  the  orbit 
e is  the  eccentricity  of  the  orbit 


equations  contained  in  reference  2. 


r 0»h*constant 


r.  aq-o. 

1+6COS0 

h-na^^l-e^ 


P 

n“  / — 

V « 


where 


n is  the  mean  motion,  i.e.#  a constant  angular  velocity 
having  the  same  period  as  the  orbit 

R is  the  mean  radius  of  the  Earth 

e 

g is  the  gravitational  acceleration  of  the  Earth  (32.2  ft/sec) 


Combining  equations  52  and  53, 


A _ h(l+eco80)' 

9 “ 27.  yY 

a (1-e  ) 


(56) 


T 


5-18 


Substituting  equation  54  Into  56, 


i*i  nQ+ecosQ)* 

' (1-.V/2 


(57) 


If  e is  small,  the  above  expression  can  be  simplified, 

q m n(l+2ecos0) 
l-3/2e2 


(58) 


The  extreme  values  of  0 occur  when  0«O  and  9=ir.  Consequently, 
the  total  change  in  6 equals 

/\Q  . n(l-f2ecosO-l-2ecosiT) 
l-3/2e2 


4ne 


l-3/2e' 


(59) 


Differentiating  equation  57  results  in  the  angular  acceleration  0 

2 3 

n _ -2n  e(l+eco80)  sin0  . . . 

0 - 2~5 (60) 

(1-e  >3 

wh \;h  for  small  values  of  e can  be  simplified  to 


0 « ~2n  e(l+3ecos6)sin6 

i o 2 

l-3e 


(61) 


The  magnitude  of  6 is  a maximum  when  0 equals  x or  - x:  the 
....  22 

maximum  value  of  0.  0 , equals 

9 max  H 


0 


max 


2n2e 

l-3e' 


(62) 


The  orbit  of  an  artificial  satellite  is  often  described  in  terms 
of  its  altitude  at  apogee  h^  and  perigee  h^.  From  the  geometry 

of  an  ellipse,  the  orbit's  semimajor  axis  a and  eccentricity  e 
can  be  written  in  terms  of  h and  h . 
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a * R + £(h  +K > 
e 2 a p 


e “ (a-R  -h  )/a 
e p 


(63) 

(64) 


Using  the  above  expressions  for  a and  e,  the  maximum  torque. 


max 


I 0 , and  the  maximum  change  in  vehicle  momentum, 

ii  max’ 


AH  = I A0  (i  » x,  y) , were  computed  for  a class  of  elliptical 
max  i i 

orbits  where  the  orbit's  perigee  h^  equals  100  n.m.  and  its  apogee 
h ranges  from  100  to  1,000  n.m.  The  corresponding  values  of  T x 

3 

and  AH  for  these  orbits  are  tabulated  in  table  5.1.  These 
max 

values  of  T and  AH  appear  to  be  well  within  the  capabilities 
max  max 

of  a CMG  control  system.  For  apogee  altitudes  h greater  than 

a 

1,000  n.m.,  the  assumption  that  the  orbital  eccentricity  e is 
small  is  no  longer  valid  and  the  approximations  made  in  this 
section  are  not  appropriate. 

5.2.5  Tracking  An  Earth  Target  - Tracking  a point  on  the 
surface  of  the  Earth  Is  an  expet imental  requirement  for  a number 
of  potential  experimental  payloads.  One  possible  method  of 
tracking  such  a target  is  to  maneuver  the  vehicle  from  a Z-LV 
attitude  so  that  the  experiment's  line  of  sight  is  always  pointed 
at  the  target.  The  vehicle  angular  velocity,  acceleration,  and 
the  corresponding  CMG  system  torque  and  momentum  requirements 
are  computed  below. 

Assume  that  the  vehicle  is  in  a 100  n.m.  circular  orbit. 

The  orbital  angular  velocity  u equals 


u) 


-ft 


(65) 


The  magnitude  of  the  vehicle's  linear  velocity  v^  equals 

sf 


v » ru)  * R 
o o e ’ 


(66) 
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Table  5.1.  Torque  and  Momentum  Requirements  for  Z-LV 

(h  ■ 100  n.m.;  h = 100  - 1,000  n.m.) 
a P 


APOGEE 

X-I0P  (i  - y) 

X-P0P  (i 

- x) 

ALTITUDE 

n.m. 

MOMENTUM 
CHANGE,  AH 
FT.LB.SEC?331 

MAX. 

TORQUE,  T 
FT. LB!  ”aX 

MOMENTUM 
CHANGE,  AH 
FT. LB. SEC. 

MAX. 

TORQUE,  T 
FT. LB.  maX 

100 

0 

0 

0 

0 

200 

533 

0.3 

67 

0.04 

300 

1023 

0.57 

130 

0.07 

400 

1615 

0.80 

205 

0.10 

500 

1950 

1.08 

247 

0.14 

600 

2340 

1.25 

296 

0.16 

800 

3090 

1.57 

391 

0.20 

1000 


3740 


1.89 


474 


0.24 


5-21 


and  neglecting  the  Earth's  rotational  rate,  the  maximum  vehicle 
tracking  rate  amax  is  the  ratio  of  its  linear  velocity  v to 
its  altitude. 


a 

max 


(67) 


* 0.0419  rad/sec  (2.40  deg/sec) 

This  maximum  vehicle  angular  tracking  rate  a can  be  translated 

max 

into  the  following  CMG  momentum  storage  requirements  AH 
For  a X-POP  Z-LV  attitude,  max 

4.35  x 10**  ft-lb-sec  (68) 


3.44  x 10~*  fc-lb-sec  (69) 

The  vehicle's  maximum  angular  acceleration  a can  be 

max 

estimated  by  assuming  the  spacecraft  is  moving  in  a straight 
horizontal  line  over  the  target  as  shown  in  figure  5.5.  Using 
this  figure , the  tracking  angle  a equals 

a = arctan  (vQt/aE)  (70) 

where  a is  the  attitude  of  the  orbit  above  the  Earth  and  the 
time  t Is  measured  in  seconds  from  the  point  directly  above  the 
target . Differentiating  equation  70  twice,  the  angular  acceleration 
ot  equals 


AH  * I a 

max  xx  max 

and  for  a X-IOP  Z-LV  attitude, 

AH  -I  ot 

max  yy  max 


a 


-2a _v  \ 
E o 


a*  + 2a  2v  2t2  + v 4t4 
r ho  o 


(71) 


Substituting  the  appropriate  values  of  a£  and  v into  equation 
71,  a equals 


-47. 3t  

3.14  x 105  + 1.122  x 103t2  + t4 


a = 


(72) 
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To  determine  the  time  t when  a is  a maximum,  a is  differentiated 
once  more  and  then  set  equal  to  zero. 


u = - 


4 7 • 3C-3.14  x 105  + 1.122  x 103t2  + 3tS 


denominator 


(73) 


• • • 

The  denominator  of  a need  not  be  evaluated  in  order  to  determine 
• • • 

that  a equals  zero  when  t equals  13.7  seconds.  Substituting 

this  value  of  t into  equation  72,  the  maximum  magnitude  of  the 

• * • 

vehicle  angular  acceleration  a equals 

max  n 

u = 1.07  x 10  3 rad/sec3 (6. 12  x 10  ^ deg/sec^)  (74) 

max 

•• 

This  maximum  vehicle  angular  acceleration  a can  be  converted 

6 max 

into  the  following  CMG  torque  requirements  T . For  a X-POP 
Z-LV  attitude,  maX 

T = I a = 1.11  x 103  ft-lb  (75) 

max  xx  max 


and  for  a X-I0P  Z-LV  attitude. 


T -la 
max  yy  max 


8.79  x 103  ft-lb 


(76) 


Summarized  in  table  5.2  are  the  CMG  torque  and  momentum 
requirements  associated  with  tracking  a target  fixed  to  the 
surface  of  the  Earth.  These  CMG  torque  and  momentum  require- 
ments are  excessive  indicating  that  a reasonably  sized  CMG 
control  system  would  be  incapable  of  tracking  such  a target 
by  maneuvering  the  Shuttle.  All  of  these  experimental  payloads 
would  have  to  provide  a separate  tracking  system  for  tracking 
an  Earth  target  while  the  vehicle  is  held  in  a Z-LV  attitude. 
This  separate  tracking  system  could  be  either  internal  or 
external  to  the  experimental  instrument.  An  internal  tracking 
system  would  correspond  to  an  image  motion  compensation  system 
within  the  instrument  while  an  external  system  would  correspond 
to  a mechanical  gimballing  system  that  would  physically  rotate 
the  instrument  with  respect  to  the  vehicle  base. 


l i*. « 
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Table  5.2.  CMC  Torque  and  Momentum  Requirements 
for  Tracking  an  Earth  Target 


ATTITUDE 


X-POP  Z-LV 

T - 1.11  x 103  ft-lb 

max 

AH  * 4.35  x 10^  ft-lb-sec 

max 

X-IOP  Z-LV 

T - 8.79  x 103  ft-lb 

max 

AH  * 3.44  x 105  ft-lb-sec 

max 

5.2.6  Maneuvering  - The  maximum  maneuver  rate  defined  for 

-3 

the  Shuttle  in  section  4.0  is  0.1  degree  per  second  (1.745  x 10 
rad/sec)  about  each  vehicle  control  axis;  this  rate  should  be 
attainable  in  15  seconds  (mission  requirement  f).  The  CMC  torque 

and  momentum  requirements  necessary  to  meet  this 

above  maneuver  requirement  along  each  axis  can  be  readily  computed 
using  the  following  expressions 


(m) 

- 1.162 

x 10-‘  Iu 

(1  - X,  y,  z) 

(77) 

(m) 

- 1.745 

x 10-3  Iu 

(1  = x,  y,  ' 

(78) 

Using  these  equations,  the  CMG  torque  and  momentum  requirements 
necessary  to  attain  a maneuver  rate  of  0.1  degree  per  second  about 
each  axis  in  15  seconds  were  computed  and  tabulated  in  table  5.3. 


A 0.1  degree  per  second  maneuver  rate  corresponds  to  a very 
slow  maneuver.  Because  of  this  slow  maneuver  rate  capability, 
the  gravity  gradient  torque  acting  on  the  vehicle  during  the 
maneuver  interval  can  result  in  an  appreciable  momentum  accumulation 
in  the  CMG  system.  As  an  illustration,  assume  the  vehicle  is 
maneuvered  between  the  two  attitudes  shown  in  figure  5.6. 

Initially,  the  vehicle  is  oriented  so  that  its  positive  Z axis  is 
pointed  away  from  the  Earth  and  its  Y axis  is  perpendicular  to  the 
orbital  plane  directed  out  of  the  page.  The  vehicle  is  maneuvered 
to  its  desired  attitude  by  rotating  the  vehicle  in  a clockwise 
direction  about  its  Y axis  until  the  Z axis  is  aligned  along  the 
local  vertical  as  shown  in  figure  5.6.  This  particular  maneuver  can 
be  associated  with  a transition  from  an  inertial  X-I0P  attitude  to 
an  Earth  observation  X-I0P  Z-LV  attitude. 


Assume  that  during  this  maneuver  the  position  of  the  vehicle 
in  the  orbit  does  not  significantly  change.  The  local  vertical 


vector  a during  the  maneuver  therefore  can  be  approximated  by 

r cosu^t  "| 


0 


(79) 


-sinu)  t 
m 
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where  is  the  maneuver  rate  in  radians  per  second  (w  - 
1.745  x 10  radian/second).  Substituting  the  above  components 

°f  * into  the  gravity  gradient  torque  equation,  equation  1.  the 

components  of  T are 
Kg 


T 

gx 


T 

gy 


I ) sln2o)  t 
xx  m 


(80) 

(81) 


T 

gz 


■ 0 


(82) 


The  gravity  gradient  momentum  accumulated  during  this  90  degree 
maneuver  occurs  only  along  the  Y axis;  this  accumulated  momentum 
HgyCm)  equals 


(m) 


gy 


7T 

2w 

r 


3w 


T dt 

gy 


2oj 


(I 


m 


zz 


- IXX) 


(83) 


Substituting  the  appropriate  Shuttle  moments  of  inertia,  maneuver 
rate  and  orbital  rate  uq  corresponding  to  a 270  n.m.  circular 

orbit  into  equation  83,  H (m)  equals 

gy 

Hgy^m^  ■ 7,930  f t-lb-sec  (84) 

Adding  this  accumulated  gravity  gradient  momentum  H (m)  to  the 

gy 

14,350  ft- lb -sec  (table  5.3)  needed  to  accelerate  the  Shuttle's 
Y axis  to  a maneuver  rate  of  0.1  degree  per  second  increases 
the  total  CMG  momentum  requirement  needed  to  perform  the  maneuver 
shown  in  figure  5.6  to  22,280  f t-lb-sec.  A CMC  system  with  this 
large  momentum  capability  is  feasible  although  it  would  be  very 
expensive  from  a cost,  weight,  and  power  standpoint.  As  an 
alternative,  the  baseline  RCS  because  of  its  large  torque  and 
momentum  capabilities  should  be  used  to  maneuver  the  vehicle.  In 
this  mode,  the  CMG  system  would  be  used  to  provide  fine  maneuver 
control  by  reducing  system  overshoots  and  settling  times. 
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5.2.7  Aerodynamic  Torques  - At  the  present  time,  information 
concerning  the  aerodynamic  coefficients  of  the  Shuttle  is  not 
available.  Nevertheless,  on  the  basis  of  previous  experience 
with  vehicles  of  similar  size  like  Skylab,  the  aerodynamic 
torques  acting  on  the  Shuttle  can  be  estimated  to  be  an  order 
of  magnitude  smaller  than  their  corresponding  gravity  gradient 
torques.  A rough  estimate  of  the  CMG  aerodynamic  torque  and 
momentum  requirements  is  1.0  ft-lb  and  1,200  ft-lb-sec  for  a 
X-POP  attitude  and  0.7  ft-lb  and  800  ft-lb-sec  for  a X-I0P 
attitude.  The  differences  in  these  CMC  torque  and  momentum 
requirements  between  a X-POP  and  a X-IOP  attitude  can  be 
explained  by  noting  that  the  projected  vehicle  area  perpendicular 

to  the  vehicle's  translational  velocity  vector  v is  larger  for 

o ° 

a X-POP  attitude  than  for  a X-IOP  attitude. 

5*2.8  Summary  of  CMG  Torque  and  Momentum  Requirements  — 
Summarized  in  table  5.4  are  the  CMG  system  torque  and  momentum 
requirements  derived  in  this  section.  Tabulated  in  column  2 as  a 
function  of  Shuttle  attitude  is  the  accumulative  gravity 
gradient  momentum  that  is  stored  in  the  CMG  system  on  a per 
orbit  basis.  It  is  this  accumulative  momentum  that  a CMG 
desaturation  system  must  be  able  to  "dump”  per  orbit. 

The  CMG  system  torque  and  momentum  requirements  listed  in 
table  5.4  for  tracking  stationary  targets  on  the  surface  of 
the  Earth  and  for  maneuvering  the  vehicle  at  a rate  of  0.1 
degree  per  second  are  excessive  and  beyond  the  reasonable 
capabilities  of  a Shuttle  designed  CMG  system.  Therefore, 
these  two  functions  will  not  be  charged  against  the  CMG  control 
system.  It  is  recommended  that  payloads  that  must  track 
objects  on  the  surface  of  the  Earth  provide  their  own  tracking 
mechanisms.  This  tracking  mechanism  can  be  an  internal  system 
such  as  an  image  motion  compensation  system  or  an  external 
gimballing  system  that  tracks  the  target  line-of-sight  by 
rotating  the  affected  scientific  instrument  with  respect  to  the 
Shuttle  base.  To  provide  the  0.1  degree  per  second  maneuver 
rate  requirement  needed  to  maneuver  the  vehicle  between  its 
various  attitudes,  the  baseline  RCS  should  be  used  because  of 
its  high  torque  and  momentum  capabilities. 

The  CMG  system  momentum  storage  requirement  should  be 
based  on  the  peak  gravity  gradient  momentum  that  the  CMG  system 
must  store.  From  table  5.4#  the  peak  gravity  gradient  momentum 
occurs  for  the  worst  case  X-IOP  attitude  and  equals  12,210  ft-lb-sec. 
For  the  X-IOP  attitude  illustrated  in  figure  5.3,  the  expressions 

for  the  components  of  the  gravity  gradient  momentum  H are 

gg 

given  In  equation  29  thru  31.  As  a review,  these  expressions  are 
reproduced  below. 
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H - 282  sin2A(oj  t - 0.5  sin2u  t)  ft-lb-sec 
S*  o o 

* -6,260  cosA(cos2oJot  - 1)  ft-lb-sec 
H « 5,950  sinA(cos2u)  t -1)  ft-lb-sec 

6Z  O 


Note  that  on  a single  orbit  basis,  the  momentum  that  the  CMG 
system  must  store  occurs  principally  along  the  Y and  Z axes. 
Also  note  that  these  components  are  cyclic  and  that  their 
algebraic  signs  do  not  change  <ut,  vary  between  zero  and  their 


peak  magnitudes.  Because  the  gravity  gradient  momentum  H 

gg 

acting  on  the  vehicle  is  predictable  and  basically  cyclic 
and  because  the  algebraic  signs  of  the  principal  components  of 


Hgg’  Hgy  anc*  Hgz  ’ c*°  not  change,  the  CMG  system  momentum  storage 

capability  can  effectively  be  doubled  by  properly  initializing 
the  CMG  system  so  that  the  stored  momentum  along  each  axis  is 
periodic  about  zero.  The  CMG  system  can  also  be  initialized 
so  that  the  momentum  stored  along  the  X axis  varies  over  a range 
centered  around  zero. 


Based  on  the  aerodynamic  and  gravity  gradient  momentum 
that  the  CMG  system  must  be  capable  of  storing,  a CMG  system 
spherical  momentum  requirement  of  13,000  ft-lb-sec  was  selected. 
Assuming  proper  CMG  initialization,  this  momentum  capability  can 
provide:  (1)  a sufficient  momentum  storage  capability  to  enable 

the  vehicle  to  remain  in  a X-POP,  a X-IOP,  or  a Z-LV  attitude 
for  several  orbits  without  desaturating  the  CMG  system,  (2)  an 
adequate  safety  margin,  and  (3)  sufficient  momentum  to  permit 
small  angle  CMG  gravity  gradient  desaturation  maneuvers.  From 
a CMG  torque  standpoint,  a double  gimbal  CMG  can  be  expected 
to  develop  a torque  of  60  ft-lb  per  1,000  ft-lb-sec  of  wheel 
momentum.  In  general,  a single  gimbal  CMG  can  generate  a larger 
per  1,000  ft-lb-sec  of  wheel  momentum  than  a double  gimbal 
CMG.  Based  on  the  torque  requirements  listed  in  table  5.3  and 
on  the  specified  13,000  ft-lb-sec  CMG  system  momentum  storage 
requirement,  a CMG  system  torque  requirement  of  200  ft-lb  along 
each  axis  is  more  than  adequate  and  can  be  reasonably  produced 
by  any  CMG  configuration  with  a 13,000  ft-lb-sec  spherical 
momentum  storage  capability.  In  summary,  the  CMG  system 
momentum  and  torque  requirements  determined  in  this  section  are: 

Momentum:  13,000  ft-lb-sec  (spherical) 

Torque:  200  ft-lb  about  each  axis 


(29) 

(30) 

(31) 


torque 
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5.3  CMC  Redundancy  - The  CMC  system  redundancy  criteria 
selected  is  a "fail  operational,  fail  safe"  philosophy.  If 
a single  CMC  should  fail,  the  remaining  CMC  system  must  be 
capable  of  successfully  completing  the  mission.  If  a second 
failure  should  occur,  this  failure  must  not  endanger  the  crew 
or  vehicle.  This  "fail  safe"  condition  is  inherent  because 
the  baseline  RCS  is  always  available  to  return  the  crew  and 
Shuttle  to  Earth. 

5. A Notes 


5.A.1  Symbols  and  Abbreviations 


a 

3 


a »a  ,a 
x y 2 


CMG 

e 

ft-lb 
f t-lb-sec 


g 

-* 

H 

H 


gg 

H 

gx,  gy 


Elliptical  orbit  senimajor  axis 
Local  vertical  vector  in  vehicle  space 

A 

Components  of  a 

A 

Local  vertical  vector  a after  small  angle 
rotation 

Control  momentum  gyro 
Orbital  eccentricity 
Foot  pound (s) 

Foot  pound  second(s) 

Gravitational  acceleration  of  the  Earth 


Gravity  gradient  angular  momentum 
Components  of  H 

Bn 


H ' 
gg 

H \H  \H  ' 
gx  gy  gz 

Hmax 

AHmax 


‘ii 

[I] 

n 

n.m. 

RCS 

R 

e 


H after  a small  angle  vehicle  rotation 

88  h.  , 

Components  of  H 

8R 

Maximum  angular  momentum 

Maximum  change  in  momentum 

Vehicle  angular  momentum  about  center  of 
Earth 

Altitude  at  apogee 

Altitude  at  perigee 

Vehicle  moments  of  inertia  (i«x,y,z) 

Vehicle  inertia  tensor 

Mean  motion  of  vehicle  in  orbit 

Nautical  mile(s) 

Reaction  control  (sub)  system 
Mean  radius  of  the  Earth 


r 

! 


1 

l 


tH  H h"  W >~  >^1  X m £5  • gj  a>  <3 : <p  : cd~  t3^3 
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r 

-* 

T 

gg 

T ,T  ,T 
gx*  gy’  gz 


gg 


t >T  t >T  t 


gx  gy 


gz 


POP 

IOP 

LV 


tax 


u 


m 


GJ 


Vector  from  the  center  of  the  Earth  to 
vehicle  center  of  mass 
Gravity  gradient  torque 

Components  of  T 

R8 

T after  a small  angle  vehicle  rotation 

gg  ^ 

Components  of  T f 
gg 

Maximum  torque 
Time  (seconds) 

Linear  velocity  of  vehicle  in  orbit 

X axis  perpendicular  to  the  orbital  plane 
X axis  in  the  orbital  plane 
Z axis  along  the  local  vertical 
Angle  between  line  of  sight  and  vertical 

Maximum  vehicle  tracking  rate 

Small  angle  vehicle  rotation 
Rotational  displacement  about  spin  axis 

Rotational  velocity  about  spin  axis 

Incremental  change  in  § 

Rotational  acceleration  about  spin  axis 

Maximum  0 

Angle  Z axie  is  rotated  out  of  the  orbital 
plane  for  X-IOP 
Vehicle  angular  rate 

Vehicle  angular  acceleration 
Vehicle  maneuver  angular  rate 

Orbital  rate 
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6.  CMC  CONFIGURATION  STUDY 

The  purpose  of  this  section  is  to  survey  the  types  and  sizes 
of  control  moment  gyros  (CMGs)  that  are  available  and  to  configure 
an  appropriate  CMG  control  system  that  can  meet  the  momentum, 
torque,  and  CMG  redundancy  requirements  defined  in  section  5, 

These  CMG  system  requirements  are: 

Momentum:  13,000  ft— lb-sec  (spherical) 

Torque:  200  ft-lb  about  each  control  axis 

Redundancy:  fail  operational,  fail  safe 

6.1  giGTypes  - There  are  two  principal  types  of  CMGs: 

a.  8lngJe  |flmbal  010  (SGCMG)  and  a double  gimbal  CMG  (DGCMG) . 

cr^hKS  ‘J®8?  tW°  typeS  °f  ™Ga  are  8hown  ln  6.1.  A 

jGCMG  has  a single  gimbal  between  its  wheel  and  its  base,  its 

iS  perPendicular  to  its  wheel  momentum  vector  H.  A 
gin5als  between  its  wheel  and  base  and  is  essentially 

6 bT  cr?lafdltl0nal  °Uter  8imbal  88  illustrated  in  figure 
•1(b).  A SGCMG  has  a single  degree-of-freedom  while  a DGCMG 
ue  to  its  additional  gimbal  has  two  degrees-of-freedom. 

6.2  gMgj0ut£Ut  Torque  - Because  a SGCMG  has  only  one  rota- 
tional degree-of-freedom,  its  output  torque  *H)  is 

constrained  to  lie  along  the  straight  line  that  is  orthogonal  to 

shol^8  fJ“bal  f iS,  “d  wheel  momentum  H.  This  straight  line 
shown  in  figure  6.2(a)  is  referred  to  as  the  SGCMG  output  torque 

s.  Adding  a second  gimbal  as  shown  in  figure  6.1(b),  a DGCMG 
can  generate  an  effective  gimbal  rate  Z anywhere  in  the  plane 
perpendicular  to  H and  therefore,  an  output  torque  f anywhere 
in  this  plane  as  illustrated  in  figure  6.2(b). 

, *he  f : roacopic  torques  in  a SGCMG  are  perpendicular  to  the 
aX.ls  ^ therefore  ther.  is  no  torque  component  along  the 
Jh*b?1  rl8’v,  Th??’  ^ loadln8  caPacity  of  the  gimbal  bearing  is 
* iac^or  that  llmlt8  CMG  output  torque.  The  gimbal  actuators 
only  accelerate  the  gimbal  and  overcome  the  small  gyroscopic 
torques  due  to  vehicle  rotation.  Because  there  are  no  Urge  P 
gyroscopic  torques  acting  along  the  gimbal  axis,  relatively  large 
gimbal  rates  can  be  obtained  and  therefore,  large  output  torques 
® Pr-8e”t  fecbnoiogy.  gimbal  rates  as  large  as  1.7  radians  per 

— ehataih?  r8nltude  0f  the 

f , p 1 ,,TCMG'max  can  e ^ 1-7  times  the  magnitude 

of  the  wheel  momentum  H( j^-  1.7|h|). 


(a)  'JINGLE  GIMBAL  CMG 


<b)  DOUBLE  GIMBAL  CMG 


Figure  6. 1 Sketches  of  a Single  and  a Double  Gimbal  CMG 


(a)  SGCMG  TORQUE  AXIS 


-► 

H 


TORQUE  PLANE 

(b)  1XJCMG  TORQUE  PLANE 


Figure  6.2  Sketch  of  SG  and  DG  CMG  Torque  Loci 
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For  a DGCMG,  the  CMG  gyroscopic  torques  acting  on  the 
gimbals  always  have  a component  along  one  of  these  two  global 

axes.  The  CMG  output  torque  TCMG  transmitted  to  the  base  la 

therefore  limited  due  to  the  possible  saturation  of  one  of  the 

global  actuators.  The  naxlmum  CMG  output  torque  is 

H 1 CMG1 max 

therefore  ouch  smaller  than  for  a corresponding  SGCMG  with  the 
same  CMG  wheel  momentum.  For  example,  the  DGCMG  developed  for 
Skylab  has  a wheel  momentum  of  2,300  ft-lb-sec  and  a maximum 

output  torque  |f  | of  only  122  ft-lb.  This  value  of 
+ LMu  max 

^CMG^max  corresPon<^9  to  a maximum  gimbal  rate  of  approximately 

O.o5  radian  per  second  which  Is  much  smaller  than  the  1.7  radians 
per  second  capability  of  a SGCMG.  A SGCMG  with  the  same  wheel 
momentum  and  a maximum  gimbal  rate  of  1.7  radians  per  second  has 
a maximum  torque  capability  of  3,910  ft-lb.  Another  significant 
difference  between  a SG  and  a DGCMG  are  their  structural  integrity. 
Because  of  the  additional  outer  gimbal,  a DGCMG  is  structurally 
less  rigid,  more  flexible  than  a corresponding  SGCMG.  The  re- 
sultant DGCMG  bending  modes  and  mechanical  cross  coupling  tend  to 
limit  the  servo  bandwidth  to  a value  lower  than  that  of  a SGCMG 
with  the  same  momentum  rating. 

In  general,  SGCMGs  are  used  where  high  output  torques  are 
of  prime  consideration  and  DGCMGs  where  large  momentum  storage 
capabilities  are  required  and  low  CMG  output  torques  are  acceptable. 
This  latter  case  is  the  present  situation.  Any  reasonable  CMG  sys- 
tem, SG  or  DG,  that  is  sized  to  meet  the  CMG  momentum  storage 

requirement  of  13,000  ft-lb-sec  can  also  easily  meet  the  200  ft-lb 
torque  requiremei.,..  Therefore,  the  final  selection  of  CMG  type  and 
configuration  is  made  on  the  basis  of  CMG  system  momentum  and 
redundancy  requirements. 

6. 3 CMG  Survey 

6 >3.1  Double  Gimbal  CMGs  - DGCMGs  are  presently  available 
without  gimbal  stops.  The  elimination  of  gimbal  stops  simplifies 
the  CMG  system  software  requirements  because  additional  control 
logic  is  not  needed  to  avoid  gimbal  stops.  As  a result  of  the 
unlimited  gimbal  rotation,  the  available  momentum  in  any  direc- 
tion is  the  algebraic  sum  of  the  individual  CMG  wneal  momentum. 

The  resultant  CMG  system  momentum  envelope  is  spherical.  There- 
fore, the  number  of  DGCMGs  required  are  determined  primarily  on 
the  basis  of  available  DGCMG  sizes,  CMG  redundancy,  and  singularity 
avoidance . 


i 

1 

i 

i 


i 

■i 
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For  a DGCMG  system,  singularity  occurs  when  all  of  the  CMC 
wheel  spin  axes  are  parallel.  In  this  condition,  it  is  impossible 
for  the  CMG  system  to  develop  a control  torque  directed  parallel 
to  the  spin  axes.  If  the  spin  axes  are  all  pointed  in  the  same 
direction,  the  system  is  saturated  and  the  CMG  system  must  be  de- 
saturated.  If  the  spin  axes  are  parallel  but,  with  some  axes 
pointed  in  opposite  directions,  the  resultant  singularity  condi- 
tion is  referred  to  as  an  "anti-parallel"  condition.  This  "anti- 
parallel" singularity  can  in  general  be  avoided  by  redistributing 
the  CMG  gimbal  angles  without  generating  a net  CMG  torque. 

If  the  system  is  comprised  of  only  two  DGCMG,  the  "anti- 
parallel" condition  occurs  when  the  total  CMG  system  momentum  is 
zero.  Redistribution  of  the  gimbal  angles  is  impossible  because 
any  gimbal  motion  away  from  this  singularity  condition  results  in 
a net  CMG  torque.  However,  because  the  torques  acting  on  the 
vehicle  are  to  a large  extent  predictable,  the  CMG  gimbal  angles 
can  be  initialized  so  as  to  prevent  all  three  components  of  the 
total  CMG  momentum  from  simultaneously  passing  through  zero.  In 
this  way,  the  "anti-parallel"  condition  can  be  avoided.  With 
three  or  more  DGCMGs,  the  "anti-parallel"  singularity  conditions 
occur  at  an  infinite  number  of  points  in  the  CMG  momentum  space. 

But,  because  a sufficient  number  of  CMG  rotational  degrees-of- 
freedom  are  available,  singularity  can  be  avoided  without  generating 
a net  CMG  torque  by  redistributing  the  CMG  gimbal  angles.  For  a 
DGCMG  system,  singularity  avoidance  is  not  a critical  problem. 

The  "fail  operational,  fail  safe"  CMG  redundancy  criteria 
can  be  satisfied  with  a minimum  of  three  DGCMGs.  After  a single 
CMG  failure,  the  total  CMG  system  momentum  capability  is  reduced 
and  proper  CMG  gimbal  initialization  will  be  necessary  to  avoid 
singularity  but,  the  system  is  still  operational.  After  a second 
failure,  CMG  attitude  control  is  lost,  but  because  the  baseline 
RCS  is  available  to  return  the  crew  and  Shuttle  to  Earth,  the 
"fail  safe"  criteria  is  satisfied. 

Listed  in  table  6.1  are  the  momentum,  torque,  weight,  volume, 
and  power  characteristics  of  the  four  Bendix  DGCMGs  that  are  either 
presently  available  cr  will  be  in  the  near  future.  For  each  DGCMG 
model  listed  in  table  6.1,  the  number  of  CMGs  required  to  meet  the 
system  requirement  of  13,000  ft-lb-sec  plus,  the  resultant  CMG 
system  momentum  capability,  weight,  volume,  and  power  character- 
istics associated  with  each  system  are  tabulated  in  table  6.2. 

The  MA-1000  DGCMG  system  listed  in  table  6.2  requires  thirteen 
CMGs.  The  software  computational  requirements  associated  with  this 
system  are  excessive  because  of  the  large  number  of  CMGs  required 


Table  6.1.  Bendix  Double-Glmbal  Control  Moment 
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and  thejefore,  this  system  is  eliminated  from  further  considera- 

eliminJhH  ?GCM°  8y8J®?  Utlllzln8  CMG  ®°del  MA-2000  is  also 
w!  ??  T °f  ltS  high  Spin_up  power  requirement  and  also 
because  its  remaining  system  characteristics  are  very  similar  to 

lose  exhibited  by  the  DGCMG  system  using  CMG  model  MA-2300.  Tne 
paragr^hs!"8  DGCMG  SySteOS  are  discu8s*d  in  detail  in  the  following 

fieurlh6  ^A_6°°°D  DGCMG  system  can  be  mounted  as  illustrated  in 
fi?  k,  v dLbeCaUSe  there  are  only  three  C^8*  the  minimum 
Dutadonalb^  th?  ^ redundancy  requirement,  the  software  cora- 

ije2“  en“ntS  Can  be  kept  c°  a Note  that  the 

variable  Sr  th*  ? Varlable  CMG  wheel  8P«®d  and  therefore,  a 

momentum.  If  this  DGCMG  system  is  operating 

fan  momentum  capability  of  13,000  ft-lb-sec  and  a CMG  should 

a 1,  the  remaining  CMG  wheel  speeds  can  be  increased  so  that  the 
tal  system  momentum  capability  is  returned  to  13,000  ft-lb-sec 

b^lniH  u°  ?*G  operatlonal  mode»  the  CMG  gimbal  angles  must  also 
be  initialized  to  avoid  the  "anti-parallel"  zero  momentum  singu- 
larity condition.  The  MA-6000D  DGCMG  is  being  developed  and  at 

andStl  r °nlyJhe  GMG  wheel  and  gimbal  assemblies  have  been  built 
and  tested.  Therefore,  the  CMG  wheel  spin-up  power  is  the  only 
measured  quantity  contained  in  tables  6.1  and  6.2;  the  remaining 
parameters  are  estimate".  The  chief  drawbacks  of  this  system  are- 

iid  m ^"6000D  DGCMG  has  not  been  fully  developed  and  may  not  be 
^ ^ the  syste®  a wheel  spin-up  power  requir^-nent  is  high  as 

MA"23°°  DGCMG  S"8tem-  The  Principal  advantage  of 
the  MA-6000D  CMG  system  over  the  MA-2300  one  is  that  it  has  fn 

h!«  -nte<1  l0Hr  operatln8  P°wer  requirement.  The  MA-6000D  system 
has  an  operating  power  requirement  of  210  watts  as  compared  to  a 

litTn  l°l  the  ^C2300  3y8tera-  This  advantage  is  not  very 
significant  because  both  operating  power  requirements  are  rea- 

ton=^e  ra'}ui'ement8  ' that  a Shuttle  power  system  might  be  expected 
to  set  aside  for  a CMG  control  system. 

CMGs  NA"2300  DGCMG  system  listed  in  table  6.2  consists  of  six 
2?? °r  88  “"l  88  ne6ded  U8lng  the  MA-hOOOD  DGCMGa . If  these 

wUh^he  S?  Cp”atad  aa  8l*  individual  CMGs,  the  logic  associated 
with  the  CMG  control  law  and  singularity  avoidance  scheme  would 

ma^oootT1161^  °ubi!  °Ter  that  re<?ulred  by  three  DGCMGs,  e.g.,  the 
‘ 11,6  l0glC  a8soclated  with  the  vehicle,  maneuver 

A poMibirCMG^o1^^0”^0^14”8  W°Uld  essentially  remain  unchanged. 
A possible  CMG  mounting  configuration  for  the  six  MA-2300  CMGs 

aLio lust5atad  ;n  f^ure  6-4-  Two  CMGs  are  identically  mounted 
long  each  of  the  three  vehicle  control  axes.  The  advantage  of 

1? r*110”  iS  that  ®aCh  axial  CMG  P*ir  can  be  slaved  together 

ft-lb-sec)*7  Thisaeff-eM8le  ^ WJth  8 Wheel  °°“nCum  of  2H(H-2,300 
sec).  This  effective  reduction  in  the  number  of  CMGs  from  six 


P* 


Figure  6.3  Candidate  MA-6000D  DGCMG  Mounting  Configuration 


Figure  6.  A.  Candidate  MA-2100  DC.CMC.  Mounting  Configuration 
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to  three  reduces  the  computational  complexity  of  the  CMG  control 
aw  and  singularity  avoidance  scheme  to  essentially  that  required 
for  three  DGCMGs  or  the  MA-6000D  CMG  system.  This  slaved  CMG 

iSs^I  i8,neJther  «c°"®ended  or  disapproved  of;  it  is 

jUSw  a method  of  reducing  the  computational  complexity  of  the  CMG 
control  logic. 

CMC  8l*  MA'23°?  ?}G  8ysten*  if  3 sln8le  CMG  fails,  the 

CMG  system  momentum  capability  is  reduced  from  13,800  to  11,500 

WhlCM  Should  sti11  be  adequate  to  successfully  complete 
the  mission.  No  special  gimbal  angle  initialization  procedure  is 

the  ".„ti-p.r.llel"  singularity  condition  bacauss 
rive  DGCMGs  are  still  operational. 

One  ot  the  principal  advantages  cf  configuring  a CMG  control 

l M MA’230°  DGCMG  13  that  this  CMG  ha*  *>««"  developed 

used  t*  1C*  e.™'?  M^“2300  ^GCMG  is  primarily  the  same  CMG  that  is 
used  to  control  the  attitude  of  NASA's  first  manned  orbiting 

space  station  Skylab.  The  only  significant  difference  between 
the  proposed  MA-2300  CMC  and  the  Skylab  ATM  CMG  is  that  it  has 
no  gimbal  stops. 

6,3,2  nBle  Gimbal  CMGs  - Becuase  a SGCMG  has  only  one 

gimbal.  Its  wheel  momentum  vector  H is  constrained  to  lie  in  the 
Plane  perpendicular  to  Its  gimbal  axis.  Therefore,  the  momentum 
envelope  for  a SGCMG  sync,.  la  not  spherical  with  I radi”  eoua? 

! Individual  CMG  wheel  momentums  as  in  the  case 

f . system  A SGCMC  system  momentum  envelope  is  a function 

TTV  °'l*"t»tlo««.  and  their  wheel  ^ctL. 

are  mounted  oiAh^F881  SG?MG  “ovntlng  configuration;  the  SGCMGs 
h f*“8  of  “ Imaginary  pyramid.  The  SGCMG  con- 

e«!h  CM?°vl^^8tCf 10  fl8Ur  6'5  c°nsl»t8  » slx-alded  pyremld; 

fsce  “ sh™  vPerT,  UUr  " US  COIre3P°ndlng  pyramid 

e as  shown.  The  X,  Y,  and  Z axes  shown  in  this  figure  are 

assumed  to  be  the  vehicle  control  axes.  The  vehicle'!  roll  Ixis 
*5*  * 3X13 ’ 18  PerPendicular  to  the  base  of  the  pyramid.  The  shape 
of  the  momentum  envelope  is  a function  of  the  angle  8 the  anele 
ormed  by  the  s Idee  of  the  pyremld  with  the  base*  Aa  8 SecrefeL 
the  envelope  becomes  flatter  with  Its  momentum  capability  alone  the 
X «1.  decreasing.  For  a 8 of  51  degrees,  the  moLn  ™ i„™l”p. 
ia  approximately  spherical.  p 

5 is  Diimirnv0h!«ib'9e^"°mentUni  re«ulre“nt  computed  in  section 
the  *-Z  !ll~  b?h!d  ? ?*  m00entU“  borage  capability  needed  in 

the  . Z pla.'.e . The  actual  momentum  requirements  along  the  X axis 

is  considerably  less  than  13,000  ft-lb-sec  because  th!  veWcle 
moments  of  Inertia  about  the  Y and  Z axes,  I and  I Ire 

yy  Z2* 


Mounting  Configura 


the  X axis  moment  of 


approximately  equal  and  much  larger  than  I , 

inertia.  A spherical  momentum  envelope  is  therefore  not  really 
necessary.  For  instance,  if  each  SGCMG  9hown  in  figure  6.5  had  a 
wheel  momentum  of  2,300  ft-lb-sec  and  0 equals  25  degrees,  the 
momentum  capabilities  along  the  Y and  Z axes  would  be  13,100  ft-lb- 
sec  and  5,800  ft-lb-sec  along  the  X axis.  This  momentum  envelope 
would  be  adequate,  but  its  nonspherical  shape  introduces  a new 
problem.  Assume  that  this  SGCMG  system  is  approaching  saturation 
along  the  Y axis  as  illustrated  in  figure  6.6.  If  a reaction  jet 
system  is  used  to  desaturate  the  CMG  system,  a torque  can  readily 
be  applied  directly  to  the  Y axis  thus,  redicing  the  momentum  along 
this  axis  without  difficulty.  On  the  other  hand,  if  CMG  desatura- 
tion is  accomplished  using  either  a magnetic  or  a gravity  gradient 
system,  the  only  torque  that  may  be  available  with  a component  along 
the  Y axis  may  also  have  an  unavoidable  component  along  the  X axis. 
Although  the  magnitude  of  the  momentum  stored  in  the  CMG  system 
may  be  decreasing,  its  direction  may  also  be  moving  towards  rather 
than  away  from  saturation  as  shown  in  figure  6.6  due  to  the  non- 
spherical shape  of  the  momentum  envelope.  For  this  reason,  the 
SGCMG  systems  configured  in  this  section  will  have  momentum  envelopes 
that  are  approximately  spherical. 

A SGCMG  configuration  similar  to  the  pyramid  array  shovn  in 
figure  6.5  can  include  as  many  SGCMGs  and  pyramid  faces  as  needed 
to  meet  the  CMG  system  momentum  requirements.  The  minimum  number 
of  SGCMGs  required  is  determined  on  the  basis  of  CMG  singularity 
avoidance  and  the  “fail  operational,  fail  safe"  CMG  redundancy 
requirements.  Singularity  for  a SGCMG  system  occurs  when  all  of 
the  CMG  output  torque  axes  are  coplanar.  In  this  condition,  it  is 
impossible  for  the  CMG  system  to  generate  a torque  perpendicular 
to  this  plane  and  therefore,  three  axis  control  is  lost. 

Singularity  for  a SGCMG  system  can  be  avoided  by  over  sizing 
the  CMG  system  and  then  limiting  its  operating  range  to  a small 
region  of  the  potentially  large  momentum  envelope  where  no  singu- 
larity conditions  exist.  This  procedure  can  be  performed  when  the 
momentum  that  must  be  stored  in  the  CMG  system  is  predictable  by 
properly  initializing  the  CMG  girobal  angles  to  insure  that  the 
system  will  operate  In  the  desired  momentum  region.  The  main 
problem  with  this  singularity  avoidance  scheme  is  that  it  is 
very  wasteful  of  the  potential  CMG  momentum  capability  because 
the  CMG  system  is  constrained  to  operate  in  only  a small  portion 
of  the  total  CMG  momentum  space.  For  the  above  reason,  this  method 
of  providing  singularity  avoidance  is  not  desirable. 

Another  method  of  avoiding  singularity  is  to  develop  a scalar 
function  that  is  a measure  of  the  "distance**  from  singularity.  A 
CMG  glmbal  rate  control  law  is  then  developed  that  attempts  to 


MOMENTUM  ENVELOPE 


* HATH  01  UESATIRATION  BY  REACTION  JLTS 
b HUSSlbLL  PATH  OF  UE SATURATION  BY  MAGNETIC  TORQUE 

Figure  6.6  Sketch  of  Potential  SGCMG  Desaturation 

Problem  Associated  With  Nonspherical  Momentum  Envelope 
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maximize  this  function  without  generating  a net  torque.  In 
this  way,  singularity  is  avoided.  In  order  to  keep  the  computa- 
tional requirements  within  reason,  the  scalar  function  is  driven 
to  a local  rather  than  a global  maximum  which  unfortunately  may 
not  be  very  far  from  a potential  singularity  condition.  At  least 
four  SGCMGs  are  required  to  avoid  singularity.  With  three  SGCMGs, 
three  gimbal  rotational  degrees -of-freedom  are  needed  to 

generate  the  desired  CMG  torque  command  t^0m’  no  additional  degree- 

of-freedom  is  available  to  provide  for  singularity  avoidance.  To 
provide  a singularity  avoidance  capability,  at  least  one  addi- 
tional  SGCMG  or  a total  of  four  SGCMGs  is  needed  so  that  a single 
degree-of-freedom  is  available  for  singularity  avoidance.  To 
meet  the  "fail  operational,  fall  safe"  CMG  redundancy  criteria, 
a minimum  of  five  SGCMGs  are  needed  in  order  to  provide  for  a 
single  CMG  failure . 

If  a SGCMG  failc,  the  shape  of  the  momentum  envelope  is 
altered  which  in  turn  creates  a nonspherical  momentum  envelope. 

The  resultant  shape  of  the  momentum  envelope  is  a function  of 
which  SGCMG  fails.  This  nonspherical  momentum  envelope  results 
in  the  same  CMG  desaturation  problem  previously  discussed. 

Listed  in  table  6.3  are  the  SGCMGs  that  have  been  built 
or  are  presently  being  developed  by  Bendix  along  with  their 
corresponding  wheel  momentum,  peak  torque  capability,  weight, 
volume,  and  power  requirements.  To  meet  the  13,000  ft-lb-sec 
system  momentum  requirement,  these  SGCMGs  can  be  arranged  into 
pyramid  array  configurations  similar  to  the  one  shown  in  figure 
6.5. 


One  possible  configuration  is  to  mount  five  MA-60C0D  SGCMGs 
to  the  faces  of  a five-sided  pyramid.  Note  that  five  is  the  minimum 
number  of  SGCMGs  that  can  be  used  and  still  meet  the  "fail  opera- 
tional, fail  safe"  CMG  redundancy  requirement.  If  the  angle  8, 
the  angle  between  the  pyramid  base  and  sides,  equals  45  degrees, 
the  maximum  available  CMG  momentum  capability  along  the  three 
vehicle  axes  are: 


Hx-21,200  ft-lb-sec 

Hy-25,800  ft-lb-sec 

H -25,600  ft-lb-sec 
z 

The  momentum  capability  of  this  array  far  exceeds  the  CMG  system 
momentum  requirement  of  13,000  ft-lb-sec. 


Table  6.3.  Bendix  Single-Gimbal  Control  Moment  Gyr 
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Twelve  MA-1300  SGCMGs  can  also  be  used  to  meet  the  CMG  sys- 
tem momentum  requirement.  These  SGCMGs  can  either  be  uniformly 
distributed  on  the  sides  of  a twelve-sided  pyramid  or  arranged 
in  parallel  pairs  on  the  faces  of  a six-side  pyramid.  The  former 
arrangement  provides  a much  smoother  momentum  envelope  while  the 
latter  configuration  can  result  in  a reduction  in  the  CMG  control 
law  computational  requirements  associated  with  these  configura- 
tions if  the  SGCMGs  comprising  a CMG  pair  are  slaved  together. 

For  a 8 of  45  degrees,  the  maximum  available  CMG  momentum  capability 
along  the  vehicle  axes  for  both  potential  configurations  equals: 

H -11,050  f t-lb-sec 
x 

H -14,200  f t-lb-sec 

y 

H -14,200  ft- lb-sec 

z 

Thirty  MA-450  or  K\-500  SGCMGs  could  also  be  used  to  provide 
the  required  CMG  system  momentu:  capability.  But  because  of  the 
large  number  of  units  needed  ana  the  resultant  system  complexity 
associated  with  this  many  SGCMGs,  these  two  SGCMGs  are  eliminated 
as  potential  candidates  for  a Shuttle  CMG  control  system. 

Another  alternative  SGCMG  configuration  is  the  scissored  pair 
configuration  illustrated  in  figure  6.7.  A scissored  pair  consists 
of  two  SGCMGs  either  geared  or  servoed  together  to  rotate  in  opposite 
directions  at  the  same  rate.  The  resultant  momentum  vector  asso- 
ciated with  a SGCMG  pair  can  vary  in  magnitude  but  not  in  direc- 
tion. Three  orthogonally  mounted  scissored  pairs  as  shown  in 
figure  6.7  can  generate  a control  torque  in  any  direction  and 
requires  only  a simple  control  law  because  each  CMG  pair  generates 
a torque  along  only  one  of  the  vehicle  control  axes.  Another  ad- 
vantage of  this  configuration  is  that  no  singularity  condition 
exists  because  the  torque  axes  associated  with  the  CMG  pairs  are 
always  orthogonal.  This  configuration's  momentum  envelope  is  a 
cube  with  a momentum  capability  of  2H  along  each  orthogonal  axis. 

The  problem  with  this  configuration  is  that  if  a SGCMG  should  fail, 
the  system  as  it  is  presently  being  operated  is  inoperative  and 
three  axis  control  is  lost.  The  CMG  "fail  operational"  redundancy 
requirement  cannot  therefore  be  met  with  this  type  of  a system. 

6.4  CMG  Configuration  Selection  - Tabulated  in  table  6.4 
are  the  four  remaining  candidate  CMG  configurations,  two  DG  and 
two  SG  systems,  along  with  the  number  of  CMGs  needed,  system 
weight,  volume,  and  power  requirements.  Note  that  the  SGCMG 
system  weights  and  spin-up  power  requirements  greatly  exceed 
those  associated  with  the  candidate  DG  systems. 
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Table  6.4.  Candidate  Shuttle  CMC  Configuration  and  Requirements 


MODEL 


NUMBER 

OF 

UNITS 


WEIGHT** 

lb 


VOLUME 
CU  FT 


POWER  WATTS 


SPIN-UP 


NOMINAL 

OPERATING 


DG 

MA-2300 

6 2,508 

108 

1,440 

390 

DG 

MA-6000D 

3 2,700* 

84* 

1,875 

210* 

SG 

MA-1300 

12  3,132 

2,688 

432 

SG 

MA-6000D 

5 4,000* 

3,125 

350* 

* Estimated 

value 

**  Does  not 

include  weight  of  CMG 

inverter 

assemblies 
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The  chief  advantage  of  a SGCMG  system  is  its  ^gu  system 
»rqu;  capability.  It.  a sln8U 

system  uelght  and  momentum  envelope 

CMG  failure  will  result  in  a n P ratlon  with  either 

union  “1  <2> 

a magnetic  or  gravity  g , -^nVilcun  and  can  therefore 

singularity  avoidance  is  a con.pl  P quirements.  Although  corn- 

result  in  excessive  computation  i M _ f a dgcMG 

pared  to  a ^doe^not  exhibit  the  above  problems 

system  are  much  jailer,  jf  & should  fail,  the 

associated  with  a SGCMG  sy  shape  remains 

system  citt/ desaturat ion  can  still  ba  performed 

spherical  and  triereiore,  , mAcnetic  or  gravity 

with  no  increase  in  complexity  ^ avoldance  for  a DGCMG 

gradient  desaturation  system.  g f can  easily  be  accom- 

system  is  not  * 1“ccMCPsysiem.a”Because  of  the  above  problems 

2i2StSlSr«h\SSS0  system  and  l^^ZrTsT ^ 
requirements  are  not  large  and  can  ba  mat  by  either 
UGCtr.  system,  the  two  SGCMG  candidate  eyst.ms 
6.4  are  eliminated  as  potential  candidate  . 

Of  the  tuo  remaining  CMC  '‘“^^^“sySem^ut , 
,pln-up  po»er h'*2UlSr”yatamVTOlume  and  nominal  operating  power 
Te,™"  the  S!bOOOO  DGCMG 

parlsons  batuaan  these  tuo  ayatemsarevary  ^ selection 

favor  one  system  over  the  other  TtaUmal  ^ syste„  ls 

is  therefore  made  on  availabiii  y>  the  MA_2300  DGCMG  is 

selected  over  the  MA-  whereas  the  MA-6000D  DGCMG  has  not 

a unit  that  has  been  buiit  f ^ CMG  mounting  configu- 

ra t ion* is* the^CMc/pai Amount ing  configuration  shown  in  figure  6.4. 
b. 5 Symbols  and  Abbreviations 


AIM 

CMG 

CU  FT 

DGCMG 

ft-lb 

ft  - 1 b-st^c 

rt 


Apollo  Telescope  Mount 
Control  Moment  Gyro 
Cubic  Feet 
Double  Clmbal  CMC 
foot  pound(s) 
foot  pound  second(s) 

CMC  wheel  momentum 

CMG  system  momentum  storage  capabilities 
along  X,  Y,  and  C vehicle  axes 
Vehicle  moments  of  inertia  (1  * x,  y» 
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lb 

RCS 

SCCMC 

f 

1CMG 

,TCMGlnax 

S 


pounds 

Reaction  Control  (sub)  System 
Single  gitnbal  CMC 
CMC  output  torque 

maximum  CMG  output  torque 


Angle  between  the  base  and  sides  of  a SGCMG 
pyramid  mounting  configuration  (see  figure 
6 . 5) 

CMG  gimbal  rate  in  inner  gimbal  space 


1 
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7.  CMC  SYSTEM  STABILITY 

The  objective  of  this  section  is  to  specify  a vehicle  control 
law  along  with  an  appropriate  set  of  control  law  gains.  The  con- 
trol iaw  gains  are  selected  so  as  to  keep  the  vehicle  stable  as 
opposed  to  unstable  and  to  meet  the  three  arc-minute  vehicle  sta- 
bilization goal  specified  in  section  4.1.  The  control  law  gains 
are  computed  so  that  the  vehicle  can  meet  this  three  arc-minute 
stabilization  goal  under  the  influence  of  both  gravity  gradient 
and  worst  case  man  disturbance  torques. 

7*1  Vehicle  Control  Law  - The  main  function  of  the  vehicle 

control  law  is  to  compute  a CMC  torque  command  T from  sensed 
. COM 

body  motion  that  will  compensate  for  the  disturbance  torques  act- 
ing on  the  vehicle  resulting  in  unwanted  vehicle  motion.  The 
vehicle  control  law  is  also  used  to  Implement  any  CMG  maneuver 
command  generated  by  the  CMG  maneuver  control  law.  The  selected 
vehicle  control  law  is  a standard  rate  plus  position  control  law. 
This  vehicle  control  law  is  given  in  equation  1. 

fCOM  " [Kr1(V  «>  + + ^ (1) 


u is  the  sensed  vehicle  angular  velocity.  uD  and  A$  are  the 

desired  vehicle  rotational  rate  and  attitude  error,  respectively; 

both  u and  A$  are  computed  by  the  CMG  maneuver  control  law. 

-> 

a vehicle  attitude  offset  command;  e can  be  a gravity  gradient 
CMC  desaturation  maneuver  command.  [K  ] and  [K  ] are  the  vehicle 

r P 

control  law  rate  and  position  gain  matrices,  respectively. 


[Kr]  - 


rx. 

0 
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r« 


ty  ■ 


px 
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ry 
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py 
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o 

o 

< 

rz 

0 

0 

c 

pz 


(2) 


(3) 


K,*  K,.„«  an<*  and  K,*  K » and  K are  the  rate  and  position 
ry  rz  px  py  pz 

gains  associated  with  the  three  vehicle  control  axes.  These  gains 
are  determined  in  the  following  section. 

7.2  Vehicle  Control  Loop  - Figure  7.1  shows  the  general 
arrangement  of  the  vehicle  control  loop.  To  compute  the  gain 
matrices  [K^]  and  [K^],  the  following  assumptions  are  made:  (1) 

all  control  sensors  are  perfect,  (2)  the  vehicle  is  rigid,  (3) 

interaxis  vehicle  dynamic  coupling  does  not  exist,  and  (4)  the 

CMG  dynamics  can  be  represented  by  a first-order  lag.  After  a 

preliminary  set  of  values  for  K , K , K , K , K , and  K 

rx  ry’  rz  px  py*  pz 

nave  been  computed,  the  above  assumptions  will  be  reexamined. 

The  largest  projected  disturbance  torque  acting  on  the 
Shuttle  is  assumed  to  be  due  to  a wall  pushoff  by  a crewman  moving 
from  one  side  of  the  crew  quarters  to  the  other.  The  projected 
disturbance  force  profile  is  shown  in  figure  7.2.  Assume  that 

this  force  acts  along  the  Z axis  causing  a disturbance  torque 
about  the  Y axis.  Assume  an  effective  moment  arm  L of  50  feet, 
the  distance  along  the  X axis  from  the  vehicle  center  of  mass  to 
the  line  of  action  of  the  force  F . The  change  in  the  angular 

rate  about  the  Y axis  due  to  a single  wall  pushoff  equals 

**  — — - /F  dt  ■ 1.096  x 10  4 rad/sec  (4) 

y i w v * 

yy 

If  the  pushoffs  occur  periodically  with  a crewman  pushing  off  one 
wall  and  then  off  the  opposite  wall,  the  incremental  change  in  the 
velocity  Aw  varies  in  a steady  state  condition  between  plus  and 

y _5 

minus  5.48  x 10  radians  per  second.  The  angular  displacement 
during  a half  cycle,  P/2,  approximately  equals 

A9y-  5.48  x 10'5(P/2)-  2.74  x 10"5P  radians  (5) 

One  of  the  mission  requirements  described  in  section  4.0  is  that 
the  vehicle  attitude  must  be  stabilized  to  three  arc-minutes  dur- 
ing each  observation.  Because  wall  pushoffs  are  by  far  the  largest 
disturbances  expected,  an  error  of  two  arc-minutes  from  this 
source  is  tolerable.  Substituting  the  appropriate  value  for 
A0  , 5.82  x 10"4  radian,  corresponding  to  two  arc-minutes  into 


1 


equation  5,  the  period  P equals  21.3  seconds.  This  period  P corre- 
sponds to  a principal  frequency  of  0.295  radian  per  second.  If  the 
period  P is  made  shorter  than  21.3  seconds,  the  corresponding 
principal  frequency  would  increase  but,  because  the  angular  dis- 
placement AO  decreases  as  the  frequency  increases,  the  result- 
ing A0  will  not  exceed  the  two  arc-minute  limitation.  Therefore, 

y 

the  vehicle  control  loop  must  only  be  effective  for  frequencies 
less  than  0.3  radian  per  second. 

Consider  the  signal  flow  diagram  of  the  simplified  control 
system  shown  in  figure  7.3.  Applying  Mason's  method  to  this  sig- 
nal flow  diagram,  the  transfer  function  with  the  outer  loop  open 
is 


s (t  Is  + Is  + K ) 
g r 


s(s  /w  +2£  a /to  +1) 
r r r 

where  and  are  the  natural  frequency  and  damping  ratio  of  the 

rate  loop,  respectively.  A Bode  diagram  of  this  transfer  function 
is  shown  in  figure  7.4.  A rule  of  thumb  is  that  the  closed  loop 
will  be  stable  if  the  open-loop  transfer  function  crosses  the 
zero-db  axis  at  a point  where  (1)  its  slope  is  20  db  per  decade 
and  (2)  there  are  no  breakpoints  within  an  octave.  The  crossover 
will  be  set  at  0.3  radian  per  second  to  provide  the  bandwidth 
specified  in  the  previous  paragraph.  If  u>  is  set  at  1.0,  it  will 
be  more  than  an  octave  from  the  crossover , and  setting  C equal  to 
0.707  will  prevent  the  occurrence  of  resonant  peaks.  For  rota- 
tional motion  about  the  pitch  axis,  Y axis,  the  vehicle  moment  of 
inertia  I,  I , equals  8.21  x 10&  slug  feet2.  Substituting  these 

values  of  w , C , and  I into  equation  6,  X and  K equal 
r r g r 


x - 1/(2*;  u ) - 0.707  sec  (7) 

g r r 

K - u 2x  I - 5.82xl06  ft-lb/ (rad/sec)  (8) 

r r g 

The  asymptote  of  figure  7.4  has  a magnitude  of  -9.5  db,  or  0.30, 
at  w equal  to  one.  At  gj  equal  to  one,  the  magnitude  of  the  de- 
nominator of  equation  6 equals  one  and  therefore  its  numerator 
K /K  equals  the  above  value,  0.3.  Using  the  value  of  K given 
iR  equation  8,  K equals  1.745  x 10**  ft-lb/radian. 
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T3 

H 


T 


Figure  7.3.  Simplified  Vehicle  Control  Loop  Signal  Flow  Diagram 


Figure  7.4.  Magnitude  Vs  Frequency  (Bode)  Plot  of 
Simplified  Open  Vehicle  Control  Loop 


7-8 


This  preliminary  analysis  has  specified  approximate  gains 
r and  p that  satl«fy  stabilization  requirements  in  the  presence 

of  assumed  crew  motion.  Other  disturbances,  particularly  gravity 
gradient  torques  must  be  considered.  The  gravity  gradient  torque 
acting  on  the  vehicle  has  a maximum  component  of  13.9  ft-lb  about 
t e Y axis  (X-IOP  attitude)  and  varies  so  slowly  that  it  may  be 

considered  constant.  The  steady  state  displacement  A0  due 

y 

to  this  torque  equals 


A6 


<gg)  _ 


= T /K 

gy  p 


13.9/1.745  x 10f 


.-6 


(9) 


7.95x10  rad  - 0.00773  arc  minute 


which  is  negligible.  Angular  displacement  due  to  aerodvnamic 


torques  are  even  smaller  than  A0 


(gg) 


The  assumed  rate  and  posi- 


tion control  law  gains  are  therefore  adequate,  and  error  inte- 
gration  is  not  required. 

Mother  source  of  error  is  the  dead  zones  inherent  in  each 
CMG  due  to  Coulomb  friction  and  various  electronic  dead  zones. 

In  the  case  of  a 2,300  ft-lb-sec  DGCMG , the  minimum  output 
torque  is  0.25  ft  lb.  A pessimistic  assumption  is  that  six 
o these  gyros  break  away  simultaneously,  providing  a total  dead 
zone  of  1.5  ft  lb.  A position  error  of  0.003  arc  minute  or  a 
rate  error  of  0.009  arc  minute  per  second  will  generate  enough 
signal  to  drive  the  CMG  out  of  the  dead  zone.  The  error  is  so 
smaU  that  further  consideration  of  the  limit  cycle  caused  by 
CMG  dead  zones  is  unnecessary. 

The  first-order  lag  is  a reasonable  approximation  to  the 
transfer  function  of  a SGCMG  at  low  frequencies.  However,  a 
typical  time  constant  is  0.02  second.  It  could  be  increased  to 
.7  second,  as  required  by  the  foregoing  analysis,  by  reducing 
e ga  n of  the  gimbal  servo;  but  an  undesirable  result  would  be 
an  increase  in  the  dead  zone  due  to  Coulomb  friction.  A CMG  time 
constant  of  0.02  second  and  the  previously  computed  rate-loop 

gain  (5.82x10  ) give  the  following  transfer  function. 


0 


e 


1.745X106 

s (0 . 02x8 . 21x106s2+8 . 2 1x1Q6s+5 . 82xl06) 


y 

n (s/0. 72+1 ) (s/49 . 3+1 j 


(10) 
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The  Bode  diagram  of  this  function  shown  in  figure  7.5  is  still 
satisfactory. 


, InAhe  Ca8e  °f  3 DGCMG»  the  Preliminary  estimates  may  be 
improved  by  use  of  a more  exact  gyro  model.  Figure  7.6  is  a 

S.lgaal  ^ diagram  of  a DGCMG  in  ^ich  all  mechanical  parts  are 
rigid.  The  corresponding  transfer  function  derived  from  this 
diagram  is 


NKvGl(Je38+C3NKv) 


*lc  JelJe3s2+NKv(GlJe3+G3Jel)s+H2  cos2 
If  the  compensation  functions  Gj  and  G3  are  unity,  becomes 


(11) 


T 8+1 
n 


Jlc 


6.  s2/oj  2+2?  s/oj  +1 
ic  8 8 g 


(12) 


The  vehicle  control  loop  including  the  transfer  function  — 

he 

is  shown  in  figure  7.7.  One  more  application  of  Mason's  method 
gives  the  open  loop  transfer  function  eo. 


C* 


i<Tn8+1> 


S 1 1 s 3 /ug  2+2l ^ gs  2 /wg+ ( I+Kr Tn) s+Kr ] 


(13) 


In  a typical  CMG,  xn  is  about  1 millisecond.  K_T_  is, 
negligible  by  comparison  to  I.  Using  the  values  of  Kr 
timated  by  the  first-order  approximation  and  setting  0)o 
1/Tg,  1.414  rad/sec,  the  transfer  function  ^o  equals  8 


consequently, 
and  Kp  es- 
equal  to 


c 


0 

_o  =.  0.  3(s/1000+l) 

5 — 5 i — — — (14 

e s(s/l.  3(^1X8^/1.045^+2x0.3358/1.045+1) 

The  Bode  diagram  of  this  transfer  function  shown  in  figure  7.8, 
indicates  a stable  system  but,  the  damping  ratio  0.335  is  in- 
adequate. 


7.5.  Magnitude  Vs  Frequency  Plot  of  Simplified  Vehicle 
Control  Loop  Using  Typical  SGCMG's  (r*  0.002  sec) 
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Magnitude  Va  Frequency  Plot  of  Simplified  Vehicle 
Control  Loop  Using  Typical  DGCMG's 
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CMGs  are  usually  designed  to  have  a natural  frequency  much 
greater  than  1.414  radians  per  second.  Ten  Hz,  or  62.8  radians 
per  second.  Is  a typical  value  of  Wg.  If  this  is  used,  the 
vehicle  transfer  function  ^o  equals 

£ 


e 

0 

e 


0 . 3 (s/lQOO+1) 

s (s/0. 72+1) (s2/62.32+2x0.705s/62. 3+1) 


(15) 


The  corresponding  Rode  diagram  also  shown  in  figure  7.8  indi- 
cates a more  satisfactory  system. 

Another  matter  of  interest  is  the  effect  of  crew  motion  dis- 
turbances on  the  model  shown  in  figure  7.7.  The  transfer  function 
relating  vehicle  displacement  0Q  to  disturbance  torque  equals 

B (s^+2£  a)  s+u)  ^)/l 

— fL-8 8 (16) 

Td  s4+2c  w s3+v)  2(1+t  K /I)»2+w  2(K  +t  K )s/l-ko  2K  /I 

g R g nr  g r n p RP 


The  previously  established  values  for  the  parameters  contained  in 
equation  16  are: 

T =»  8.21x10^  slug  ft^ 

K - 1.745xl06  ft  lb/rad 
P 

5.82x10^  ft  lb/(rad/sec) 

C * 0.707 
g 

t - 0.001  sec 
n 


Substituting  these 


62.4  rad/sec 


6 

values  into  the  transfer  function 


?0  „ (s2+88.8s+3940)/8.21x106 

Td  (s2+0. 707s+0. 213)  (s2+88 . ls+3880) 


(17) 


The  quadratic  factor  in  the  numerator  is  essentially  identical 
to  one  In  the  denominator  therefore  they  can  ho  assumed  to  cancel. 
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The  resulting  transfer 


eo 

function  — equals 
Td 


fa  s 1.22xl0"7 

Td  s2+0.707s+0.213 


(18) 


The  time  response  to  a unit  impulse  of  torque  can  be  readily 
computed;  0 (t)  equals 


eo(t)-4. 12x10  7e  °’354tsin  0.295t  (19) 

The  crew  motion  disturbance  mentioned  previously  generates  alter- 
nating Impulses  of  900  ft  lb  sec  each.  The  resulting  displacement, 
in  arc  minutes,  is  therefore 

6 (t)-4.12xl0~7x900x57.3x60e~0‘354tsin  0.295t  (20) 

- 1.275e  ~0,354tsin  0.295t 

which  has  a maximum  value  of  0.36  arc  minute  when  t«2.5  seconds. 

Although  this  is  the  largest  disturbance  that  has  been  con- 
sidered, it  is  much  smaller  than  the  allowable  disturbance.  A 
reduction  of  vehicle  loop  gains  might  therefore  be  considered,  c By 
neglecting  CMC  dynamics,  it  is  estimated  that  values  of  2.43x10 

and  2.08x10^  for  and  K^,  respectively,  will  allow  the  disturbance 

to  increase  to  1.0  arc  minute  while  maintaining  a damping  ratio  of 
0.7.  Substitution  of  these  values  into  equation  16  leads  to 

_o  „ (s2+88. 88+3940) /8.21xlQ6 

Td  (s2+0. 253s+0. 0296) (s2+88. 8s+3940) 

- I L^2.xip-.7  (21) 

a 2+0. 2538+0.0296 

The  time  response  0Q(t)  corresponding  to  a 900  ft  lb  sec.  Impulse 
in  arc  minutes  equals 


9o(t)-3.11e'0'217tsin  0.172t 


(22) 


0Q(t)  has  a maximum  value  of  1.0  arc  minute  at  t equal  to  4.56 
seconds . 
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The  cancellation  of  the  quadratic  terms  In  equation  21  in- 
dicates that  the  affects  of  CMG  dynamics  on  the  vehicle  attitude 
control  loop  is  negligible.  The  revised  value  of  K for  the  Y 

P 

axis  changes  the  angular  displacement  due  to  gravity  gradient 
disturbance  torques  as  computed  in  equation  9 to  0.197  arc  minute; 
this  angular  displacement  is  still  negligible.  The  attitude  error  attri- 
buted to  CMG  dead  zones  is  increased  to  0.02  arc  minutes  which  is 
also  insignificant.  These  attitude  errors  along  with  those  due  to 
crew  motion  are  illustrated  in  figure  7.9-  Note  that  the  total 
attitude  error  depicted  in  this  figure  is  well  within  the  desired 
three  arc  minute  stablization  goal. 


The  above  control  law  gains  result  in  a closed  loop  control  system 
with  a natural  frequency  of  0.127  radian  per  second  (0.027  Hz)  and 
a damping  ratio  of  0.7.  These  CMG  vehicle  control  law  gains  are 
used  in  the  computer  verification  task  documented  in  section  12.0. 
The  purpose  of  the  computer  verification  task  is  to  demonstrate  the 
feasibility  using  a hybrid  computer  simulation  of  the  selected 
control  logic  associated  with  this  CMG  control  system. 
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7.5  Notes 


7.3.1  Symbols 

CMC 

db 

DGCMG 

ft-lb 

rv 

G 

H 

Hz 

r 

[il 

<11 


K 

(v 

K ,K  ,K 

px  py  pz 

[Krl 

K ,K  ,K 
rx  ry  rz 


min 

min/sec 

N 

P 

s 

sec 

SGCMC 

t 

► 

tcom 

Td 

(S 

* 


ic 


f 


Control  moment  gyro 
Decibel  (s) 

Double  gimbal  CMC 
Foot  pound (s) 

Crew  wall  pushoff  disturbance  force 

CMG  servo  compensation  function 

Wheel  spin  momentum 

Hertz 

Vehicle  moment  of  inertia 

Vehicle  inertia  tensor 

Vehicle  moment  of  inertia  (1=x,y,z) 

Equivalent  moment  of  inertia  ot  CMG  wheel 
and  gimbal 

CMG  amplifier  and  motor  gaLn 

Vehicle  control  law  position  gain  matrix 

Components  of  [ Kp ] 

Vehicle  control  law  rate  gain  matrix 

Components  of  [K  ] 
r 

CMG  t achomet er  gain 

Effective  moment  arm  corresponding  to  crew 
wall  pushoff  disturbance 
Arc  minute(s) 

Arc  minute(s)  per  second 
CMG  gear  train  ratio 
Period  between  crew  pushoff s 
Laplace  transform  operator 
Second  (s) 

Single  gimbal  CMG 
Time  (seconds) 

CMG  torque  command 

Disturbance  torque 

Gimbal  angle 

Gimbal  angle  (i=l,  inner;  i=3,  outer) 

Gimbal  rate  (i«l,  inner;  1 = 3,  outer) 

Gimbal  rate  command  (1*1,  inner;  i-3,  outer) 

Vehicle  attitude  error  or  offset  command 
CMG  servo  damping  ratio 

Vehicle  angular  displacement  command 

Vehicle  angular  displacement 
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] 


■4 

i 


-i 


T 

g 


uJ 


to 

r 

Aw 


vehicle  attitude  error 

incremental  change  in  vehicle  angular  dis 
placement  due  to  crew  wall  pushoffs 

CMG  time  constant  (seconds) 

vehicle  angular  velocity 
desired  vehicle  angular  velocity  1 

CMG  servo  natural  frequency  1 

3 

■i 

Incremental  change  in  vehicle  angular  velocity  j 

due  to  crew  wall  pushoffs 


7.3.2  Reference 

1.  Mathematical  Models  for  Orbiting  Space  Station  Control 
System  Analysis,  Report  No.  70-4,  Bendix  Corp.,  Research 
Laboratories,  Southfield,  Michigan,  January  1971 
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8.  CMG  MANEUVER  CONTROL  LAWS 

Three  methods  of  Implementing  the  attitude  strapdovm  equations 
of  motion  for  a large  Earth  orbiting  spacecraft  are  described  in 
this  section;  they  are  based  on  (1)  quaternion,  (2)  direct  cosines, 
and  (3)  Euler  angle  implementations  for  describing  the  attitude 
of  a spacecraft.  The  function  of  the  strapdown  equations  is  to 
generate  sufficient  vehicle  attitude  information  that  will  enable 
the  vehicle  to  maintain  or  track  specific  attitudes  and  to  per- 
form vehicle  maneuvers.  The  output  of  this  section  to  select 
one  of  these  CMG  maneuver  control  laws  on  the  basis  of  software 
complexity,  computational  case,  and  system  performance. 

8.1  Vehicle  Control  Law  - The  vehicle  control  law  utilizes 
the  attitude  information  computed  by  the  CMG  maneuver  control 

law  to  generate  the  appropriate  CMG  torque  commands  T„„.  The 

^ COM 

CMG  torque  command  T-™  that  is  sent  to  the  CMG  control  system 

COM 

is  governed  by  the  following  rate  plus  position  vehicle  control 
law  described  in  section  7.1. 

(1) 

u>  is  the  vehicle  angular  rate  as  measured  by  the  rate  gyros 

mounted  to  the  vehicle,  10^  and  A$  are  the  desired  vehicle  rate 

and  vehicle  attitude  error  as  determined  by  the  CMG  maneuver 
control  law.  The  gains  matrices  [K^]  and  [K^]  are  the  corresponding 

vehicle  rate  and  position  vehicle  control  law  gains  defined  in  sec- 

tlon  7.0  and  t Is  a vehicle  attitude  offset  command. 

8.2  Quaternion  Maneuver  Control  Law  - The  attitude  of  a 
spacecraft  with  respect  to  some  reference  frame  can  be  described 
by  a set  of  four  parameters  called  quaternions.  These  four 
parameters  are  based  on  Euler's  theorem  that  states  that  the 
rotational  displacement  of  a rigid  body  from  some  initial 
orientation  can  be  described  by  a single  rotation  about  a fixed 
axis.  This  axis  is  referred  to  as  an  eigenaxis  because  it  is 
common  to  both  the  reference  and  vehicle  coordinate  frames.  The 
quaternions  describe  the  attitude  of  a spacecraft  by  defining 
the  eigenaxis  and  the  appropriate  angular  displacement  about 
this  axis  necessary  to  transfer  from  the  reference  frame  to 
vehicle  space. 
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8.2.1  Quaternion  Definition  - Assume  that  the  rigid  body 
shown  in  figure  8.1  is  rotated  with  respect  to  some  reference  frame 

XYZ  about  an  eigenaxis  E defined  by  the  three  directional  angles 

-> 

a,  6,  and  y through  an  angular  displacement  6.  Assume  that  E is 
a unit  vector. 

A A A 

E^cosai+coaBj+coayk  (2) 

A A A 

where  i,  j,  and  k are  unit  vectors  along  the  X,  Y,  and  Z axes, 
respectively.  Let  the  reference  coordinates  x,  y,  z define  the 
location  of  a point  P in  the  body  prior  to  the  rotation  0 about 
-> 

E. 


Define  a second  coordinate  system  x'y'2'  such  that  x'  lies 

along  the  eigenaxis  E,  y'  lies  in  the  YZ  plane,  and  z'  forms  the 
remaining  axis  of  the  orthogonal  coordinate  triad  x'y'z'.  Let 

a a a 

i’,  j’,  and  k'  be  unit  vectors  along  x',  y’,  and  z',  respectively. 

A A /A  a A A 

1' , j',  and  k’  in  terms  of  i,  j,  and  k equal 


A ^ A A A 

i 1 •E*cosai+cosSj+cosyk 

(3) 

?|.  ixi'  _ cosy  * cosB  £ 
J sina  sina  J sina 

(4) 

AAA  1 A ft  ^ 

k^i’xj1*1  J [(cos  8+cos  y)i 
sina 

A A 

-cosacosBj -cosacosyk] 

(5) 

The  transformation  from  x'y'2'  to  XYZ  space  can  be  defined  by 
the  following  transformation: 


Y 

x' 

Y 

” ^R+-R'  * 

y' 

Z 

z' 

(6) 


where 


V./ 


Figure  H.l  Rigld 

Body  Coordinate  Systems 
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cosa 

0 

2 2 
cos  8+co9  y 

sina 

cos8 

cosy 

sina 

cosacos8 

sina 

cosy 

cosB 

sina 

cosacosy 

sina 

Define  a third  coordinate  system  X Y Z that  is  fixed  to  the 

v v v _> 

rigid  body.  Assume  that  prior  to  the  rotation  0 about  E,  that  the 
two  coordinate  systems  x'y'2'  and  X Y^Z  are.  aligned.  The  coordinates 

of  point  T in  body  space  X Y Z are 

v v v 


(7) 


X 

X 

V 

Y 

V 

y 

Z 

z 

V 

where 


^R'*-R^“ 


cosa 

0 

2 2 
cos  8+coa  y 

sina 


COS0 

cosy 

sina 

CO  800030 

sina 


cosy 

cos  3 
sina 

cosacosy 

sina 


Now  assume  the  rigid  body  is  rotated  about  the  eigenaxis  E 
(X^  axis)  through  the  angle  0.  This  rotation  can  be  thought  of 

as  a transformation  from  the  x'y,z'  coordinate  frame  to  the  new 
location  of  the  X^Y^Z^  coordinate  system  as  shown  in  figure  8.2. 

The  resulting  transformation  from  X Y Z to  x’y’z'  is 

v v v 7 


V 

X " 

V 

y’ 

Yv 

z' 

Z 

j 

V 

(8) 


where 


tW- 


0 cosB  -sin9 

0 sind  cos0 


8-f> 


The  new  location  of  point  P in  the  XYZ  reference  frame  due 

to  the  rotational  displacement  9 about  E is  given  by  the  followine 
transformation.  6 


Let 


(9) 


"x“ 

X " 

Y 

Z 

m \ <t) 

1 R<-R' 

y 

z 

[wVr’"W<W 


(10) 


such  that 


yT 

X 

Y 

-[♦] 

y 

Z 

«»  mm 

z 

L —* 

Min 


The  transformation  [$]  describes  the  new  location  of  the  rigid 
tody  with  respect  to  the  XYZ  reference  frame.  [<J>]  equals 


where 


[*]■ 


‘ii 


‘12 


21  a22 
l31  a32 


13 


23 

*33 


a,  ^=l-2sin2 (y)sin2ct 

a12"2 1 9in2  (y)cosacos6-sin  (|)  cos  (|)cosy] 
a 1 3 «*  2 ( s in2  (|)  cosotco  sy+s  in  (|)  co  a (|)  co  s 0 ) 
('j’) cos8cosoi+sin (•^•) cos (j) cosy] 
a22-l-2sin2(|)sin2e 

a23-2[sin2(y)cofl6cosy-sin(|)co8(y)cosc»] 


(12) 
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a31-2[sin2(|)co8Ycosa-8in(|)co9(|)co8B] 

0 0 

a 2 [ s in2  (y)  co  sY  co  a B+s  In  (-^ ) co  s (^ ) co  aa  ] 

a33-l-2stn2(|)8in2y 

The  relative  orientation  of  the  two  coordinate  systems,  XyYyZv 

with  respect  to  XYZ,  can  be  specified  by  either  the  transformation 

[$]  or  by  the  single  axis  rotation  defined  by  E and  0 that  wouid 
align  both  coordinate  frames.  The  following  four  parameters 


q^-cosfy) 

(13) 

VExsln4) 

(14) 

q -E  sin(-!r) 
H3  y 2 

(15) 

.0. 

q4“Ez8ln(2) 

(16) 

Th.se  four  p.ranecurs  ere  referred  to  as  the  four  Euler  rotational 
quaternions!  Ex>  Ey,  end  E2  are  the  directional  cosines  that  defln 

E (E  =cosct,  E -cos6,  Ez-cosY).  The  four  quaternions  q^  q2»  q3» 

and  q are  often  written  in  the  form  of  a complex  number  q. 

* ^ 

q“q-.+qii+qJ+<uk  '17^ 


where  i,  j,  and  k are  the  unit  vectors  along  the  X,  Y,  and  Z 
reference  axes,  respectively. 


These  four  quaternions  q^  q2.  qj.  and  q4  are  sufficient  to 

determine  completely  the  transformation  [♦]  * “ ““ ^ 

the  nine  elements  of  ($]  a^,  «i2»  ...»  *33  can 

rarma  of  these  four  quaternions. 


2,  2 2 2 

airql+q2'q3"q4 

a12“2(q2q3"qlq4) 

a13“2(q2q4+qlq3) 


(18) 

(19) 

(20) 
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a2r2(q2q3+qlq4) 

(21) 

2 2,  2 2 
a22-1i-<l2+13-l4 

(22) 

a23‘2(q3q4-qlq2> 

(23) 

«31-2(q2q/.'qlq3) 

(24) 

a32-2(qlq2+q3q4> 

(25) 

2 2 2,2 
a33“ql“q2-q3+q4 

(26) 

Since  the  transformation  [$]  describes  the  attitude  of  the  rigid 
body  shown  in  figure  8.1  with  respect  to  the  XYZ  reference  frame 
and  since  [<t>]  can  also  be  written  in  terms  of  q^,  q2»  q3>  and  q^, 

these  four  quaternions  also  completely  specify  the  orientation  of 

the  X Y Z coordinate  frame, 
v v v 

Given  [$>],  the  quaternions  q^,  q2»  q3>  and  q^  can  be  computed 

from  its  elements  an>  a^,  ....  To  compute  q^  q2,  q^,  and 

q^,  one  needs  only  to  determine  the  eigenaxis  E and  the  rotational 

displacement  0 about  the  axis  as  specified  by  [$>].  0 can  be  com- 

puted using  the  unique  property  that  the  trace  of  [♦)  equals 
l+2cos0. 

3 

trace  of  a -l+2cos0  (27) 

i-1 

9 equals 

9-cos_1[0.5(ai;L+a22+a33-l)]  (28) 

The  eigenaxis  E is  defined  by  the  three  direction  cosines,  cosa, 
cosB,  and  cosy  designated  E^,  Ey,  and  E^,  respectively.  Using 

equations  18  thru  26,  it  can  be  shown  that  E , E , and  E equal 

x y z 

E -cosa-  ^ g-  (29) 

x 4cos(y)ain(y) 

E -cos6-  ^ — -1  s'  (30) 

y 4cos(j)sin(y) 
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a2l"a12 

E “COSY" 5 a~~  (-*1) 

2 4co8(y)8in(-2-) 


Using  the  results  of  equations  28  thru  31,  the  quaternions  q^,  qj* 
q^,  and  q^  as  a function  of  the  elements  of  [4>1  equal 


9 “1 

q^-cos(^)  where  0-cos  I0.5(a^^+a22+a33_l) 1 

(32) 

„ , /0S  a32"a23 

q2‘ExSl"<2)‘  4,j 

(33) 

_ , .6.  a13_a31 

q3-Eyaln(j)-  ^ 

(34) 

„ , A a21~a12 

(35) 

8.2.2  Quaternion  Strapdovm  Equations  - The  strapdovm  equations 
are  a set  of  equations  that  are  used  to  digitally  compute  the  four 
quaternions  by  using  sensed  body  rates.  In  the  case  of  a space- 
craft. these  body  rates  u . u , and  w are  normally  sensed  and 

x y z 

measured  by  at  least  three  rate  gyros  rigidly  mounted  to  the 
vehicle. 

Assume  that  the  orientation  of  the  rigid  body  shown  in  figure 
8.3  is  due  to  the  Euler  rotations  n,  and  The  order  of  these 

rotations  is  (1)  an  angular  rotation  y about  the  Z axis,  (2)  a n 
rotation  about  the  displaced  X axis,  and  (3)  a <f>  rotation  about 
the  displaced  Z axis.  The  three  Euler  rotations  n,  and  <t>  cor- 
respond to  the  following  transformations  , [ <f’3r) » and  E ^ * 

respectively. 

cos  ip  s 

sin^  c 
0 

0 

cosn 
a inn 


r 
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m. 


cos<J>  sin$  0 

-sin4>  cos<}»  0 

0 0 1 


(38) 


The  transformation  from  the  reference  coordinate  system  XYZ  to  the 
rigid  body  coordinate  frame  XvYvZv  equals 


X 

~x~ 

V 

Y 

V 

Y 

Z 

Z 

V 

(39) 


The  rigid  body  rates  id  , u>  , and  id  can  be  written  in  terms  of 

• • * y • 2 

the  three  Euler  rates  ip,  n,  and  4>  as  follows 


(0 

' o" 

X 

0) 

y 

-t*y»y»i, 

0 

L zJ 

_ 4>_ 

Simpliflng  the  above  expression,  u)  , a)  , and  equal 

x y z 


• 

n 

‘o  " 

0 

0 

0 

00 


Cd 


0J 


n 

4> 


(40) 


(41) 


where 


[*] 


sinnsin(J)  cos4>  0 
sinncos4>  -sin<J>  0 

cosn  0 1 
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The  Euler  rates  V , n,  and  $ as  a function  of  the  body  rates  wx» 

u , and  u equal 
y z ^ 


¥ 

CO 

*v 

• 

-l 

4#V 

n 

-(4>« 

CO 

y 

CO 

2 

(42) 


-1 

where  [$],?•  t is  the  inverse  of  [!>];•:. 

ipqtp  \irii 

The  three  Euler  rotations  t p,  rj , and  <p  can  be  represented  by 
three  complex  quaternions.  The  following  quaternions  q. , q , and 

-*■  r n 

q^  correspond  to  the  ip,  r),  and  <p  Euler  rotations,  respectively. 


-*•  \b  \L  * 

qip“COS  2 i’ain  J k 

n n " 

q^-cos  y -t-sin  j i 

-*■  <h  d>  * 

q<pmcOB  J 'l'3in  2 k 


(43) 

(44) 

(45) 


The  quaternion  q that  describes  the  final  orientation  of  the  rigid 
body  as  the  results  of  the  three  Euler  rotations  \p,  n,  and  <J>  can  be 
computed  by  performing  the  following  quaternion  multiplication. 

q“ql+q21+q3:J+q4lt 

-(cos  y +sin  y k)  (cos  y 4-sin  y i)  (cos  y +sin  y k)  (46) 


Note  that 


A2  ~2  "2 
i-j  -k  --1 

A A AA  A 

ij— Ji-k 

AA  Aa  A 

jk— kj-i 

A A AA  A 

ki— itc-j 


The  components  of  q equal 
ql"cos  7 008  7 


n <p  \ll  f)  A 

1 coa  y “Sin  j cos  y sin  y 


(47) 
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ib  n <$  lii  n 6 

q^-sin  y sin  y sin  y +cos  y sin  y cos  y 

\b  n d>  tii  n d) 

q^-sin  y sin  y cob  y -cos  y sin  j sin  y 

ip  n 4)  ib  n 6 

q^-sin  y cos  y cos  y +cos  y cos  y -*in  2 


(48) 
(49  > 
(50) 


The  time  derivatives  of  the  above  expressions  for  q^,  q2 , q^,  and  q^ 
can  be  written  as  follows: 


q- 


• 

"1 

alP 

ain 

ai* 

’2 

1 

*24> 

a2n 

*2$ 

“ 2 

a2P 

a3n 

*3b 

a4ti 

a4n 

1 

•<0* 

<* 

(0 

10 


CO 


(0 


(51) 


where 


» •«< 
1* 


. 'P  n <J>  *l>  n . $ 

-sin  y COS  y COS  y -COS  y COS  y sin  y 


airT' 

al$ 

a2\p' 

a2n 

*2$ 

a 


^ n A \b  n d> 

lin  y sin  y sin  y -COS  y sin  y COS  y 


± 


n . <J>  . i|i  n 

■-COS  y COS  y sin  y -sin  y COS  y COS  j 

tii  n A tii  n <b 

■cos  y sin  y sin  y -sin  y sin  y cos  y 

tii  n <i  tii  n d> 

■sin  y COS  y Sin  y +COS  y COS  y COS  y 

tii  n <b  'ii  n <t 

■sin  y sin  y COS  y -C08  y 8in  y Sin  y 


3* 


••cos  -x-  sin  x-  cos  v +sin  -■  sin  ^ sin 


a«  — 

3n 


. t{i  n <P  n 4 $ 

sin  y cos  y cos  y -cos  x cos  — sin  £ 


2 

1 

2 


m • m 

3* 

m • 1 

*4tb 


lb  n A tii  n 

-sin  y sin  y sin  y -COS  y Sin  y COS  y 


tii  n d>  tii  n 

■C08  y COS  y COS  y -Sin  y COS  y sin 


I 
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a^'-sin  | sin  y cos  -cos  ^ sin  j sin 

U;  n A n d> 

a^fcos  2 co&  2 coa  2 ~Bin  y 008  i Hin  y 


By  substituting  equation  42  into  51  and  then  simpliflng,  q in  terms 
of  the  body  rates  u , oj  , and  to  equals 


-q* 


m3 

-q4 


"8, 


-q« 


-q- 


U) 


(0 


u) 


(52) 


Using  the  above  relationship,  the  quaternion  rate  q is  computed 

from  the  sense^  body  rates  w , w , and  w . These  computed  qua- 
> x y z 

ternion  rates  q are  then  integrated  using  a numerical  integration 

technique  to  compute  q.  Equation  52  and  the  equations  used  to 
perform  this  numerical  integration  are  referred  to  as  the  qua- 
ternion strapdown  equations.  Assume  that  the  numerical  integra- 
tion technique  selected  is  trapezoidal  integration.  The  resulting 
expressions  for  q , q q and  q,  are: 


qi“qip+0‘5(qip+qi)At 


q2"q2P+0'5(q2P+q2)At 

q3'q3P+°-5(q3P+q3)At 

Vq4p+0-5(q4p+q4)At 


(53) 

(54) 

(55) 

(56) 


qip»  ^2P  ’ q3P’  an<^  ^4p  are  previously  computed  quaternions 

• • • » 

while  q^p , qjp,  q^p.  «nd  q^p  are  their  corresponding  previously 

computed  quaternion  rates.  At  is  the  sample  period  in  seconds 
between  numerical  integrations. 


The  sign  of  the  quaternion  parameter  must  remain  plus 

or  the  rotational  displacement  0 will  exceed  n (180  degrees). 
After  performing  the  integration  indicated  in  equations 
53  thru  58  over  the  period  At,  the  sign  of  must  be  checked. 

If  q ^ is  negative,  the  signs  of  all  the  quaternions  thru  q^ 

must  be  changed.  In  other  words,  if  is  less  than  zero  as 
computed  by  equation  53, 


-q* 


-q- 


-q/ 


(57) 

(58) 

(59) 

(60) 


where  the  q^  thru  q^  on  the  right  side  of  equations  57  thru 
60  are  those  computed  in  equations  53  thru  56. 

8.2.3  Quaternion  Maneuver  - Assume  that  one  wants  to 
maneuver  the  spacecraft  to  a new  attitude  described  with 
respect  to  the  reference  frame  XYZ  by  the  following  trans- 
formation 
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IV- 


*11D 

®21D 

a31D 


a12D 

a22D 

*32D 


a13D_ 

a23D 

*33D 


(61) 


Using  equations  32  through  35,  the  four  quaternions  q^,  q^’  ^D3* 
and  describing  the  desired  spacecraft  attitude  can  be  computed 


from  the  elements 

of  IV*  aHD’  ®12D’  a33D*  qDl’  qD2’ 

qD3’ 

and  qD^  equal 

,V 

qDi'cos(T) 

where  VC08  1[°*5(allD+a22D+a33D"1)] 

(62) 

*32D_a23D 

(63) 

a13D_a31D 

(64) 

,M’  4<1di 

a21D  a12D 

U" 

’D4‘  4’di 

The  transformation  [0^]  describing  the  desired  vehicle  orientation 
with  respect  to  its  present  attitude  equals 

IV1" [ Vi*1"1  <66) 

The  corresponding  quaternion  q describing  the  desired  maneuver 
defined  by  t^yJ  equals 

AAA  AAA 

W(qrq21"q3J"q4k)(qDl+qD:i+qD3J+qDAk) 


qDVl 

qDl  qD2  qD3  qD4 

1 

& 

_r_. 

qDV2 

qD2  “qDl  “qD4  qD3 

q2 

qDV3 

qD3  qD4  _1D1  qD2 

q3 

qDV4 

qD4  "qD3  qD2  -qDl 

q4. 

(67) 


T 


The  eigenaxis  in  vehicle  coordinates  about  which  the  desired  man- 
euver is  to  be  performed  is  defined  by  the  following  three  direc- 

tion  cosines  E^m),  and  E^. 

x y * z 


s in  (^) 


where 


,(ra)  qDV3 


sin(y^) 


,(m)  qDV4 


s in  (~) 


m -1.  . 

y- -cos  (qDV1) 


0°  > > 90° 


This  desired  maneuver  is  performed  by  setting  the  vehicle  attitude 
error  A$  to  zero  (null  vector)  and  by  setting  equal  to 


OJL-W 
D m 


The  maneuver  rate  is  set  equal  to  1.745x10  radian  per  second 

(six  degrees  per  minute)  therefore,  the  individual  maneuver  rate 
about  any  single  vehicle  axis  cannot  exceed  its  limit  of  six  de- 
grees per  minute.  This  maneuver  rate  command  cu^,  equation  71, 

and  the  zeroed  attitude  error  A$  is  inputted  to  the  vehicle  con- 
trol law  until  the  quaternion  approaches  unity  indicating 

that  the  vehicle  is  close  to  its  desired  attitude.  At  this 
point,  the  maneuver  has  been  completed  and  the  desired  vehicle 

raCe  “d  associated  with  the  desired  attitude  is  Inputted  to  the 
vehicle  control  law  along  with  the  actual  vehicle  attitude  error 
A$. 
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It  should  be  noted  that  If  the  desired  attitude  Is  a local 
vertical  attitude,  the  elements  of  the  transformation  [4^]  are 

functions  of  time;  and  the  magnitude  of  the  desired  vehicle  rate 

associated  with  this  type  of  attitude  equals  the  vehicle 

orbital  rate.  For  an  inertial  attitude , the  elements  of  [♦  ] 

are  constant  and  the  desired  equals  zero. 


8-2.4  Quaternion  Vehicle  Attitude  Error  - The  quaternion  q 

that  describes  the  desired  vehicle  attitude  with  respect  to  its 
actual  attitude  equals 


W (Vq2  ‘-W*  (V+‘V+<ID3J~+,<D«i') 


qDVl 

\l 

qD2 

qD3 

qD4 

V 

qDV2 

* 

qD2 

_qDl 

-qD4 

qD3 

q2 

qDV3 

qD3 

qD4 

qDl 

~qD2 

q3 

%V4 

qD4 

_qD3 

%2 

~%lm 

q4 

L. 

The  quaternions  q , 

Sv2* 

qDV3’ 

and  V4 

equal 

(72) 


qDVl=Cos(f> 
qDV2=Ex  )sin(T) 

'■DV3-Ey°Sln<f) 

1DV4'Ef)s‘n<!) 

The  vehicle  attitude  error  AS  is  completely  defined  by  c and 

tb"  eigenaxis  defined  by  the  direction  cosines  E^h  and 

( r ) x y 

7 • Because  i is  normally  small,  the  vehicle  attitude  error 


'■6  can  be  approximated  using  the  quaternion 


( ■■  b.  p(c)  \ 

qDV4  '■qDV2  ~ 2 x ’ • • * 


S qDV2*  qDV3  ’ an<* 


’DV2 


hDV3 


*DV4 


(73) 

(74) 

(75) 

(76) 


(77) 


1 


J 
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The  above  approximation  of  A(y  Is  inputted  to  the  vehicle  control 
law  in  order  to  generate  the  appropriate  CMG  torque  command 

needed  to  correct  for  A$. 

CUM 

8.3  Direction  Cosine  Maneuver  Control  Law 


8.3.1  Direction  Cosine  Definition  - The  orientation  between 
two  orthogonal  coordinate  systems  can  be  described  by  specifying 
the  projections  between  the  various  axes  comprising  the  two  coor- 
dinate frames.  Figure  8.4  is  a sketch  of  the  vehicle  coordinate 

frame  X Y Z and  the  reference  frame  XYZ.  The  direction  cosines, 
v v v 

the  parameters  a^,  a^2*  •••*  a33»  are  t*'e  ProJecti°n®  between 


the  axes  comprising  these  two  coordinate  systems.  For  example, 

a.,  is  the  projection  of  X onto  X (or  X onto  X ) and  a19  is  the 
Xi  V V Xfc 

projection  of  Xv  onto  Y (or  Y onto  X^) . The  direction  cosines 

all*  a12*  **•»  a33  are  t^ie  cosines  of  the  angles  subtended  between 
the  corresponding  axes  shown  in  figure  8.4.  The  transformation  [41] 
describing  the  vehicle  attitude  X^Y^Z^  with  respect  to  XYZ 


X 

V 

Y 

V 

-[♦] 

Y 

Z 

Z 

V 

J 

equals 


(78) 


m- 


11 

*12 

*13 

21 

*22 

cn 

04 

«0 

31 

*32 

*33 

(79) 


8.3.2  Direction  Cosine  Strapdown  Equations  - Equations  18 
thru  26  along  with  the  quaternion  strapdown  equation,  equation  52, 
are  used  to  derive  the  corresponding  direction  cosine  strapdown 
• • • 

equations  a^,  a^»  •••*  a^.  From  equation  18,  a^  equals 

2^  2 2 2 na. 

*ii"q1+q2“q3"q4  <18> 


The  time  rate  of  change  of  a^  equals 


{ 


¥ 


L 


4 


Figure  8.4  Direction  Cosin 
XVY„Z.,  and  Refe 


8-21. 


QjV  ■*1l*2ql^l't'2'l2’2“2q3‘'l"2<l 

• • • 

Substituting  the  expressions  for  q^,  q2»  *?3» 
equation  52  Into  equation  80,  equals 


4q4 

and  qA 


contained 


in 


V'ihjV]V*“i)*i!(,iV<V'3‘!) 

-q3(q4^1Uy-q2U2)-q4(-q3Ux+q2"y+<,l“z) 

Simplifying  and  collecting  terms  of  Wx>  Wy.  and  equals 

;ir“2(q2V<llq3)V2(q2q3-qlq4)U* 


From  equation  19  and  20,  note  that 

®12-2<q2,3-qlqA> 

m 

Substituting  equations  19  and  20  into  equation  82,  &n  equals 

11  13  y 12  z 

Similarly,  the  time  rate  of  change  of  a12>  ....  can  be 

computed.  a13’  * **’  a33  equa^ 

a12"a13Wx"allUz 

a13‘"a12VallUy 

a2l"-a23Va22Wz 

a22“a23Wx_*21Uz 

;23"-a22Va21uy 

a3l"“a33wy+a32UJz 

a32"a33ux'a13Wz 

a33““a32tV‘a31Uy 


(80) 


(81) 

(82) 

(19) 

(20) 

(83) 

(84) 

(85) 

(8b) 

(87) 

(88) 

(89) 

(90) 


(91) 
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From  Che  above  expression*,  equations  81  through  91,  the  direction 
cosine  rates  a^,  a12>  «33  are  computed  using  sensed  body 

rates  and  t These  direction  cosine  rates  are  then  in- 

tegrated using  a numerical  integration  technique  to  compute  the 
direction  cosines  an>  a12 , ....  a^.  Equations  83  through  91 

plus  the  equations  used  to  perform  this  numerical  integration 
are  referred  to  as  the  direction  cosine  strapdown  equations. 

Assume  that  trapezoidal  integration  is  used.  The  resulting  ex- 
pressions for  an,  a12,  ....  a33  are: 


*iraup+l)-5(*np+*ii)4t 

(92) 

«12-.12p«).5(;12I1+;12)At 

(93) 

a13‘*13F+0'5<‘np+*13)at 

(94) 

a2l'a21P+0-5(a21P+a21,At 

(95) 

a22""a22P+4 ' 5 <a22P+a22)4t 

(96) 

a23’a23P+0-5<a23P+a23>4t 

(97) 

*3l‘*31P*0-5(a31p'fa31>4t 

(98) 

a32‘a32P+0'5<a32P+*32)4t 

(99) 

a33'a33P+0'5(a33P+a33)At 

(100) 

aliP’  a12P*  a33P  are  the  Previously  computed  direction  cosines 

all'  ®12 a3V  resPectlvely  while  aup,  a12p «33p  are 

their  corresponding  previously  computed  direction  cosine  rates  J 

a12  * rt33 ’ respectively.  At  is  the  sample  period  in  seconds 

between  numerical  integrations. 


8.  3.3 


Direction  Cosine  Vehicle  Attitude  Error  - Assume  that 


, — Aw>i».uuc  arror  - Assume  Cl 

the  transformation  [*D]  describes  the  desired  vehicle  attitude 

with  respect  to  the  XYZ  reference  frame. 


iv- 


*11D 

*21D 

*310 


a12D 

a22D 

*32D 


al3D 

*23D 

*33D 


(101) 


m-:>  \ 


The 

c orresponding  t rai 

iiH  format 

1 on 

1 DV 

] that 

dr  t ii 

vehicle  attitude  with 

respee  t 

t a 

its 

act uni 

at  t li 

aii 

a12 

a13 

[$  ]- 
1 DVJ 

1_ 

a21 

a22 

a2  3 

/n 

a32 

a33 

Assume  that  the  vehic 

le  is  di 

spl. 

need 

from  i 

ts  de 

thrt 

e small  rotations 

t > , 

X V 

and  r 

z 

about 

the  X 

(102) 


axes,  respectively.  The  transformation  can  approximated 

by  the  following  small  angle  transformation. 


1 


-t 


I* 


DV1 


(103) 


-t' 


i , r , and  c.  are  the  vehicle  attitude  errors  measured  from  ve- 
x y z 

hide  desired  vehicle  space.  Matching  terms  in  equation  102 

V 

and  103,  the  vehicle  attitude  error  AO  can  be  approximated  by 


e 

X 

a23 

A§» 

€ 

a ’ . 

y 

31 

L 

Z 

/12_ 

(104) 


A$  Is  inputted  to  the  vehicle  control  law  in  order  to 

► 

appropriate  CMC  torque  command  T needed  to  correct 

COM 


generate 
for  At$. 


the 


3.3.4  Direction  Cosine  Maneuver  - The  vehicle  can  be  maneuvered 
to  a new  attitude  described  by  the  transformation  [<t>  ] by  two  dis- 
tinct rotations.  The  first  rotation  aligns  one  of  the  corresponding 
vehicle  axes  with  its  desired  orientation  and  the  second  rotation 
about  this  axis  aligns  the  ramaining  two  vehicle  axes  with  their 
desired  orientations.  A potential  direction  cosine  rotational  se- 
quence is  demonstrated  in  figure  8.3.  Figure  8.5a  defines  the  vehicle 
orientation,  X^Y ^2^,  and  its  desired  orientation,  X^Y^Z^,  prior  to 

any  maneuver.  Figure  8.3b  illustrates  the  first  rotation  , which 


Second  Rotation,  Aligns  and 
With  and  Respectively 


Z 

v 


Figure  H , r>  sketch  ot  Direction  Cosine  Maneuvers 


a-/*) 


aligns  the  vehicle  Xv  axis  with  its  desired  orientation  X^.  This 

rotation  is  accomplished  by  maneuvering  the  vehicle  about  an  axis 
lying  in  the  Y Z plane.  Figure  8.5c  illustrates  the  final  rotation 
— ► ^ ^ 

u . about  the  X axis  which  aligns  the  vehicle  Y and  Z axes  with 
m2  v v v 

Y^  and  Z^,  respectively. 

The  procedure  for  performing  the  maneuvers  depicted  in  figure 
8.5  is  (1)  to  zero  the  vehicle  attitude  error  A&  (null  vector),  (2) 

to  compute  maneuver  rate  u)  (3)  to  perform  the  maneuver  associated 
y ml  . 

with  to  . , (4)  to  iterate  the  appropriate  vehicle  attitude  error  A9 
ml 

that  will  keep  the  X axis  aligned  with  during  the  second  maneuver, 

(5)  to  compute  maneuver  rate  w ~ , (6)  to  perform  the  maneuver  asso- 

ciated  with  to^ * and  (7)  to  reintroduce  the  vehicle  attitude  error 

as  given  in  equation  104.  The  transformation  describing 

the  desired  vehicle  orientation  with  respect  to  its  present  atti- 
tude equals 


tV-iVi*]'1- 


allm 

al2m 

al3m 

a21m 

a22m 

a23m 

a31ra 

a32m 

a33m 

(105) 


The  direction  cosines  a,,  , a, . , a__  are  defined  In  figure 

~ 11m  12m  33m 

4a.  The  unit  vector  i^  along  the  desired  vehicle  X^  axis  described 
in  vehicle  space  equals 


i_  -a, , i+a,-  J+a.,  k 
DX  11m  12m  13m 


(106) 


i,  J,  and  k are  unit  vectors  along  the  Xy,  Yy,  and  Zy  axes,  re- 
spectively. The  maneuver  rate  equals 


0) 


ml 


tJm(lxiDX)  _ 1~m(a12mk~a13mJ) 

.2  ,1/2 


X" 

lixi 


(107) 


DX1 


(a12m+a13m) 


(ixlpx^ 

The  unit  vector  -pr-x — - defines  the  rotational  axis  and  equals 


ixi 


DX1 


1.745x10  radian  per  second  (six  degrees  per  minute),  the  maximum 


T 


maneuver  rate  allowed  about  any  single  vehicle  axlg.  u>  . Is 
Inputted  Into  the  vehicle  control  law,  equation  1,  as  ) . 

TCOM*lKr](^)+[Kp1(A^)  0 

The  vehicle  is  maneuvered  at  this  rate  w . until  the  direction 

nu 

cosine  allm  approaches  unity  indicating  that  Xy  and  Xj^  are  aligned. 

wml  is  then  zeroed*  To  keep  the  Xy  vehicle  axis  aligned  with  Xp, 

the  following  vehicle  attitude  error  A$  Is  fed  to  the  vehicle  con- 
trol law. 


The  vehicle  is  then  maneuvered  about  its  X axis  at  a rate  of  u « 

v m2 

until  a22m  and  a^  approach  unity  indicating  that  the  Yv  and 
axes  are  aligned  with  Y^  and  Z^,  respectively.  The  unit  vector 
Jjjy  along  the  desired  vehicle  axis  defined  in  vehicle  space 
equals 


w 2 equals 


^2  is  inputted  into  the  vehicle  control  law  as 

^2^*  soon  as  both  a22m  an<*  a33m  aPProac^  unity,  is  zeroed 

and  the  vehicle  attitude  error  A$  as  defined  by  equation  104  is 
reintroduced  to  the  vehicle  control  law. 


JDY“a21m1+a22mJ+a23mk 


am(JxJDY)  Wm(a23m1~a21mk) 


(2  2 .1/2 

(a23m  a21m) 


(104) 


Inputting  A 5 Into  th«  vehicle  control  law  will  zero  out  any 
residual  maneuvering  errors. 

8.4  Euler  Angle  Maneuver  Control  haw 

8.4.1  Euler  Angle  Definition  - The  transformation  from  one 
coordinate  frame  to  a second  one  can  be  described  by  three  separate 
rotations  about  three  coordinate  axes.  These  three  rotations  are 
referred  to  as  the  Euler  angles.  Figure  8.6  Illustrates  one  of  the 
various  Euler  angle  sets  that  can  be  used.  The  order  in  which  these 
three  rotations  <p,  n,  and  <j>  are  performed  are  Important.  For  the 
Euler  angle  set  shown  in  figure  8.6,  the  first  rotation  ^ is  about 
the  X axis,  the  second  rotation  n is  about  the  displaced  Y axis, 

and  the  third  rotation  <p  is  about  the  displaced  Z 2 axis.  The  final 

orientation  of  this  displaced  coordinate  frame  Is  denoted  as  the 
vehicle  coordinate  system  X Y Z . The  vehicle  attitude  X Y Z 

V V V V V V 

with  respect  to  the  reference  frame  XYZ  can  be  described  by  the 
transformation  [♦]. 


X ~ 

V 

V 

Y 

-m 

Y 

V 

Z 

V 

Z 

[$]  is  a function  of  the  three  Euler  angles  \p,  n » and  [*] 

equals 


where 


'l 

0 

0 

0 

cos^ 

sin’l 

0 

-sin^ 

cos  ^ 

cosn 

0 

-sinn 

0 

1 

0 

atnn 

0 

cosn 

dm 


(112) 


(in) 


(1U) 
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COS'}* 

-sin<f> 

0 


sln$ 

cos$ 

0 


0 

0 

1 


(115) 


113,  114,  and  115  into  equation 

112, 

[<J>]  eq 

"all 

a12 

*13 

[*)- 

a21 

a22 

a23 

a31 

a32 

a33 

(116) 


where 


^•COS^COSH 

(117) 

^2*8inn8in^cos<>+sin^co8^ 

(118) 

n*sin4>9in^-8inncos\i/co84) 

ij 

(119) 

2^“-sin<J>cosr| 

(120) 

22"cos<J)cos^-sinrisin^sin<|i 

(121) 

23*co  s4>s  inijH-s  inrico  B\ps  in  <J> 

(122) 

31-sinn 

(123) 

32*-sini|>cosn 

(124) 

23_cosncos^ 

(125) 

8-4.2  Euler  Angle  Strapdown  Equations  - The  Euler  rates 
• • 

H,  and  <p  can  be  written  as  a function  of  vehicle  body  rates 

%,»  an<*  w, • But  first,  let  us  write  the  body  rates  w , w , 
* y z J x y 

and  in  terms  of  their  Euler  rates  n,  and 


U) 

• “ 

V 

"o’ 

X 

Cl) 

y 

-tyiyiV 

0 

+1*^1 l*nl 

• 

n 

0 

U) 

2 

0 

0 

— _ 

A 

(126) 
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The  transformations  f^],  and  [^]  are.  defined  in  equations 

113  through  113.  Substituting  these  transformations  into  equa- 
tion 122,  the  body  rates  u , w , and  w equal 

x y z 


(jj 

X 

coai^cosn  sin4>  0 

UJ 

y 

m 

-sinificosq  cos  <p  0 

• 

n 

(J u 

Z 

sinq  0 1 

* 

(127) 


By  computing  the  inverse  of  the  above  matrix  equation,  the  Euler 

• • • 

rates  t p,  n,  and  <J>  in  terms  of  the  vehicle  body  rates  w , u>  . and 

X V 

wz  equal  X y 


r.*1 

COB$ 

cosn 

-sin$ 

cosrj 

0 

U> 

X 

• 

n 

- 

sin<J> 

COS(J) 

0 

Cd 

y 

• 

* 

-sinncos4> 
L cosn 

sin^sinn 

cosn 

l 

0) 

_ z 

(128) 


Note  that  when  the  Euler  angle  n equals 


n- 


where  n is  an  integer  (n-0,+1 ,+2 , . . . ) the  above  Euler  rate  matrix 

equation  is  singular.  For  these  values  of  n the  Euler  rates  i 

and  <f>  "blow  up."  A similar  singularity  problem  exists  for  all 
potential  Euler  angle  rotational  sequences.  This  singular  prob- 
lem is  a major  drawback  of  using  an  Euler  angle  implementation 
for  tracking  the  angular  motion  of  a vehicle. 

The  Euler  rates  \ p,  q,  and  <p  are  integrated  numerically  in 
order  to  compute  the  Euler  angles  K q,  and  <p  that  describe  the 
orientation  of  the  vehicle  with  respect  to  the  XYZ  reference  frame. 
Assume  that  trapezoidal  integration  is  used.  The  resulting  ex- 
pressions for  \p,  q,  and  4>  are: 


<HJy*-0.5[i£p+MAt  (129) 

n-np+o.5[np+n)At  d30) 

^■^p+0 . 5 [ <£p+<$]  At 


(131) 
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• • • 

^p*  Hp.  and  <J*p  and  >pp,  rip • and  <J>p  are  the  previously  computed  Euler 

angles  p , n,  and  'l  and  Euler  rates  q,  and  <|>,  respectively.  At 
i h»  the  sample  period  In  seconds  between  numerical  lntegrat tons. 
Equations  128  through  L3J  arc  Die  Euler  angle  strapdovn  equations. 

8.4.3  Euler  Angle  Vehicle  Attitude  Error  - The  transformation 
describes  the  desired  vehicle  attitude  with  respect  to  the 

XYZ  reference  frame. 


11D 


12D 


13D 


where 


IV 


2 ID 


22D 


2 3D 


(132) 


31D 


32D 


33D 


llD*C°8V08nD 

(133) 

12D“8innD8in^DC08V8in^DC08^D 

(134) 

13D"8in^D8in^D~8lnriDC08^DCOS^D 

(135) 

21D“"SinV°8nD 

(136) 

22D"COS^DCOa^D”slnnDSin^DSin(^D 

(137) 

l23D"C08^DsinV8innDC08^DSin^D 

(138) 

‘31D“sinnD 

(139) 

■32D""3inV08nD 

(140) 

l33D"COSnDCOS^D 

(141) 

^D’  ^D’  an<*  are  t*'e  ^e8*rec*  Eulsr  angles  that  describe  the 
desired  vehicle  attitude. 


The  transformar ion  describing  the  desired  vehicle  atti- 

tude with  respect  to  actual  attitude  equals 

^DV^IV1*1"1  (U2) 

where  [<t>]  is  the  transformation  describing  the  vehicle  attitude 
with  respect  to  reference,  equation  116.  Assume  that  the  ve- 
hicle is  displaced  from  its  desired  attitude  by  three  small 
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rotations  and  z_  about  the  X^,  Yy,  and  Zy  axes,  respectively. 

The  transformation  [4^]  can  be  approximated  by  the  following  small 
angle  transformation 


1 


'V 


-f 


Z 


» “t 

/.  y 

1 f 

x 


(143) 


cx»  and  cz  are  the  vehicle  attitude  errors  measured  from  vehicle 

to  desired  vehicle  space.  Matching  elements  of  equation  143  with 
those  contained  in  equation  142,  the  three  vehicle  attitude  errors 
Gx*  Gy  * and  ez  eclual 


31a21D+a32a22D+a33a23D 

(144) 

lla31D+a12a32D+a13a33D 

(145) 

21allD+a22al2D+a23ani) 

Substituting  the  appropriate  expressions  Cor  a] i >a12# # * ,a33 * 
equations  117  thru  125,  and  ai]_D*ai2D*  * ‘ * ,a33D*  ecluatl°ns  133 

thru  141,  into  the  above  equations,  £ , e , and  e equal 

x y z 

ex=O.5sin0D[l+cos  (tpjj-ip)  ]sin(nD-n) 

-0.5s in<J>D [ 1-cos  ( 1^-40  3 s in  (nD+n ) 

+cosncos4>Dsin  (147) 


£y=0.5c°s<H  1-cos  (^-^D)  ]sin(nD+n) 
+0.5cos<J»[l+cos(i^-iJjp)  ]sin(nD~n) 


-sln<t»cosnDsln(ij)D-iJj) 


(148) 
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e 0 . 25 { [cosOj1  '-40+i]cos (n-.-n) 

2 U U 

+[l-cos(^D-iJ>)  ]cos(nD+n) 

-2cos  (ipp-'l')  }sin(4>D+<t>) 

+0. 25  { [cos  (li^-ijO+l  ] cos  (o  -n) 

+ [ 1-COb(«|»jj-<|»)  lcOH(»lp+f|) 

+2 cos  (i^R-i|>)  )s  In  («(>  —<!») 

+0. 5(  (sinn^+sinrOcos  ((I)q“4)) 

+ (sinnD~sinn)cos (<J>D— <t>)  Isinft^-^)  (149) 

Assume  that  the  Euler  angles  ^ , n,  and  $ are  approximately  equal 
to  their  corresponding  desired  Euler  angles  >|>  , n^,  and 

respectively  0J^D,  n=nD,  4>-<t>D) . The  vehicle  attitude  errors 

can  then  be  approximated  by  the  following  expressions. 


ex=Ansin0p+A^cos(J)pCosnp 

£-  =Ancos <{>,. -Alps in<b  cos n 
y D D D 

€ =A<tH-A^s  inr, 

z U 


(150) 

(151) 

(152) 


where  A^,  An,  and  A<J>  equal 

Ai|>-<|>d-<|> 
An=nD-n 
A<J)=45D— <+> 


(153) 

(154) 

(155) 


The  vehicle  attitude  error  vector  A$  equals 


e 

X 

cos^DcosnD 

sin<j»D 

o" 

V 

e 

y 

m 

-sin<|>DcosnD 

COS^p 

0 

An 

„Gzj 

.lnnt 

0 

1 

A* 

(156) 


A$  is  used  by  the  vehicle  control  law  to  generate  the  appropriate 
CMC  torque  command 
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Note  that  in  order  to  use  this  method  for  generating  one 
must  be  able  to  compute  the  Euler  angles  , and  given  the 

transformation  ($DJ.  The  Euler  angles  <J>D,  nD,  and  <f>D  describe 

three  distinct  maneuvers  about  the  X,  Y,  and  7.  axes  that  will 
align  the  XYZ  reference  frame  with  the  desired  vehicle  attitude 
X^Y^Zp.  The  first  rotation  about  the  X axis  reorients  the  XYZ 

reference  frame  such  that  the  Y axis  is  placed  perpendicular  to 
the  desired  ZQ  axis.  The  Z axis  can  be  aligned  with  ZQ  by  per- 
forming the  second  rotation  nD  about  the  Y axis.  And  finally  the 
third  rotation  <J>D  about  the  Z axis  aligns  the  X and  Y axes  with 
their  corresponding  desired  axes  X^  and  Y^. 


The  first  rotation  ^ places  the  Y axis  perpendicular  to  Z^, 
the  desired  orientation  of  the  Z axis.  After  this  rotation  ^j/  , 
the  transformation  [4^]  relating  the  desired  vehicle  attitude  with 
the  displaced  XYZ  coordinate  system  denoted  X'Y'Z'  equals 


<0 

1 

m<1>) 

*12 

.o pi 

*13 

1 

o 

o 

IV 

(4>) 

a21 

a<*> 

*22 

m(i) 

*23 

-IV 

0 

cosi^D  -sin^D 

,010 
. 31 

(<P) 

32 

a(W 

*33  _ 

0 

_ 

sini^D  cosii'jj 

The  reaultant  element  of 

»(«  , 
11  • 

0*0 
12  ’ 

. . . , a^  equal 

0J>) 

*11  **11D 

*12  '’l2Dco,V*13D9tn* 


••l2D!lnV,23D 


D 

cosiJl 


»<♦>. 

13 


,<V) 

21  "*21D 
(&) 

*22  "*22DCOflV*23D9ln^D 


•*22D8lnVa23DC°8% 


(157) 


(158) 

(159) 

(160) 
(161) 
(162) 


(163) 


8-35 


31  ill) 

(164) 

(U>) 

*32  •*32DCOSV833D*ln'l'D 

(165) 

(U/) 

*33D-*32D8lnV*33DCO‘*D 

(166) 

The  direction  cosine  elements  of  [4>D]  a^^,  a12D* 
defined  in  equations  133  through  141.  With  the  Y' 
to  ZQ,  the  direction  cosine  a^  equals  zero. 

• • • * ® j are 

axis  perpendicular 

(iL) 

*32  “a32DCO9V*33D8inV0 

(167) 

From  equation  167,  equals 

33D 

(168) 

There  are  two  solutions  for  i^,  one  where  the  magnitude  of  i/»D  is 

less  than  y and  one  where  its  magnitude  lies  between  y and  it.  The 
former  solution  where 


=1  ± 1 } (169) 

is  selected.  The  second  rotation  TL.  aligns  the  Z'  axis  with  Z . 

D 9 D 

The  resultant  displaced  X’Y'Z'  coordinate  frame  is  denoted  X"Y"Z". 

The  transformation  [«»£]  relatiug  the  desired  vehicle  attitude 


Wd  vlth 

respect 

to  X'^ 

"Z"  equals 

a(n) 

*11 

a(n) 

*12 

a(n)" 

*13 

cosn 

0 

sinq 

a<n) 

21 

a(n) 

22 

a(n) 

23 

0 

1 

0 

a(n) 

L*31 

a(n) 

*32 

.(n) 
33  J 

-ainn 

0 

COST) 

The  resultant  elements  of  [♦£] , ajj*.  a*^ a^^  equal 


r 


wnnuji 
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•u*  ■*UDcos  V <a12D8ln Va13Dcos  V SlnriI> 

(171) 

*12)'a12Dt0,V*nD8l',*D 

(172) 

an)‘aUD,lnV(a13DCOaVa12Dal”'J’D)<:OSr'l> 

(173) 

an>-a21DC<>8V<a22D8l”’,’l)-a23DCOa'i'D)alnnl) 

(174) 

a22)'“22DCOSVa23D8l,'*D 

(175) 

a23)'a2U>8lnr'D+(a23Dc08Va22D8l“'l'D)<:°8'1II 

(176) 

a31>"a31I)c°8V(a32D8l,’'l'D-a33Dc‘,8»D)8i”riIl 

(177) 

135>‘*32D“8Va33B8ln4'll 

(178) 

833)‘a31D8lnnD+(a33DC08Va32D8in','l)>':‘>8nil 

(179) 

Note  that  if  Z"  is  aligned  with  ZD> 


(n).i 


33 

a^W^-a^-a^-O 
13  23  31  32 


The  definition  of  a31J),  equation  139,  is 


a31D'sl”nI> 


Solving  equation  178  for  equals 


ru-sin^Ca  ) 


(180) 

(181) 


(182) 


(183) 


In  the  range  from  -it  to  it,  there  are  two  solutions  for  that 

satisfies  equation  183.  Only  one  of  these  solutions  will  align 
Z"  with  ZD-  To  determine  which  value  of  nD  is  computed  by  setting 

the  expression  for  equation  173,  equal  to  zero.  Solving  for 

the  cosine  of  n^, 
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coanD“ 


lllD*31D 

•l2D,lnV*13DCOS*D 


(184) 


Because  the  Euler  angle  ^ is  known,  equation  168,  the  cos  nD  can 

be  computed  using  the  above  expression.  If  the  sign  of  cosine  of 
nD  is  positive,  the  desired  value  of  nn  lies  either  in  the  first 

(0  1 nD  £ or  the  fourth  (-  J 1 hD  < 0)  quadrant,  but  if  it  is 
negative  nD  lies  either  in  the  second  (y  <_  nD  £ <0  or  third 

(-■ff  <_  q £ - — ) quadrant.  In  other  words  if  the  sign  of  co9 
as  computed  in  equation  184  is  positive  ri  equals 

V8in  "1(a310)  (185) 

where  y ^ but  if  the  sign  of  cos  is  negative 

9l«n(V  (186) 

The  value  of  used  in  equation  186  is  the  value  computed  In  equa- 
tion 185.  The  third  Euler  angle  ^ can  be  computed  using  the 
definitions  of  and  ajijy  an<*  computed  value  of  cos 

allD  and  a21D  equal 

aliD“CGS<,>DC08nD  (187) 

*21D"~8inV°8nD  (188) 


The  sine  and  cosine  of 


^ equal 
cos^- 

3in<{>D- 


allD 

cosnD 

~a21D 

cosHp 


(189) 

(190) 


If 


the  sign  of  cos  <$ 


0 


i 


s positive 
^D-sin_1( 


~a21D 

cosnD 


equals 

> 


(191) 
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, TT  TT 

where  ^ ^ ' - 2',  ^ut  if  the  sign  ol  cob  <j>D  1b  negative,  4>D 

equals 

4>d" (it-  I 4>d I > BiRn(4>n) 

The  value  of  4>D  used  in  equation  188  ia  the  value  computed  in 
equation  191 


In  summary,  the  Euler  angles  n^,  and  <fi ■ can  be  computed 
using  the  following  procedure: 


1.  Compute 


“ 33D 


where  - J < * < J. 


2.  Compute  cos  n . 


cosru- 


allDa31D 


D *12B*lnV*13Dco*,|'D 


3.  Compute  intermediate  n^, 


r,D-,1"'1(*31D) 


u 71  * TT 

where  - j 1 ^ 1 J * 


4.  If  the  sign  of  cosn^  is  positive. 


VnD 


but  if  the  sign  of  cob  Hd  is  negative, 


nn‘(7r"KI>  ®ign(n;) 


COB(^d- 


ailD 

cosrip 


(192) 


5.  Compute  cos 


8-39 


6.  Compute  intermediate  <J>D,  ^ 

D cosnT 


where  - ^ < ^ S y. 

7.  If  the  sign  of  cos  is  positive, 

d>  -<M 

but  if  the  sign  of  cos  ^ is  negative, 


Euler  Angle  Maneuver  - This  maneuvering  technique 
maneuvers  the  vehicle  to  its  desired  vehicle  attitude  defined 
by  [ ) by  computing  the  three  corresponding  Euler  rotations 

,nm*  and  that  w111  ali8n  the  vehicle  axes  X Y Z with 
“•  m v v v 

their  desired  orientation  . The  proper  sequence  in  which 

these  three  maneuvers  must  be  performed  are:  (1)  a maneuver 

through  an  angle  to  about  the  X axis,  (2)  n about  the  displaced 

Hi  V in 

i axis,  and  (3)  4*  about  the  displaced  Z axis. 
v m v 

The  transformation  1$  1 that  describes  the  desired  vehicle 

attitude  with  respect  to  the  present  vehicle  attitude  XyYvzv 

equals 


lV  * lV  (<>I"1  * 

allm 

al2m 

a 1 3m  I 

a2 1m 

a22m 

a23m 

(193) 

a31m 

U> 

3 

3 3 3m 

The  Euler  angles  ii  t rj  » and  <£  can  be  computed  in  the  same 
mm  m r 

manner  as  4^,  nD>  and  <p^  are  in  section  8,4.3.  The  Euler 
angle  equals 
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where  - 


7T  * 77 
2 — m — 2 


- tan"L( — ) 

"*  a33m 


The  Euler  angle  equals 


nm  ' 


(194) 


(195) 


Two  possible  solutions  for  r1(n  as  given  by  equation  195  exists.  For 

examp  it* , It  equals  +0.5,  can  equal  either  £ or  |-~.  Only  one 

of  these  values  is  proper  as  con  be  determined  by  the  sign  of  cosn  . 

If  the  sign  of  coar^  la  positive,  nm  equals  but,  if  the  sign  of” 

cosn  is  negative,  the  proper  value  for  n is  The  cosine  of  n 

. 0 'm 

in  terms  of  the  elements  of  [4>  ] equals 


cosri 

in 


*llma31m 

a21m8lnVa13mC08^ 


(196) 


If  the  sign  of  coan^  is  positive,  n lies  within  either  the  first 

- nm  - 2^  or  fowrth  (“  2 — \ quadrants.  But  if  the  sign  of 

cosn  is  negative,  the  proper  value  for  n lies  within  the  second 

/n  n ™ 

'2  — \ --  11 ' or  third  (-"  1 nn  ^ quadrants.  Equations  195  and 
196  uniquely  determine  the  proper  value  for  r^.  The  third  Euler 
angle  ^ is  determined  in  a similar  manner.  ^ equals 


4>  - sin-1 (-  -2±S-) 

m cosnm 


The  cosine  of  $ equals 
m 


(197) 


cos4> 

m 


allm 

cosn 


(198) 


If  the  cosine  of  is  positive,  <J>m  lies  within  the  first  or  fourth 

quadrant  and  if  the  cosine  of  ^ la  negative,  (J>  lies  within  the 

second  or  third  quadrant.  Equations  197  and  198  uniquely  determine 
the  proper  value  for  $ . 
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To  pei  form  the  three  maneuvers  , n • and  4>  . the  vehicle 
r m m ra 

attitude  error  AO  is  zeroed  and  each  maneuver  is  performed  in  Its 

proper  sequence  at  the  maximum  allowable  maneuver  rate  1.745X10 

radian  per  second  (six  decrees  per  minute).  The  lirat  vehicle 

► 

tn.meiiver  rate  command  u)  . equals 

mi 


u>  . ■ u)  sign  (ty  ) 
ml  m m 


(199) 


The  sign  of  ip  in  the  above  expression  indicates  which  direction 
ra 

the  vehicle  is  to  be  maneuvered  about  the  axis.  This  maneuver 

rate  command  1 , is  continued  until  the  direction  cosine 
ml 

approaches  zero  indicating  that  the  Y axis  is  perpendicular 

to  the  desired  Z axis.  At  this  point  u>  , is  zeroed,  and  the 
1)  ml 

second  maneuver  n about  the  Y axis  commences.  The  vehicle 
m v 

rate  command  u>  „ associated  with  this  maneuver  n equals 
m2  nt 

V 


u> 


m2 


u)  sign  (n  ) 
m m 


(200) 


This  maneuver  rate  command  u>  is  applied  to  the  system  until  the 

ra*: 


direction  cosine  approaches  unity  indicating  that  the 


axis  is  aligned  with  the  desired  axis 


u)  „ is  then  zeroed 
m2 


and  the  third  and  final  maneuver  4>  about  the  7.  axis  is 

m ^ v 

associated  with 


performed 

this  maneuver  4>  equals 
m 


The  vehicle  rate  commanded  u> 


m3 


u>  , ■ u>  sign  (4>  ) 
m3  m m 


(201) 


1 
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This  maneuver  rat^  command  *s  applied  to  the  system  until 

the  direction  cosines  a^m  and  a , approach  unity  indicating 
that  the  vehicle  and  Y^  axes  are  aligned  with  their  corres- 
ponding desired  orientations  and  Y^,  respectively.  These  three 
vehicle  maneuver  rate  commands  are  i ed  to  the  vehicle  control  law 
whore  they  replace  the  desired  vehicle  rate  u>^ . At  the  completion 

<>f  the  third  maneuvers  (J>  , the  vehicle  attitude  error  A (5  is 

m 

reintroduced  to  the  vehicle  control  law  thus  correcting  for  all 
residual  vehicle  maneuvering  errors. 

8.5  Strapdovn  Equation  Initialization  and  Update  - The 
strapdown  equation  implementations , the  quaternions,  the  direc- 
tion cosines,  and  the  Euler  angles,  track  the  attitude  of  the 
vehicle  by  essentially  integrating  the  vehicle  body  rates 

i u)  , and  to  . The  numerical  integrations  associated  with  each 
x y z 

of  these  implementations  must  be  initialized  and  updated 

periodically.  The  periodic  update  corrects  for  computational 

errots  and  the  accumulative  effects  of  errors  such  as  rate 

gyro  drift  contained  in  the  measured  vehicle  rates  u)  , w , and  u)  . 

x y z 

For  the  quaternion  initialization  and  update,  the  actual  values 
of  the  four  quaternion  parameters  q ^ q and  q^  are  determined 

anti  then  substituted  for  q^>t  q,,p,  q.^, , and  q , in  the  quaternion 

strapdown  equations.  The  initialization  and  update  of  the 
direction  cosine  and  Euler  angle  strapdown  equations  are  performed 
in  a similar  manner  except  that  the  corresponding  d' rection 
cosines  ^ >p  ’ • a^p  anc*  ^uler  angles  and 

are  determined. 

To  perform  this  initialization  or  update  procedure,  the 
t rans f orraat ion  [!]  from  reference  space  XYZ  to  vehicle  space 
XvYvZv  must  be  determined.  This  update  or  initialization 

procedure  is  normally  performed  using  star  trackers  attached  to 
the  spacecraft.  These  star  trackers  are  used  to  measure  in 
vehicle  coordinates  the  location  of  two  reference  stars  whose 
coordinates  in  the  XYZ  reference  frame  are  known.  Assume  that 
the  locations  of  two  reference  sta^s  in  tl^e  XYZ  reference  frame 
are  given  by  the  two  unit  vectors  and  S and  that  their 

corresponding  vehicle  coordinates  as  measured  by  th^  vehicle  star 
trackers  are  described  by  the  unit  vectors  S^'  and  respectively. 


8-43 


In  ordkr  to  computi'  (4'),  two  additional  unit 

► , * ► 

must  be  computed.  ind  are  the 

correspondin :»  to  the  vector  cross  product  of 

and  $2' * respectively. 


vectors  , and 

unit  vectors 

► ► ► . 
Sj  and  and 


12 


S 1 
b12 


x S 


S'  X s,  ’ 


'1  - “2  1 1 

I | A | I represents  the  norm  of  the  enclosed  vector  A. 

and  S'  are  unit  vectors  that  are  perpendicular  to  the  planes 
1 ► ► ->  -► 

formed  by  S and  S and  S and  S , respectively.  These  six 

->  > ->  * f + 

unit  vectors  S^2§  ®i  • S2  * an<*  ^12  comPletely  specify 


the  transformation  [♦]. 
ships  must  be  satisfied. 


To  compute  the  following  relation- 


Sj  - Kls^ 


s2  - [*]s2* 


i 


12 


[*)Si2* 


where 


m 


11 

a12 

21 

*22 

31 

*32 

r 

s ' 

bl  ’ 

(202) 

(203) 


(204) 

(205) 

(206) 
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fll 

*11 

*12 

*n 

1 

1 

S|2  - Klsl2'  - 

f 12 

■ 

*21 

*22 

‘t> 

* 22 

_f13_ 

*31 

*32 

*33. 

1 

cn 

<M 

l 

Equations  207  thru  209  can  be  rearranged  Into  the  following 
expressions. 


V 

C21  °22  C23 

'*11 

dll 

at 

d21  d22  d23 

*12 

/ll 

f2i  f22  f23^ 

_*L3_ 

®12 

C 21  C22  °23 

‘*21 

d12 

■ 

d21  d22  d23 

^2 

f 12 

f 21  f 22  f 23 

^3 

V 

C21  °22  *23 

V 

d13 

m 

d21  d22  d23 

*32 

/l3 

f 21  f 22  f23 

<33 

m m, 

(209) 


(210) 


(211) 


(212) 


Applying  Cramer's  rule  for  solving  simultaneous  algebraic 
equations,  the  elements  of  (♦] , a^  a^,  . ..,  a33,  can  be 

computed  using  equations  210  thru  212.  Note  that  the  2 by  3 
matrix  appearing  in  each  of  these  equations  are  Identical. 
The  symbol  A is  used  to  denote  the  determinant  of  this 
matrix.  A equals 
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A - <lct 


C21  C22  C2  3 


d21  d22  d23 


*21  1 :>  :>  * 2 3 


C2l(lJ2212)  " d2  5* 


* °22(d23f21  “ d21f23)  + °23(d21f22  " d22t21) 

The  nine  elements  of  [♦]  in  terms  of  the  components  of  S^,  S^, 
S 1 2 . S^,  S 2 ’ , and  S^'  equal 


“Cll 

C22 

C23 

dot 

dll 

d22 

d23 

an  * 

i»f 

f 22 

f 23 

A 

+ C22(d23fll 

dnf 

23)  + 

c 23 

C21 

C11 

c23 

dec 

d21 

dll 

d23 

a12  ’ 

,f21 

fll 

f 23 

t c 1 l(d22f23"d23f22) 


lc21(dllf23_d23fll) 


* cll(d23f21 


d21f23J  + c23(d21fll  ” dlSf21^/A 


(213) 


(214) 


(215) 
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det 


*13 


dec 


21 


det 


22 


C21 

c22 

cil" 

d21 

d22 

dll 

*21 

m 

f22 

*11. 

__  " ,c21(d22firdllf22) 

A 

n " d 

21fll 

) + c 

ll<d21f22  “ d22f21)J/A 

°12 

C22 

C23 

d12 

d22 

d23 

CM 

1 

f22 

f23 

- Ici2(d22f23”d23f22) 

A 

12  ~d 

12f23 

) + c 

23(d12f22  " d22f12^/A 

*C  21 

c 12 

c 23 

d21 

d12 

d23 

> 

f12 

f23_ 

*21  (d12f23"d23f 12* 

A 

+ C12(d23f21  " d21f23)  +C23(d21fl2  “ d12f21)J/A 


C21 

C22 

CM 

H 

u 

det 

d21 

d22 

d» 

*23  “ 

f21 

*22 

*12 

" *21  <d22f 12~d12f 22* 

A 


+ c22(d12f21  “ d21f12)  * c12(d21f22  ' d22f21^/A 


(216) 


(217) 


(218) 


(219) 
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C13 

c22 

c23 

di*t 

dn 

d22 

d23 

3 » 

\ i 

' 1 3 

2 2 

‘ 2 3 

A 

* 1. 

dnf.-))  tcri' 

C 21 

C 13 

C23 

det 

d21 

d13 

d23 

* 32“ 

f21 

f13 

f23_ 

A 

+ C13(d23f2l 

- d 

2lf23) 

f C2 

C21 

C22 

Cl )" 

det 

d21 

d22 

d13 

*33  “ 

1 21 

f 22 

f i3_ 

A 

+ c22(d13f21  " 

d21f 13 

) + c 

Ic  j 2 J~d2  I*  22* 


( C21 (dl 3f23-d23r 13^ 


^c21(d22f 13_d13f 22) 


To  update  or  to  initialize  the  direction  cosine  strap- 
down  equations,  the  above  computed  direction  cosines  a^» 

....  a^  are  substituted  for  a^p*  •••»  *33?*  For  the 

quaternion  strapdown  equations,  the  updated  (or  initial) 
values  of  qlp,  *i2p,  q.jp,  and  q^p  are  determined  from  the  star 

tracker  derived  direction  cosines.  q^p,  q2p«  ^p*  an<*  ^4P  e<^ua^ 


(220) 


(221) 


(222) 


1 


qlp  * cos(f) 


(223) 


[0.5(a11  + a. 

21*  * 

2_a2J 
4<1  II* 

*1  J"  ^11 

3P  " 

4“lP 

a2l“ai2 

4P  * 

4qlP 

(224) 

(225) 

(226) 


To  update  (or  initialize)  the  Euler  angle  strapdown  equations, 
the  Euler  angles  , ry , and  ^ are  also  coaputed  f roa  these 

star  tracker  derived  direction  cosines.  ^ equals 


-1  32 

* tan  (-  -^-) 

P *33 

if  if 

where  - -r  < to  < -r.  The  cosine  of  n equals 
2 - p - 2 P 

„ *11*31 

C°*nP  " •128ln'<'p  + ^3C0»*p 

If  the  sign  of  cosflp  is  positive,  equals 

Hp  - sin'1(a31) 

where  - ^ <_  j,  but  if  the  sign  of  cosflp  is  negative,  Hp 

equals 

ry  - (if- 1 Hp  * | ) sign  (r^') 

where  the  value  of  Hp  * equals  the  value  of  ry  given  by  equation 
229.  The  cosine  of  ^ equals 


(227) 


(228) 


(229) 


(230) 
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cos4»d  = 


*li 


p cosn0 


(231) 


If  the  sign  of  cos  <{ip  is  positive,  <}ip  equals 


. -1,  21  , 

ipn  = sin  (-  ) 

P cosn  ' 

P 

7T  7T 

where  - --  ^ y,  but  if  the  sign  of  cos  is  negative, 


(232) 


4p  equals 


I ) a (4>  ') 


(233) 


where  the  value  of  <J>  * equals  the  value  of  $ given  by  equation 
232. 


8.6  Comparison  of  Candidate  Maneuver  Control  Laws  - Three 
vehicle  CMG  maneuver  control  laws  have  been  proposed.  These 
three  control  laws  are  based  on  (1)  quaternion,  (2)  direction 
cosine,  and  (3)  Euler  angle  implementations.  The  vehicle  strap- 
down  equations  of  motion  and  associated  maneuver  equations  were 
derived  for  each  of  these  implementations.  Listed  in  table  8.1 
are  the  advantages  and  disadvantages  of  each  of  these  three  methods. 

The  chief  advantages  of  the  quaternion  implementation  are 
(1)  the  maneuver  produced  is  optimal  and  (2)  the  associated 
strapdovn  and  maneuver  equations  can  be  simply  and  readily 
computed.  The  maneuver  i9  optimal  because  the  vehicle  is  ro- 
tated about  a single  axis  through  the  smallest  angle  required  to 
generate  the  desired  attitude  change.  The  disadvantages  of  this 
quaternion  control  law  are  (1)  updating  the  quaternion  strapdown 
equations  require  computing  the  four  quaternion  parameters  from 
the  measured  vehicle  transformation  [4>],  and  (2)  additional 
calculations  are  needed  to  derive  the  direction  cosine  matrix 
[*]  from  the  four  quaternion  parameters  computed  by  the  strap- 
down  equations.  These  disadvantages  are  minor  because  (1)  the 
additional  computations  needed  to  compute  the  updated  quaternions 
are  few  and  (2)  it  is  not  necessary  to  compute  the  direction 
cosine  matrix  [$]  in  order  to  implement  this  CMG  maneuver  control 
law.  The  reason  one  might  want  to  compute  the  direction  cosine 
matrix  ($]  is  because  one  may  be  more  familiar  with  this  repre- 
sentation for  describing  the  vehicle  attitude  than  the  corresponding 
quaternion  representation. 


Table  8.1.  CMC  Maneuver  Control  Laws 


Requires  additional  computation 
to  updated  Euler  angles  given  [♦] 


b 
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The  advantages  of  tha  direction  cosine  CMG  maneuver  control 
law  are  (1)  the  direction  cosine  matrix  is  olvays  available  and 
(2)  no  additional  computations  are  required  to  update  the  direc- 
tion cosine  strapdown  equations.  The  disadvantages  are  (1)  nine 
linear  differential  equations  must  be  solved  as  compared  with 
only  four  for  the  quaternion  CMC.  maneuver  control  law  and 
(2)  the  resulting  vehicle  maneuver  is  non  optimal.  The  maneuver 
is  non  optimal  because  in  general  two  distinct  rotations  are 
needed  to  reorient  the  vehicle  with  its  new  desired  attitude. 

The  single  advantage  of  the  Euler  angle  CMG  maneuver  control 
law  is  that  only  three  parameters  are  needed  to  describe  the 
vehicle  attitude  rather  than  four  for  the  quaternion  and  nine  for 
the  direction  cosine  maneuver  control  laws.  The  disadvantages 
are  (1)  the  strapdown  equations  are  a set  of  non  linear  differential 
equations,  (2)  the  strapdown  equations  are  singular  causing  the 
Euler  rates  to  "blow  up"  when  the  Euler  angle  n approaches 

^n-0,  +1,  ...),  (3)  updating  the  Euler  angle  strapdown 

equations  require  computing  the  three  Euler  angles  from  the 
measured  vehicle  transformation  [$],  (4)  additional  computations 
are  needed  to  derive  tha  direction  cosine  matrix  [$]  from  the 
three  computed  Euler  angles,  and  (5)  the  resulting  vehicle 
maneuver  is  non  optimal.  To  maneuver  the  vehicle  to  a new 
orientation,  thrae  separate  rotations  are  required. 

From  a "pure"  computational  standpoint,  either  the  Euler 
angle  or  quaternion  control  law  are  favored  over  the  direction 
cosine  law.  For  tha  Euler  angle  control  law,  only  three  para- 
meters are  needed  to  describe  tha  vehicle  attitude  while  for  the 
quaternion  implementation,  four  parameters  are  required.  To 
describe  the  vehicle  attitude  using  the  direction  cosine  con- 
trol law,  nine  parameters  are  needed.  Tha  major  drawback  with 
the  Euler  angle  control  law  is  that  its  strapdown  aquations  of 
motion  are  singular.  Because  of  this  singularity  problem,  the 
Euler  angla  control  law  is  eliminated  from  further  considerations. 
The  principel  drawback  of  the  direction  cosine  law  besides  its 
large  computational  requirements  is  that  like  tha  Euler  angla 
control  law  tha  resultant  vehicle  maneuvers  are  non  optimal . 

For  the  quaternion  control  law,  tha  vehicle  maneuvers  are 
optimal . 

The  quaternion  CMC  maneuver  control  law  ia  selected  aa 
baseline  because  (1)  tha  computational  requirements  associated 
with  tha  four  linear  quaternion  etrapdown  equations  era  fewer 
than  for  tha  corresponding  nine  linear  direction  coalne  equations 


7 
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or  the  three  nonlinear  Euler  angle  atrapdown  equations,  (2)  there 
exists  no  singularity  problem  as  in  the  case  of  the  Euler  angle 
atrapdown  equations,  and  (3)  the  resulting  vehicle  maneuver  is 

optimal* 


8.7  Selected  CMC  Maneuver  Control  Law  Sigval  Flow  Diagram  - 
Figure  8.7  is  a signal  flow  diagram  describing  the  quaternion 
CMG  maneuver  control  law  logic  flow.  In  box  1,  the  past  vehicle 

quaternion  rates  qlp,  q2p.  q3p,  and  q4p  are  initialized.  Boxes 

2 and  3 represent  the  quaternion  strapdown  equations.  In  box  2, 

the  quaternion  rates  q^  q2,  qy  and  q4  are  computed  from  the 
vehicle  body  rates  and  and  are  then  integrated  in  box 

3 to  generate  the  vehicle  quaternions  q^  q2»  q-j.  and  q4*  Box  4 

represents  the  procedure  for  updating  or  initializing  these 
strapdown  equations.  In  box  5,  the  computed  vehicle  quaternions 
are  normalized  to  insure  that  the  sum  of  the  squares  of  the 
quaternions  equal  unity.  In  box  6,  he  past  quaternions 
qlp,  q . q3p,  and  q4p  and  the  quaternion  rates  qlp,  q2P* 

q , and  q,  are  updated.  These  updated  quaternion  past 
values  are  needed  to  computed  the  strapdown  equations  during 
the  next  pass  through  the  logic  flow. 

In  boxes  7 thru  10.  the  vehicle  attitude  error  A$  is 
computed.  In  box  7,  the  quaternions  describing  the  desired 
vehicle  attitude  qDl.  qD2,  qD3.  and  qD4  are  computed  from  the 

transformation  {^)  corresponding  to  the  desired  vehicle  attitude 

In  box  8,  the  determination  whether  a maneuver  is  being  performed 
or  not  is  made.  If  a maneuver  is  being  performed , the  control 
logic  is  routed  to  box  11  whare  the  appropriate  vehicle  maneuver 
command  is  generated.  If  a maneuver  is  not  in  process,  the 
logic  flow  moves  on  to  box  9 where  the  quaternions  describing 
the  vehicle  attitude  with  respect  to  the  desired  attitude 
a a , q and  q,,-.  are  computed.  In  box  10,  the  vehicle 
qVDl’  qVD2’  qVD3*  MVD4  k 

attitude  error  A?  is  computed;  A9  and  the  appropriate  vehicle 
rate  as  speclfiad  by  the  transformation  is  routed  to  the 

vehicle  control  law.  For  an  inertial  attitude,  u>D  equals  the 
null  vector.  The  control  logic  transfers  back  to  box  2. 
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Figure  8.7  CMG  Quaternion  Maneuver  Control  Logic  Flow  Diagram  (Sheet  1 of  3) 


Figure  8.7  CMC  Quaternion  Maneuver  Control 
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In  boxes  11  thru  16,  Che  appropriate  vehicle  maneuver 
command  Is  generated.  In  box  11,  the  vehicle  attitude  error  Ae 
Is  zeroed  end  is  then  routed  to  the  vehicle  control  law.  In 
box  12,  the  quaternions  describing  the  desired  attitude  with 
respect  to  the  vehicle  qDV1,  qDV2,  q^,  and  qDy4  are  computed. 

In  box  13,  the  maneuver  axis  is  computed  along  with  the  total 
maneuver  angle  9 . The  logic  flow  continues  on  to  box  14  where 

the  vehicle  maneuver  rate  is  generated.  The  vehicle  is  maneuver 

about  the  computed  maneuver  axis  at  a rate  u>  of  six  degrees  per 
-*  m 
minute;  is  routed  to  the  vehicle  control  lav.  In  box  15, 

the  quaternion  qy^  1®  compared  with  unity.  If  qy^  1®  approximately 

equal  to  one,  Che  maneuver  is  finished  and  the  maneuver  rate 

is  zeroed  or  set  at  its  desired  value  as  determined  by  the  desired 
vehicle  transformation  ($^].  If  q^^  does  not  equal  unity,  the 

logic  flow  is  recycled  back  to  box  2. 

8.8  Notes 


8.8.1  Symbols  and  Abbreviations 


*11**12'*  * * **33 

• e • 

*11 ’*12 ' * ’ * ’*33 

CMC 

E 

E ,E  ,E 
x y*  z 

[I] 

AAA 

iO.k 

>v 

lKr, 

<1 

q 

ql’q2’q3’q4 


Direction  cosine  elements  of  trans- 
formation [S'] 

Rate  of  change  of  direction  cosine 
e lemen ts  ^^2**12**  * * '*33 

Control  moment  gyro 

Quaternion  elgenaxis  (unit  vector) 

Direction  cosines  describing  E 

Vehicle  inertia  tensor 

Unit  vectors  along  X,  Y,  and  2 axes, 
respectively 

Vehicle  control  law  position  gain 
matrix 

Vehicle  control  law  rate  gain  matrix 

Quaternion  corresponding  to  trans- 
formation [♦] 

Elements  of  quaternion  q 

Rate  of  change  of  quaternion  q 

Elements  of  q 
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qDV 

Quaternion  corresponding  to  trans- 
formation [♦jjy] 

-f  4 

S . S_ 

Unit  vectors  describing  the  loca- 

al» 2 

tions  of  two  reference  stars  in 
reference  space 

>.  ■+ . 
s ,s 

Unit  vectors  describing  the  loca- 

31 °2 

tions  of  two  reference  stars  in 
vehicle  space 

*12*12 

Cross  products  of  Sj  and  Sj  and 
S’  and  Ij*  respectively 

T 

CMC  torque  command 

COM 

At 

Computational  period  (seconds) 

a,S,Y 

Direction  cosine  angles  defining 
-► 

eigen axis  E 

-4 

e 

Vehicle  offset  angle 

t ,c  ,e 

Components  of  vehicle  attitude  error 

x’  y z 

9 

Angular  displacement  about  elgenaxls 

Vehicle  attitude  error 

t*l 

Transformation  from  reference  to 
vehicle  space 

Transformation  from  reference  to 

desired  vehicle  space 

Transformation  from  vehicle  to  de- 

sired vehicle  attitude 

'i'.n.d 

Euler  angles  corresponding  to  trans- 
formation (#] 

see 

Euler  angle,  ratee 

*4 

0) 

Vehicle  angular  velocity 

-4 

M 

Desired  vehicle  angular  velocity 

U 

u 

Vehicle  maneuver  rate  limit 

tn 

U *U)  aU) 

Components  of  vehicle  angular 

x*  y*  s 

velocity  u> 
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9.  CMG  CONTROL  LAWS  AND  SINGULARITY  AVOIDANCE  TECHNIQUES 

The  function  of  the  CMG  control  law  la  to  generate  an  appro- 
priate set  of  CMG  gimbal  rate  commands  that  will  generate  the 

desired  torque  command  T^,^  computed  by  the  vehicle  control  law 

(section  7).  The  CMG  control  law  Is  sometimes  referred  to  as  the 
CMG  steering  law.  In  order  for  the  CMC  control  law  to  generate 

the  desired  torque  command,  T„.u,  the  CMG  system  must  avoid  all 

COM 

singularity  conditions.  When  a CMG  system  is  in  a singularity 
state,  the  CMG  control  system  in  general  is  physically  unable  to 

produce  the  desired  torque  TC(^.  The  function  of  the  singularity 

avoidance  scheme  is  therefore  to  steer  the  CMG  system  away  from 
all  avoidable  singularity  conditions.  A singularity  avoidance  law 
performs  this  task  by  distributing  the  CMG  gimbal  angles  in  such  a 
manner  as  to  avoid  singularity  but,  without  applying  a net  CMC 
torque  to  the  vehicle.  The  separate  gimbal  rate  commands  generated 
by  the  CMG  control  and  singularity  avoidance  laws  are  in  general 
summed  and  sent  to  the  appropriate  CMG  gimbal  servomechanisms. 

In  this  section,  four  CMG  control  laws,  three  singularity 
avoidance  scheme,  and  a control  function  that  attempts  to  combine 
the  functions  of  the  CMG  control  law  and  singularity  avoidance 
scheme  into  a single  law  are  developed.  From  these  candidates, 
a preferred  CMG  control  law  and  singularity  avoidance  scheme  are 
selected. 


9.1  CMG  Configuration  - The  CMG  control  system  selected  in  section 
6 consists  of  six  double  gimbal  CMGs  (DGCMGs)  with  each  CMG  having 
an  individual  wheel  momentum  of  2,300  ft-lb-sec.  These  CMGs  are 
similar  to  the  Skylab  ATM  CMGs;  the  most  significant  difference 
is  that  unlike  the  ATM  CMGs  the  proposed  CMGs  have  no  gimbal  stops. 

A possible  CMG  mounting  configuration  ie  shown  in  figure  9.1. 

Two  CMC.9  are  identically  mounted  along  each  of  the  three  vehicle 
axes.  The  advantage  of  this  configuration  is  that  each  axial  CMG 
pair  can  be  slaved  together  so  that  they  act  as  a single  CMG  with 
a wheel  momentum  of  2H.  This  effective  reduction  in  the  number 
of  CMGs  from  six  to  three  reduces  the  computational  complexity  of 
the  resultant  CMG  control  laws  and  singularity  avoidance  schemes. 

The  various  control  laws  and  singularity  avoidance  schemes  de- 
rived in  this  report  are  formulated  using  this  configuration.  The 
computational  requirements  associated  with  these  contro'  laws  and 
singularity  avoidance  schemes  are  determined  for  two  operational 
modes:  (1)  when  the  CMGs  are  operated  in  slaved  pairs  as  pre- 

viously described  and  (2)  when  the  CMGs  are  operated  as  six 


OUTER  Ci.MKAI 
■J  01UX»: ! ! K 


■ : 

CMC  r>  ' 1 ( ; • 

MOUNTING  r>>  1 
PLANK 


■‘-/P 


OUT MR  ClKiiAL 

torqukr 


CMC  f>  / 


PlK--: 


C Kb-: 


MOUNTING  . V ' 
PLANK 


f \ ' 

A/  N 


* 

'TK'O  CUTKR 


c CJMKA1. 
> TOR; 


J.  . 'N  TOKsjUKR 

<Pf  " KJ  l 


4^3(4)  4 *K 3)  0U™< 

V H'n  r-  nrnifti 


V. 


r 

. \\  'W  y V''/ 

C-  x->A'i 

\ A^r  l I 4 MOUNTING 


^nrCS 


'M  1U)  “■' 


PLANE 


VL  \ 

<^\v.  _>  j s'J.-'i  V. 


CIJ^J'  -OMG  2 MOUNTING 


*3(2) 

OUTER  GJMHAL 


PIANK 


1(1)  TORQUI-R 


OL  ! 1 R ’ CMC  I MOUNTING 

l'l:'il:A,•  * J PLANK 


lOkoUKR  °j(j.) 


^-CMG  3 MOUNTING 
PLANK 
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individual  units.  The  CMC  control  laws  and  singularity  avoidance 
schemes  for  both  operational  inodes  are  formulated  to  handle  the 
failure  contingency  of  one  or  more  CMGs. 


9.2  CMG  Torque  Equations  - The  CMG  torque  equations  are 
derived  in  this  section  and  are  used  in  later  sections  to  derive 

the  various  CMG  control  laws.  For  the  CMG  configuration  shown 

-> 

in  figure  9.1,  the  resultant  CMC  output  torque  T acting  on  the 

CMG 


vehicle  equals  the  summation  of  the  output  torque  T ^ of  the  six 

6 


individual  CMGs  (T 


CMG 


T .).  T . can  be  determined  by  (1) 
ci  ci 


i-1 


computing  the  torque  a CMG  exerts  on  its  base  T and  (2)  trans- 
+ th 

forming  T , from  the  i CMG  base  mounting  orientation  into  ve- 

CD 

hide  space 


ci 


^ v-bi^cb 


(1) 


[$1^^  is  the  transformation  from  the  iC^  CMG  base  coordinate 
frame  to  vehicle  space. 


Figure  9.2  is  a sketch  of  a CMG  assembly  showing  the  CMG 
wheel,  inner  gimbal,  outer  gimbal,  and  base.  Three  coordinate 
systems  are  defined:  (1)  an  inner  gimbal  space  XjY^Z^,  (2) 

an  outer  gimbal  space  ^0Y0^0»  and  (3)  a CMG  base  space  X^Y^Z^. 

When  the  XTYTZ,  and  X Y Z frames  are  aligned,  the  inner  gimbal 

angle  6^  is  defined  to  be  zero;  and  when  the  X0Y0Z0  and  X^Y^Z^ 

frames  coincide,  the  outer  gimbal  angle  6^  is  defined  to  be  zero. 

The  transformation  from  base  space  X^Y^Z^  to  outer  gimbal  space 

X Y Z equals 
ooo 


Yo  -[*Vb  Yb 


cos  ain  6^  0 

-sin  6^  cos  6^  0 


The  transformation  from  outer  gimbal  space  to  inner  gimbal  space 
XjYjZj  equals 


YT  -(♦!,  Y 
I ‘ 'I^o  o 


cos  6^  sin  6^ 


-sin  cos  6^ 


1 
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The  torque  exerted  on  the  inner  gimbal  equals 

• • 

(6) 

(H> r ls  the  rate  of  change  of  H with  respect  to  the  inner  gimbal 

-► 

and  u)j  is  the  angular  rate  of  change  of  the  inner  gimbal  space 
XI Y 1 2 1 * CMKs  are  assumed  to  have  a constant  wheel  speed. 


00  is  therefore  zero,  and 


H-u>  xH 


(7) 


From  figure  9.2, 


ti- 


ro 

H 

LOJ 


(8) 


where  the  scaler  H is  the  magnitude  of  the  wheel  momentum.  Sub- 
stituting equation  8 Into  7, 


H- 


j 


UIX  WIY  ‘"'iZ 


LO  H 0 J 


(9) 


-Huizl*H“uk 


wlx’  WIY’  and  WIZ  are  the  axlal  components  of  the  inner  gimbal 


♦ *> 

rate  Wj.  w,  can  be  written  as  a function  of  the  inner  gimbal 
rate  6^  the  outer  gimbal  rate  and  the  rotational  rate  of  the 
CMC  base  . First  using  figure  9.2,  let  us  write  itj  in  terms 
°f  ^ the  outer  glmbsl  rate. 


a. 


(10) 


Lo  J 
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'*<  can  be  written  In  terms  ol  6.,  and  (ii.  . 
«>  J b 


(a 


+I»UJb 


(id 


SubsCitucing  expression  11  into  10 


*■  + « 

6, 

*0 

1 

0 

+ '<Vo 

0 

0 _ 

• 

3 

L J 

+'»W*U“b 


(12) 


Assume  that  is  small,  equals 


L j L 


0 cos  6^  sin  6^ 


0 -sin  6^  cos  6^ 


(13) 


The  components  of  are 


u>  — 6 
IX  l 


win  6^ 


(14) 


WIZ"^3  cos  61 


Substituting  equation  14  into  9, 


H»H 


-<5^  cos  6] 


0 

i. 


05) 
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Note  that  it  is  the  reaction  torque  that  the  inner  gimbal  applies 

to  the  outer  gimbal  equals  -H  that  gets  transferred  to  the  CMG 
base.  Tcb  equals 


(16) 


where  1*]^  and  [$]~^  are  the  inverses  of  £<t>]  and  [$] 

o+±>  J I^-o 1 

respectively. 


m 


-i  i 
o<b 


cos  6^  -sin  63  0 


sin  6^  cos  6^  0 


(17) 


uting  l*]"* 


cos  6^  -sin  6^ 
sin  6 


(18) 


cos  6^ 

Wiio*  and  e^03*!00  15  into  16, 

»(1)  '°S  6 


1(1)  COS  Sd)-'5 

1(1)  8in  63(i)^ l(i)  8in  61(1)  c°«  «53(1) 


Kl)  8i"  6l(i)  8ln  63(i) 

cos  6 


^Kl)  co*  4l(l) 

IG  No . 1 and  2 along  the  Xy  axis , 


(19) 


"o  1 o" 
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Substituting  expressions  19  and  20  into  1, 


^3(1) 

COS 

61(1) 

sin  63(1)+^1(1) 

sin 

*i(D 

cos 

63(1) 

T =H 

cl 

*3(1) 

cos 

*1(1) 

COS  63(1)^1(1) 

sin 

*Ki) 

sin 

fi3(l) 

(21) 

i 

- 

*1(1)  C°S  6 l(l) 

m 

*3(2) 

cos 

*1(2) 

Sin  *3(2)+*l(2) 

sin 

*1(2) 

cos 

*3(2) 

T «H 
c2 

• 

*3(2) 

cos 

*1(2) 

COS  *3(2)A<2) 

sin 

*1(2) 

sill 

*3(2) 

(22) 

*1(2)  °’s  61(2) 

The  transformation  [$]_..  corresponding  to  the  other  four  CMGs  are: 

\r*”b  i 


^v*-b5“**Jv*-b6= 


0 0-1 
0 10 
1 0 0 

1 0 o' 

0 0-1 
0 10 


(23) 


(24) 


The  corresponding  individual  CMC  output  torques  T ^ (i»3,***t6) 
equal 


T -H 

c3 


*1(3)  ““  61(3) 

*3(3)  cos  41(1)  43(3)+*l(3)  8l"  ‘ID)  coa  *3(3) 

*3(3)  cos  <51(3)  cos  63(3)-*1<3)  sin  61(3)  sln  53(1) 


(25) 


tH 
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c4 


‘H 


^1(4)  COS  61(4) 


T _-H 
c5 


3(4) 

COS 

61(4) 

8l"  S3(4)+^l(4) 

sin 

61(4) 

COS 

53(4) 

3(4) 

cos 

61(4) 

COS  63<4)"^1<4) 

sin 

61(4) 

sin 

63(4) 

3(5) 

cos 

61(5) 

C°“  43(5)4l(5) 

sin 

6l(5) 

sin 

6 3(5) 

*1(5)  co“  *1(5) 

3(5) 

cos 

61(5) 

.!»  «3(5)+i1(5) 

sin 

61(5) 

COS 

63(5) 

3(6) 

cos 

6i(6) 

COS  S3(6)‘^l(6) 

sin 

61(6) 

sin 

63(6) 

^1(6)  COS  61(6) 

3(6) 

cos 

61(6) 

Sln  63(6)^1<6) 

sin 

61(6) 

cos 

63(6) 

T -H 

co 


The  resultant  output  torque  T,-,-  can  be  written  as 

CM  G 


T «E  T 
CMGi_1  ci 


■HUA)?J1)+[B)^1)+(C)i{2)+[D)^2) 


where 


J 

6 

6 


1(1) 

1(3) 

1(5) 


(26) 


(27) 


(28) 


(29) 


(30) 


[Al- 


tai- 
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ju>. 


6. 


?<2>  = 


S<2>. 


3(1) 


3(3) 


3(5) 


1(2) 


1(4) 


1(6) 


3(2) 


3(4) 
L ^3(6). 


s , 61(1)  cos  63(1) 
-sin  «1(1)  sin  «3(1) 

COS  61(1) 


fcos  61(1)  sin  63(1) 


cos  61(1)  cos  4.J(1) 


I 


(31) 


(32) 


(33) 


cos  6 

1(3) 

sin 

*1(3) 

cos 

63(3) 

sin 

61(3) 

sin 

63(3) 

0 

cos 

61(3) 

ain 

lS3()) 

cos 

6 1 ( 3 ) 

cos 

^ 3(3) 

-sin  «1(5)  sin  6j(5)' 
C0S  61(5) 

sin  «1(5)  cos  «J(5) 

cos  «1<S)  cos 
0 

cos  d1(5)  sin  63(5) 


(34) 


(33) 


0 


cos  d 


sin  6 
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sin 

6 1(2)  COS 

*3(2) 

cos  6 

1(4) 

-sin 

*1(6) 

sin 

*3(6) 

[Cj  = 

-sin 

61<2)  Sln 

*3(2) 

sin 

*1(4) 

cos 

63(4) 

cos  6 

1(6) 

- 

C'JS  6K2) 

-sin 

61(4) 

sin 

63(4) 

sin 

61(6) 

cos 

63(6) 

cos 

61(2)  Sin 

63(2) 

0 

cos 

61(6) 

cos 

*3(6) 

[D]  = 

cos 

61(2)  COS 

63(2) 

cos 

61(4) 

sin 

63(4) 

0 

. 

0 

cos 

61(4) 

cos 

*3(4) 

cos 

61(6) 

sin 

63(6) 

(36) 


(37) 


Equation  29  describes  the  CMC  system  output  torque  for  a six 

CMC 

CMG  system  for  an  inertially  held  vehicle  (t^-D)  . For  a rotating 

vehicle,  this  expression  for  is  not  adequate;  the  rotational 

motion  cf  the  vehicle  must  be  taken  into  account.  The  general 

expression  for  T_.„  equals 
CMG 


TcmG-h{  [A]ij1)+[B]?J1)+[C]?J2)+[D]ij2)  }+^xHcmg 


(38) 


where  w and  are  the  vehicle  angular  velocity  and  total  CMG 

momentum  imparted  to  the  vehicle,  respectively.  For  the  six  CMG 

configuration  shown  in  figure  9.1,  H„„„  equals 

CMG 


■-cos  «i(1)  cos  «3(0 

-COS  S1(2)  cos  6j(2) 

*cmg=h 

cos  S1(l)  sin  «3(U 

+H 

cos  61(2)  sin  63(2) 

sln  61(1) 

L J 

Sl"  {1(2) 

si"  51<3) 

Sl"  61(4) 

+H 

-cos  61(3)  cos  63(3) 

+H 

-cos  61(4)  cos  «3(4) 

_ C0S  Sl<3)  5lR  S(3)_ 

COS  61(4)  l*i”  *3(4) 

' cos  61(5)  sin  4.j(5)- 

- cos  cS|(6)  sin  i3(6)- 

+H 

sin  6 , , , . 

+H 

sin  iS 

1(3) 

1(6) 

_-cos  Sl(5)  c°“  43(5) 

-cos  61(6)  cos  S3{6) 

(39) 


For  the  slaved  CMG  mode,  let 


r . 


^Kl) 

*1(2) 

*1(3) 

*1(4) 

*1(5). 

m 

.*1(6). 

*3(2) 

^3(3) 

1 

/—N 

CM 

1 

*3(4) 

*3(5). 

.*3(6). 

(40) 


(41) 


The  general  expression  of  for  the  slaved  CMG  mode  equals 


mmm wf 


9-1 A 


Tcmg-2h{  [A  * }t x+  [ B ’ ]^3  }-K$xH 


CMG 


where  [A*], 

<"’>>  “»  “CMG 

are 

sin«lxco.«Jx 

cosi, 

ly 

-sini,  sini, 
lz  3z 

[A’]- 

-sini,  sini, 
lx  3x 

sini,  cosi- 
ly 3y 

cosi, 

lz 

cosi, 

lx 

-sini,  sini. 
ly  3y 

sinilzcosi3^ 

cosi,  sini. 
lx  3x 

0 

cosilzcosi3z 

[B1]- 

cosi,  cosi, 
lx  3x 

cosi,  sini. 
ly  3y 

0 

0 

cosi,  cosi- 
ly 3y 

cos6.  sin6. 
lz  3z 

r 

1 r 

-t 

hcmg-h 


-cosi,  cosi- 
lx  3x 


cosi,  sini, 
lx  3x 


sin6 


lx 


+H 


}ln<5 


ly 


-cosi,  cosi- 
ly 3y 


cosi,  sini- 
ly  3y 


+H 


cosi,  sini- 
lz  3z 


slni 


lz 


-cosi,  COsi. 
lz  3z 


(42) 


(43) 


(44) 


(45) 


9.3  CMG  Control  Laws  and  Singularity  Avoidance  - The  attitude 
of  a CMG  stabilized  spacecraft  is  controlled  by  commanding  an 


appropriate  set  of  glmbal  rates  <5^^  and  ^(i)  that  re8ults  in  a 


control  torque  that  equals  or  approximates  the  command  torque 


^COM’  °f  ® CMC  system  to  generate  is  a function 


>f  the  CMG  glmbal  angles  6^^  and  $3(1)  ' ^ote  from  equation  7, 


H-WjXH 


(7) 
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the  torque  that  an  individual  CMC  can  generate  is  constrained  to 

-y 

lie  in  the  plane  perpendicular  to  its  wheel  momentum  H.  This 
plane  is  referred  to  as  the  CMG's  torque  plane.  If  all  of  the 
individual  CMC  torque  planes  coincide,  the  only  CMG  control  torque 

T that  can  be  generated  lias  in  this  single  common  plane.  The 
CMG 

CMG  system  is  incapable  of  three  axis  control  and  is  said  to  be 
singular. 


Figure  9.3  illustrates  the  two  types  of  singularity  that  a 
double  gimbal  CMG  system  can  exhibit.  Figure  9. 3. a shows  all  of 

the  momentum  vectors  pointed  in  the  same  direction.  This 

singularity  condition  corresponds  to  saturation  and  the  CMG  sys- 
tem must  be  desaturated  in  order  to  re-establish  three  axis  control. 
In  figure  9.3.b,  the  momentum  vectors  are  all  aligned,  but  with 

some  of  the  momentum  vectors  pointed  in  opposite  directions. 

This  singularity  condition  is  referred  to  as  the  anti-parallel 
condition  that  must  be  avoided  in  order  to  insure  three  axis  con- 
trol. With  three  or  more  DGCMGs , this  anti-parallel  condition  can 
always  be  avoided  without  degrading  system  performance  by  com- 

ft  • 

manding  appropriate  CMG  gimbal  rates  6^.q  and  ^3(1)’  ^or  three 

or  more  DGCMGs,  the  number  of  degrees-of-freedom,  the  number  of 
independent  CMG  gimbals,  exceeds  the  three  degrees-of-freedom 

needed  to  generate  T^.  The  remaining  degrees-of-freedom  can  be 

used  to  redistribute  the  CMG  gimbal  angles  in  such  a manner  as  to 
avoid  the  various  anti-parallel  conditions.  This  redistribution 
can  be  performed  without  exerting  any  additional  net  torque  on 
the  vehicle.  The  form  of  the  resultant  CMG  gimbal  rate  commands 
are  in  general: 


r(CL)  ?(SA) 

1(1)  l(i)  Vl(i) 


(46) 


s _;<CL)+„  ?(SA) 

°3(i)  "3(1)  SA  3(1) 


(47) 


and  £ (CL)  arg  the  lnner  and  outer  CMG  gimbal  rate  commands 
a ( i)  3(1)  , (SA)  • (SA) 

that  are  generated  by  the  CMG  control  law  logic,  anc*  ^3(i) 

are  the  gimbal  rate  commands  that  are  used  by  the  singularity 
avoidance  scheme  to  redistribute  the  CMG  gimbals.  The  resultant 
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—V 

H 


2 


H 


3 


ft 


A 


-> 

H 


5 


-► 


(a)  Saturation 


(b)  Anti-Parallel  Singularity 


Figure  9.3.  Singularity  Conditions  for  a Double  Global 
CMG  System 


torque  generated  by  the  gimbal  rate  commands 


and 


i(SA) 

63(1) 


is 


zero  therefore,  in  genera J any  singularity  avoidance  scheme  can 
be  used  with  any  CMC  control  law.  The  gain  K is  sized  so  that 

• • 

the  combined  CMC  gimbal  rate  commands  6^^  and  6^^  will  not  ex- 
ceed the  CMG  gimbal  rate  limits  due  to  <^(i)  arK*  ^3(1)* 


9.4  CMG  Control  Laws  - In  this  report,  the  following  four  CMG 
control  laws  are  derived: 


a.  Cross  Product  CMG  Control  Law 


b.  H- Vector  CMG  Control  Law 

c.  Decoupled  Scissored  Pair  CMG  Control  Law 

d.  Decoupled  Pseudo-Inverse  CMG  Control  Law 


Each  of  the  above  control  laws  are  derived  for  both  proposed  CMG 
operational  modes:  (1)  when  the  CMGs  are  operated  in  slaved  pairs 

and  (2)  when  the  CMGs  are  operated  as  six  individual  actuators. 


9.4.1  Cross  Product  CMG  Control  Law  - The  Cross  Product  CMG 
Control  Law  is  an  open-loop,  nonideal  control  law.  This  control 
law  is  developed  for  an  inertially  held  vehicle  and  is  then  modi- 
fied to  handle  the  case  of  a rotating  vehicle.  This  control  law 

is  nonideal  because  the  resultant  control  torque  in  general 

does  not  equal  the  torque  command  T^q^.  As  illustrated  in  figure 

9.4,  T„,,„  consists  of  two  components:  (1)  T , an  undesirable 

CMG  + cp 

component  perpendicular  to  and  (2)  T^^,  a component  along 

the  desired  torque  Figure  9.5  is  a block  diagram  of  the 

corresponding  vehicle  control  loop.  Note  that  because  the  CMG 

control  law  is  open-loop,  the  unwanted  torque  T^  gets  applied 

directly  to  the  vehicle  as  a disturbance  torque  and  thus  degrades 

system  performance.  T is  driven  towards  zero  by  the  action  of 

the  control  loop  being  closed  through  the  vehicle  dynamics.  The 

torque  component  acting  along  TCQM  doe9  not  in  general  equal 

L.u,  its  magnitude  19  a function  of  the  CMG  gimbal  angles.  The 
COM 
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open-loop  CMC  control  law  gain 


is  a function  of  the  CMC  global 


angles  and  therefore,  the  bandwidth  of  the  vehicle  control  loop  is 
also  a function  of  the  CMC  global  angles.  The  chief  advantage  of 
this  CMC  control  law  is  that  it  can  be  implemented  in  an  analog 
manner,  thus  not  requiring  a digital  computer. 

A DCCMG  with  a constant  wheel  speed  ((II)  “0)  can  generate 

r ♦ 

a torque  only  in  the  plane  perpendicular  to  its  wheel  momentum  H . 
The  Cross  Product  CMC  Control  Law  conmands  each  individual  CMG 

to  generate  a control  torque  T that  is  proportional  to  the 

component  of  the  command  torque  T____  perpendicular  to  H.  The  re- 

COM 

sultant  CMG  control  torque  T-_,_  equals  the  summation  of  the 

CMC 

- * n - 

individual  CMG  torque  T , (T  =E  T .).  To  understand  the 
n ci  CMG  ^ ci 

operation  of  the  Cross  Product  CMG  Control  Law,  the  CMG  gimbal 

rate  commands  C!  - are  compu  ed  for  the  i*"*1  CMG  and 

the  results  are  applied  to  the  specific  CMC  configuration  shown 
in  figure  9,1, 

Koj  the  iL*'  CMC,  the  torque  that  is  exerted  on  the  inner 
gimbal  equals 


Hji-Wli^  (48) 

where  go  is  the  rotational  rate  of  the  1 CMG  inner  gimbal. 

To  minimize  the  magnitude  of  go  , go  is  constrained  to  lie  in 

ti  + 

the  plape  perpendicular  to  H and  therefore^oo  is  also  perpendicu- 
lar  to  H as  illustrated  in  figure  9.6.  as  a function  of  the 

torque  command  can  be  written  as 
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"ll-VVcOMl^H 


(49) 


A 

AH  is  \uni4  vector  along  the  CMG  wheel  momentum  H in  inner  gimbal 

space  (Ijj*  ^.  )»  is  a control  law  gain  associated  with  the  i^ 

I H | 

CMC.  and  Tcom  equals  -T^  transformed  into  the  ith  CMC  inner 
gimbal  space.  I'qjmi  equals  the  negative  of  transformed  into 

inner  gimbal  space  because  it  is  the  reaction  torque  -H  that  gets 

tranef  crra/l  uj-t.  — . 1 f 


transferred  to  the  vehicle.  T, , equals 

COM! 


TC0Mi*  t4>JI^oU]o^bl4>]vibiTCOM 


(50) 


At  this  pc:nt,  the  Cross  Product  CMG  Control  Law  can  be  corrected 
for  any  rotational  motion  of  the  vehicle  by  replacing  T in 
equation  50  with  T^-uxH^ . is  the  total  CMG  system  mo- 

mentum imparted  to  the  vehicle.  Correcting  for  the  rotational 
motion  of  the  vehicle,  equals 

.-1 


TC0Mi"-[*Vo  W*  Cbi  (?C0M"“xffCMG) 
From  figure  9.6,  the  magnitude  of  « equals 

^ |H. 


(51) 


»-!i 


_Ii 

|H| 


(52) 


0) 


'll  bC  “rl“en  “ the  following  vector  cross  product 

“I  1 1 1 ' _ | ' 


(53) 
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Substituting  equation  49  into  53,  w becomes 


“a-  ±2  (ff*i<vKiWxy> 


1 r h “► 

—r  { H xK  T 
| ^ i COMi 


Since  I!  is  (0,11,0),  equals 


JIi  H (TC0Mizi-TC0Mixk) 


where  T-_w,  and  are  the  X and  Z components  of  T„WJ  » re- 

COMix  COMiz  r C0M1 

spectively.  Using  equation  14,  the  corresponding  inner  and  outer 
girabal  rate  commands  6^^  and  ^3^1)  neec*ed  t0  generate  ui^  are: 


. h T 

1 (i)  Iix  H COMiz 


^(CL)_  hiz Ki  sec6l  (i)  (57) 

3(i)  cos61^1)  H COMix 

and  are  the  X and  Z components  of  respectively. 

• • 

The  gimbal  rate  commands  *!&  ana  »»>  can  be  computed  for  both 

CMC  operational  modes,  the  slaved  mode  and  the  six  individual  CMG 
inodes,  by  solving  equations  51,  56,  and  57. 

Slaved  CMG  Mode  - Substitute  the  fallowing  slaved  CMG  gimbal 
angles  <5^  and  for  the  individual  CMG  gimbal  angles  6.  . . and 


3(i)  * 


kl6l(l)'>'k26l(2) 

kl+k2 


?,  ■ 6, 

1 ly 


k36l(3)‘<'k46l(4) 


k56i(5)*k66i(6) 

k5*k6 


T 


i»  i 


jff  ■ y** 
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*6 

kl63(l)+k263(2) 

°3x 

kl+k2 

<5 

m 

k3{3(3)+k4{3(4) 

3y 

k3+k4 

6 

k563(5)+k663(6) 

3z  , 

k +k 
5 6 

k>  J 

(59) 


The  gains  deacribe  the  status  of  the  CMG  system. 


V1 


(60) 


, th 


when  the  1 CMG  is  c ^rational  and 


k^O 


(61) 


th 


when  the  i CMG  is  Inoperative.  The  gains  k^  should  not  be  con- 
fused with  the  control  law  gains  K^.  By  initially  neglecting  the 
CMG  control  law  gains  K^,  equations  51,  56,  and  57  can  Ije  solved 
for  an  intermediate  set  of  gimbal  rate  commands  and 


Sf 

lx 

l\ 

ly 

a; 

lz 


1 r 4 i *1 1 £ ■> 

" HtA  1 ^COM"  “ x HCMG^ 


(62) 


where 


*Sr 

*5. 


H[S  -^B'1  ^COM"  « X H^) 


[S2)- 


2, 

sec  6 


lx 

0 sec*6 


ly 


lz 


(63) 


0 


0 


0 

2a 

sec  6 


(64) 


T * 


[A']  and  [ B * ] were  previously  defined  in  equations  43  and  44  re- 
spectively. is  defined  in  equation  45.  The  resultant  CMG 

gimbal  rate  commands  and  6^^)  equal 


.(1)  (CL) 


1(1) 

i<CL) 

1(3) 


1 (CL) 
3(1) 

i(1)iCL>  ; (CL) 
°3  " 63(3) 


1(2) 

i(2)ia)  *<C1) 

1 1(4) 


(2) (CL) 


i (CL) 
63(2) 

i (CL) 
3(4) 


-[k(2)]^ 


n>(1)]- 


k3K3  0 


0 k5K5, 


k2K2  0 


[k(2)]-  0 k4K4  0 


0 k6K6 
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Six  Individual  CMC  Mode  - Solving  equations  51,  56,  and  57, 
the  resultant  CMC  girabal  rate  commands  £(2)(CL)^ 

and  J<2>  (CW 

for  this  operational  mode  are: 


janco,  i[Ka>n*]T(icoM-3«ScMG) 

^a>  <CL)-  hs2<1>  ] [B]T(fC0M-i,SCHG) 


jO)  CCD.  AtK(2)  „s2<2> , I0]T(fC0H-<i<HCHR) 


2. 

sec  o. 


[S2<1>J, 


2A 

sec  6, 


2* 

sec  o , 


2* 

sec  6. 


[S2‘2>1, 


2, 

sec  6 , 


0 sec  6, 


fA],  [B],  (C] , and  [DJ  are  defined  in  equations  34,  35,  36,  and  37, 
respectively.  HCM(J  for  this  individual  CMC.  mode  is  defined  in  equa- 


tion 39. 


***** 
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Control  Law  Cain  selection  - Hie  control  law  gains  are 

determined  on  the  basis  of  system  stability  and  response  character- 
istics. One  method  of  selecting  Lhese  gains  is  to  choose  them 

so  that  for  the  zero  CMG  gimbal  condition  ^1(i)=(53(i)er°)  * tUe  resul- 
tant CMG  control  torque  T equals  the  command  torque  T^w.  For 

CMG  ^ ^ COM 

the  zero  gimbal  condition,  the  individual  CMG  torques  T are: 


crKl(IC0Hyj+TC0«2k) 

(77) 

:c2-K2<TCO«yi+TCOM2k) 

(78) 

c3“K3(TCOMxi+TCOHzk^ 

(79) 

e4-VTC0Mx‘+TC0Mzk) 

(80) 

(81) 

6*K6(TCOMx‘+TCOMyJ) 

(82) 

Note  that  T is  proportional  to  the  portion  of  T that  is 
C1  th  COM  ^ 

perpendicular  to  its  corresponding  i wheel  momentum  H. 

The  resultant  CMG  control  torque  T equals: 

CMG 

* 6 . 

CMG"i-LTci  (K3+K4+K5+K6)TCOMxi 

+(K1+K2+K5+K6)TCOMy;+(K1+K2+K3+K4)TCOM2i 

By  selecting 


(83) 


K^O.25 


(84) 


Depending  on  the  orientation 


The  control  torque  T^,  equals 

t IMj  cum  ^ 

of  the  CMGs , the  component  of  along  TCQM  can  exceed  the 

When  the  individual  CMG  momentum  vec- 

9 


desired  torque  command  T„M. 

COM 

tors  H are  perpendicular  to  the  desired  torque  T ^ is  a 

1 COM^  CMG 

maximum  and  equals  1.5  For  this  orientation,  T is  zero. 

CUM  Cp 


Another  method  of  selecting  the  control  law  gains  K is  to 

► A,  L 1 

note  that  the  torque  produced  by  the  i CMG,  equals 

Tci“ICi^TCOM~TCOM*1Hi^  (85) 

where  is  a unit  vector  in  vehicle  space  along  the  CMG 
wheel  momentum  H,  . 

- ffi 

1H1*1F  (86) 

The  total  CMG  control  torque  T equals 

CMG 

^CMG*i*lKi(^COM"TCOM*iHi)  <87) 

By  selecting 

K^O.167  (88) 

^CMG  e<^ua^s  ^cqM  a*1  un<^esited  torque 

6 

- I K T • i 

1-1  i COM  Hi  (89) 

It  should  be  noted  that  the  above  undeslred  torque  component  does 

not  correspond  to  the  previously  unwanted  torque  T . This  un- 

cp 

desired  torque  given  in  equation  89  in  general  will  have  a component 
that  is  in  the  opposite  direction  of  Toriu.  Only  when  the  indi- 

^ vUM 

vidual  CMG  momentum  vectors  H are  all  perpendicular  to  T will 
1 ■+  ->  * COM 

tcmg  and  tcmg  e<lual  tcom- 

9.4.2  H-Vector  CMG  Control  Law  - The  H-vector  CMG  Control 
Law  is  a modification  of  the  previously  defined  Cross  Product  CMG 
Control  Law.  Figure  9.7  is  a block  diagram  of  the  corresponding 
H-vector  vehicle  control  loop.  A feedback  path  is  added  from 
the  output  of  the  CMG  cluster  to  the  input  of  the  Cross  Product 
Control  Law.  This  feedback  path  compares  the  momentum  state  of 

the  CMGs  with  a desired  momentum  state  H 

COM 


HCqm  is  computed 


Figure  9.7.  H-Vector  CMG  Control  Law  Vehicle  Control  Loop 
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by  integrating  with  respect  to  time  the  torque  command  ?C0M  gene- 
rated by  the  vehicle  control  law.  A signal  AH  proportional  to 
the  difference  between  HCQM  and  is  fed  to  the  Cross  Product 

Control  Law  as  a torque  command.  The  u>xHCMG  term  shown  in  figure 

9.7  is  used  to  compensate  for  any  rotational  motion  of  the  vehicle. 

The  advantage  of  instrumenting  the  Cross  Product  Control  Law  in 
this  manner  is  that  by  selecting  an  appropriate  value  for  the  gain 
Kjj  shown  in  figure  9.7  the  response  of  the  inner  loop  can  be  made 

to  be  much  faster  than  that  of  the  outer  vehicle  control  loop.  This 
faster  inner  loop  tends  to  compensate  for  the  undesirable  cross  product 

torque  Tcp  before  it  can  adversely  affect  the  outer  vehicle  loop  thus, 

improving  vehicle  performance.  The  H-Vector  CMC  Control  Law  like  the 

Cross  Product  CMG  Control  Law  can  also  be  instrumented  in  an  analog 
fashion. 

The  CMG  momentum  HCM(,  is  the  angular  momentum  that  the  CMG 
system  transfers  to  the  vehicle.  is  computed  using  the  out- 

puts of  the  CMG  olmbal  resolver  trains.  H equals 

CMG 

HCMG*^=l^i  ^^\rHbi  I+o^”^  O0> 


where  k±  are  the  operational  status  gains  defined  in  equation  60 
and  61,  For  the  slaved  CMG  mode. 


-cos  6,  cos 

lx  3x 

sin  6, 

iy 

HCMC-k*H 

cos  6.  sin 

lx  3x 

+k  H 

y 

-cos  6,  cos  6„ 
ly  3y 

sin  6 

. lx 

cos  6.  sin  6- 
L ly  3yJ 

+k  H 
z 


cos  6.  sin  6_ 
lz  3z 


sin  6 


lz 


-cos  6,  cos 

lz  3z 


(91) 
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where 


kx~kl+k2 

Vk3+k4 

k2‘k5+k6 


(92) 


For  the  six  individual  CMG  mode, 


-cosS1(1)cos63(1) 

-cos<S1(2)cos.S3(2) 

HCMG“klH 

cos<S1(1)sin63(1) 

+k2» 

cos(r)1(2)sin63(2) 

sin5l(l) 

3ln6l(2) 

3in6l(3) 

sin6l(4) 

+k3H 

_COs61(3)COs63(3) 

+k.  H 
4 

-cos63^^cos63^j 

cos5i0)Sin63(3) 

cos<5l(4)sin<53(4) 

■ 1 
cos  6 ^ ^ ^ sin6^ 

Cos6l(6)sin63(6) 

+k$H 

sln{l<5) 

+k  H 
0 

sln6l(6) 

-C09«1(6)C0863(S) 

» * 

-cos61(6)cos63(6) 

m * 

(93) 


The  addition  of  this  H-vector  path  around  the  Cross  Product 
CMG  Control  Law  can  result  in  a low  gain  system  instability.  For 
the  following  analysis  assume  that  the  vehicle  is  being  held  in 

an  inertial  attitude;  the  wxH^  term  is  zero.  Figure  9.8  contains 

the  transfer  function  block  diagrams  of  the  vehicle  control  loops 

with  and  without  this  feedback  path.  The  gain  K represents 

c 

the  Cross  Product  CMG  Control ^Law;  this  gain  varies  as  a 
function  of  the  direction  of  T relative  to  the  orientations 

of  the  individual  CMG  wheel  momentum  vectors  . For  the  H-vector 

CMG  control  loop,  the  gain  is  included  in  Kc» 


A 


CROSS  PRODUCT 


VECTOR  CMG  CONTROL  LOOP  TRANSFER  FUNCTION  BLOCK  DIAGRAM 


T* 
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For  the  Cross  Product  CMC  control  loop,  figure  9. 8. a,  the  trans- 

fer  function  T____  equals 
LMG 


K K 


TCMG  = ~P(S+ 


K K 
c r , c p 
s + — — — s+  


K K 
c 

I 


(94) 


Tilt*  system’s  characteristic  equation  is 


0 K K K K 

s + -y-1  s+  — -2-  -0  (95) 


Using  Routh's  stability  criteria,  the  range  of  for  which 

the  system  is  stable  can  be  computed;  the  corresponding  Routh 
array  is 


s 


K K 
c r 

I 


1 

s 


K K 

S.  P 

I 


0 

s 


K K 
c r 

I 


Routh’s  criterion  states:  The  number  of  roots  of  the  character- 

istic equation  with  positive  real  parts  is  equal  to  the  number 
of  changes  of  sign  of  the  coefficients  in  the  first  column. ^ 

If  there  are  no  sign  changes  in  the  first  column,  there  are  no 
characteristic  roots  with  positive  real  parts  and  the  system  is 

stable.  Noting  that  the  vehicle  control  law  gains  K K and  the 

r p 

vehicle  inertia  I a.e  positive  quantities,  the  cross  product  CMG  con- 
trol system  is  stable  as  long  as  the  control  law  gain  is  also  posi- 
tive; all  of  the  coefficients  in  the  first  column  are  positive.  Be- 
cause it  is  physically  impossible  for  to  go  negative,  the  system 

will  not  go  unstable  due  to  a change  in  K^. 


J 


^D'Azzo  and  Moupis,  Feedback  Control  System  Analysis  and  Synthesis, 
second  edition,  McGraw-Hill,  1966,  p.  123. 


J 
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For  ^he  li-vector  CMC  control  loop,  figure  9 
TCMG 

function  equals 


K K K 

?CKC 


t O O K K K K 

TD  s3+K  s2+  s+  -p. 

c I I 


The  system's  characteristic  equation  is 


. 0 K K K K 

JtI/  c r , cp 

s +K  s + — - — s+  - r “0 
cl  I 


The  corresponding  Routh  array  is 


@S2 

©s1 

©30 


K K 
c r 


K K 
_iLJ? 


K K -K 
c r p 

I 


K K 

JL  P 


From  the  Routh  stability  conditions  (T)  and  ^3) 
gain  K roust  be  greater  than  zero  (K  >0)  . From 

© • c 


K K -K 

>0 


or 


K 

K > -E- 
c K 

r 


. 8 .b , the  transfer 


(96) 


(97) 


, the  control  law 
stability  condition 


(98) 
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From  section  7,  the  ratio  ^ equals  0.121  which  means  that 

r 

in  order  for  the  H-vector  CMC  control  loop  to  be  stable  K must 

c 

exceed  0,121.  Normally,  this  gain  will  be  considerably  larger 

than  the  above  limit.  K will  only  approach  this  value  when  the 
CMGs  approach  saturationor  approach  the  undeslred  anti-parallel 
condition.  Since  both  of  these  conditions  must  be  avoided  for 
all  double  girabal  CMG  systems,  this  low  gain  instability  of  the 
H-vector  CMG  control  loop  is  not  a very  important  trade  consider- 
ation. 

9.4.3  Decoupled  Scissored  Pair  CMG  Control  Law  - The  Decoupled 
Scissored  Pair  CMG  Control  Law  is  a digital  law  requiring  a digi- 
tal computer.  This  control  law  is  decoupled  meaning  that  the  re- 

sultant  CMC  control  torque  T equals  the  torque  command  T as- 

CMG  COM 

suming  that  the  actual  CMG  gimbal  rates  equal  the  glmbal  rate  com- 
mands and  ^3(i)‘  Figure  9.9  Is  the  corresponding  vehicle  control  loop 

block  diagram  showing  the  required  analog  to  digital  (A/D)  and 
digital  to  analog  (D/A)  digital  computer  interfaces. 

The  Decoupled  Scissored  Pair  CMG  Control  Law  groups  the  CMGs 
into  pairs;  each  CMG  is  paired  with  the  remaining  CMGs.  For 
example,  a three  CMG  system  (e.g.,  the  slaved  CMG  operational  mode) 
has  three  CMG  pairs  and  a six  CMG  system  (e.g.,  the  individual 
CMG  operational  mode)  has  fifteen  CMG  pair  combinations.  The 
control  law  commands  each  CMG  pair  to  generate  a portion  of  the 

torque  command  T based  on  the  pair's  remaining  momentum  storage 
capability. 

To  understand  how  the  Decoupled  Scissored  Pair  CMG  Control 
Law  operates  assume  that  CMG  1 and  2 form  a CMC  pair.  Figure  9.10 

is  a sketch  of  the  CMG  reaction  momentum  (-H)  vectors  and 

in  vehicle  space  corresponding  to  CMG  1 and  2,  respectively. 

^12  *s  t^ie  vector  8um  Hl  anc*  H 2 • A torque  PerPendicular 

to  can  be  produced  by  rotating  the  vector  sum  at  an  angular 

rate  <*),„  . 


ly.iuiii  WVIHI  i-ipr > 1 1 J- '•  iJijiUi *ui  iiMiiiiij^iipi^pjjiiifii 
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T12r“W12rxll12 


(99) 


' 1 2 r und  w|2r  ure  orthogonal  and  lle  ln  a plane  perpendicular  to 

COM 


w r 

H12*  T12r  3a  a function  of  the  torque  command  f equals 


12r 


H 


H 


12  -► 

“7  “VCOM 

12  1 


‘12 


(100) 


‘12' 


K12  Is  a fractional  gain  (K^d)  indicating  the  portion  of  f 

that  the  CMC  pair  is  to  generate.  K, 2 is  based  on  the  remaining 
momentum  storage  capability  of  the  CMC  pair  along  H^.  ^ equals 


12r 


12 


‘12  1 


X K12TC0M 


(101 


A 4. 

The  remaining  component  of  K along  is  generated  by  the 

scissoring  action  of  and  H2>  By  closing  the  scissored  pair,  tl 
magnitude  of  increases  producing  a torque  directed  along  H . 
By  spreading  the  scissored  pair,  the  magnitude  of  H decreases2 
creating  a torque  directed  in  the  opposite  direction  of  H The 
resultant  torque  generated  by  the  scissoring  action  is  denoted  by 
T12s * Usln«  figure  9.10,  the  magnitude  of  H is 


^12  ^"^1 1 cos  01  I I cos  a2 


(101 

The  angles  ^ and  c»2  are  defined  in  figure  9.10.  The  sum  of  the 
projection  of  and  H2  perpendicular  to  i8  zero. 


IhJ  sin  o^+jHj  sin  o2-0 


(103) 


r 
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Differentiating  equations  101  and  102  with  respect  to  time, 
-|ll1|a]  bin  ar|H2K  sin  <x2“ 1 11 12  ^ ^I2s  ^ 


|H  |ax  cos  a 1 H 2 1 oi 2 cos  a2-0 

• • 

Solving  equations  104  and  105  for  ot^  and  a^* 


where 

A=|H  I |H2| (cos  ax  sin  a2  -sin  cos  a2> 
-|H1||ff2|  sin  (a2-a1)-|ulxH2| 

The  rotational  rate  ^2)  and  c^2)  associated  with  a±  and 

* that  result  in  the  desired  scissoring  action  equal 
2 


-*•(  12)  • 

““i 

Is  1 


“i2,TCOH 


12  COM1 


(12)  • 

U2s 


2 


(H^xH^)  h12*TC0M 

IH1xH2 I ^H12*TC0M^ 


(104) 

(105) 

(106) 

(107) 

(108) 
(109) 


(110) 
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(H  xH  ) 

The  cross  product  term  — - defines  the  rotational 

|H  xH  | 


axis  of  to 


(12) 


Is 


and  a) 


*■(  12) 


II  and  li 


2‘ 


2s  perpendicy lar^to  the  plane  containing  both 
li 

The  dot  product  term  — — — 


^,12*1C0M^ 


indicate**  whether  the 


desired  scissor  torque  T^  is  directed  along  or  in  the  opposite 
direction.  Note  that  j^'T^I  equals 


(111) 


The  trigometric  functions  cos  and  cos  <*2  in  terms  of  H , H , and 
H12  ec*ua* 


cos 


ot. 


at 


(112) 


cos  c*2 


(113) 


Appropriately  combining  equation  106  thru  113, 

i ls 

equal 


and  ui 


(12) 

2s 


>(12)  _ K12  ( I H2 1 2+»l  >HV  ^ix«2)  (i?12  ^COM) 
ls  2 2 
Ih12|  |itlXit2| 


(114) 


tH 


*w 


'’IT 
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u 


(12) 


-Ki2(IhiI  +h1.h2)(h1xh2)(h12.tcom) 


2s 


i | 2 t + + i 2 

I H12 I I HixH2 I 


(115) 


12s  eqU3lS 


T -(i{12)xK  )+(S12>xli  ) 
12s  is  1 2s  2 


(116) 


r ■ r 

The  desired  control  torque  K T equals  the  sum  of  T‘  and 

12  CUM  12 t 


* 12s  * 


W T = t*  i ^ 

12  COM-' 12 r a12s 


■>  -+'(121  -►  ->  -►(121  -► 
'(“l2r"“is  >llHl+(“l2t+”2s  >*H2 


(117) 


• f | 

To  compute  the  CMG  gimbal  rate  commands  6^^,  j(l)  ' °1(2)>  an<* 

6 . needed  to  generate  K T , the  negative  of  the  following  CMG 
j(4)  12  CUM 

rates  are  transformed  from  vehicle  space  to  the  appropriate  CMG 
gimbal  space;  the  negative  sign  is  needed  because  it  is  the  re- 


action torque  that  is  transferred  to  the  vehicle. 


CMG  1: 

-*(12)  -*  -*(12)  -*• 
W.  +0)'  '-CD 

1 12r  Is 

(118) 

CMG  2: 

-*(12)  -*  -*(12)  -* 
"2  ■“l2r4"2s 

(119) 

The  vehicle  angular  rate  w is  subtracted  from  the  above  rates  be- 
+ +(12)  . +(12) 

cause  w^2r*  wls  * ana  W2s  are  colnPutec*  with  respect  to  an  inertial 
space.  Subtracting  co  from  and  is  equivalent  to  sub- 


tract ing  wxH^  from  the  torque  command  TCQM*  The  Inner  gimbal 
rotational  rates  and  u^2  needed  to  generate  ^ are: 


“ll“  'I*(l)1I-«'l*(l)1o*4»I*(l)1vH>Wl 


(120) 


1 


¥ 
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'12 


(2)  I-*-o  (2)  o«-b  (2)  VH)  2 


(121) 


Using  equation  14,  the  gimbal  rate  commands  ^3(1) » 


?(CL)  . ? (CL ) 

*1(2)  and  63(2)  are 


MCI.) 

61(J)"W11X 


t (CL)  

3(1)*  cos  6 


112 


1(1) 


jf(CL)  „ 
61(2)  I2X 


?(CL)_ 


(*) 


I2Z 


3(2)  cos  6 


(122) 

(123) 

(124) 

(125) 


1(2) 


10 


and  and  <"j2x  an<*  (J°I2Z  are  t*ie  * anc*  ^ components  of 

-* 

U)^  and  respectively. 

Using  the  above  derivation  of  the  Decoupled  Scissored  Pair  CMG 

Control  Law,  the  CMG  gimbal  rate  commands  <5^^  and  for 

both  operational  modes  are  formulated  in  the  following  paragraphs. 

Slaved  CMG  Mode  - For  this  mode  of  operation,  there  are 
effectively  only  three  CMGs . The  two  CMGs  mounted  along  each  vehicle 
axis  can  be  represented  by  a single  CMG  with  a momentum  equal  to  the 
sum  of  the  two  individual  CMG  mome n turns . The  effective  CMG  momentums 

■>  ■+  ■> 

H , H , and  H corresponding  to  the  three  vehicle  axes  are: 
x y z 

V'W  [*u>  U'*W  <126> 


V<k3+k4)ll(,)U[4(y)  ''I*  l*(„ 


(127) 


(128) 


T 
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The  transportations  ^o*-b*  and  1*3 I^-o  are  defined  using 

the  appropriate  CMG  gimbal  angles  <$lx>  6^,  &^9  6^,  6^*  and  6 ^ 
The  gains  k^  describe  the  operational  status  of  the  six  individual 


CMGs  as  defined  in  equations  60  and  61. 


For  the  slaved  CMG  mode,  three  CMG  scissored  pairs  exist: 
(X,Y) , (Y,Z),  and  (Z,X).  The  following  scissored  pair  parameters 
are  defined  to  simplify  the  computational  requirements  of  the  re- 


sultant CMC  gimbal  commands  ^(i)  aru*  ^3(1) 


Scissored  Pair  Sum: 


■+  -►  -► 
h «H  +H 
xy  x y 


H =H  +H 
yz  y 2 


H =H  -PH 

ZX  Z X 


Scissored  Pair  Dot  Products: 


H =H  *H 
xdy  x y 


H «H  *H 
ydz  y z 


H . -H  *H 
zdx  z x 


Scissored  Pair  Cross  Products: 


H =H  xH 
xcy  x y 


H =H  xH 
ycz  y z 


H ®H  xH 

ZCX  Z X 


(129) 


(130) 


(131) 


j 
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The  portion  of  the  torque  command  that  each  CMG  pair  is 

to  generate  is  determined  by  the  scissored  pair 

K , K , and  K . These  gains  are  based  on  each  pai  8 

JLntJ^  capability  along  its  momentum  sum.  To  illustrate,  figure 
9.11  is  a sketch  of  the  XT  CMG  pair  momentum  vectors  Hx»  Hy,  an  xy* 
Note  that  the  cross  product  HxxHy  is  proportional  to  the  area^of^the 
parallelogram  formed  by  Sx.  H , and  H^.  This  cross  product  HxxHy  is 
used  as  a measure  of  the  pair's  remaining  momentum  capability  along 


H . The  gain  K is  chosen  to  equal 
xy  xy 


1 xcy  1 
^ * I|HC|2 


(132) 


where 


lSxcyl  +IV«>  +,H«*1 


The  control  law  gains  K and  Kzx  similarly  equal 

|ft  I2 
K „ 1 y 
yz 


(133) 


(134) 


(135) 


The  sum  of  Kxy,  Kyz,  and  Kzx  equals  unity 

The  control  torque  T^  is  generated  by  applying  a rotational 
rate  Z to  each  of  the  individual  CMG  momentum  pairs  (Hxy,  »yz, 
and  a scissoring  rate  to  each  of  the  individual  CMG  momentum 
vectors  (Hx>  Hy,  Hz) . These  rates  Zg  and  wr  for  each  CMG  pair 
are  computed  using  equations  101,  114,  and  115. 


J 
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0) 


(ZX) 


K.  ( |H  | +H  )H  (H  *T  ) 
zx  z1  ;:dx  zcx  zx  COM 


xs 


H 


I - 


H 


zx  * 1 zcx 

The  resultant  individual  CMG  rate  commands  are: 


+ + + (XY)  + +(ZX)  + 

co , =oo  -Hi)  -Hi)  -hi)  -ti) 
(x)  xyr  xs  zxr  xs 


->  +(XY)  + +(YZ)  - 

oo , =0)  -Ho  *Hi)  +oo  -to 

(y ) xyr  ys  yzr  ya 


(144) 


(145) 

(146) 


->  ->  ->(YZ)  -*•  ZX  -*• 

(i)  . . +0)  +to  "HiJ 

(z)  yzr  zs  zxr  zx 


(147) 


w is  the  vehicle  rotational  rate.  Transforming  the  above  CMG  rates 
into  the  appropriate  CMG  inner  gimbal  space. 


-1 


WI(x)  l*(x)W*00  ^o-H^(x)  ^\r**bW(x) 


WI(y)  ^(y)  ^ I+-o^(y)  ^o+b  ^(y)  (y) 


-1  -*• 


,1'l(z)”_^(2)  ^ I<  o^(z)  ^b^(z)  ^o-Hj^Cz) 
Using  equation  14,  the  gimbal  rate  commands  6^^, 

6<a»,  5<a>.  5<CL\  and  6<CU  are : 

1 it  9 It r 9 I 2 W 


ly  ’ 3y 


3z 


i<CL>. 

lx 


‘W 


I(x)x 


* (CL)=  aiI(x)z 

3x  cos  <5. 

lx 


(148) 

(149) 

(150) 


(151) 


(152) 
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ly 

? (CL) 

% 

6,(CL) 


”a,i(y)x 

- “Ky)* 

cos  6^ 
“WI(z)x 


.153) 

(154) 

(155) 


?(CL)_  U)I(z)z 

3z  cos  6, 
lz 


(156) 


“l(x)x  and  “l(x>z’ 


“l(x)x  and  “l(y)x>  a"d  “l(z)x  and  “!(,), 


are  the  X and  Z components  of  w_ , v , uL , v 

l(x)’  I (y) 

tively.  The  individual  CMC  glmbal  rates  6 


;(CL>  " 
41C1) 

F* 

kl 

0 

0 

V<CL)" 

lx 

^CL) 

1(3) 

X 

0 

k2 

0 

?(CL) 

4iy 

6(CL) 
1(5)  _ 

0 

- 

0 

k5_ 

*(CL) 

_Slz 

, and  respec- 

1(1)  and  53( i)  equal: 


(157) 


’l(CL)  ' 
43(1> 

1 

*- 

h-» 

O 

O 

J 

Vcd] 

3x 

1(0.) 

43(3) 

- 

0 k3  0 

j<cl> 

3y 

/(CL) 

_ 3( 5)  _ 

1 

in 

* 

o 

o 

1 

HCL) 

3z 

L s. 

’/(CL)  * 
61(2) 

k2  0 0 

■j(ar 

lx 

/(CL) 

41(4) 

m 

O 

M 

© 

,(CL) 

ly 

/(CL) 

41<6) 
m m 

0 0 k, 

0 

/(cl) 

4 lz 

(158) 


(159) 


k2  0 0 


0 k.  0 
4 


c 


(160) 


[CJ  [<*  0 ‘.J  [*£'] 

Six  Individual  CMG  Mode  - The  six  individual  CMG  reaction 

->■ 

momentums  H^( i-1 , . . . , 6)  in  vehicle  coordiante  are: 
Hl=kll<t(l)1v^bf<>(l)1  o-Hj^U)1  I+o<-H) 


Vki[\i>WW  o^W 


(161) 


**6  k6l<I>(6)1v^bI't>(6)  1 o+i>t<I>(6)1  I+-o(_H) 


For  this  mode  of  operation,  there  are  15  scissored  CMG  pairs 
(i,j):  (1,2),  (1,3),  (1,4),  (1,5),  (1,6),  (2,3),  (2,4),  (2,5), 

(2,6),  (3,4),  (3,5),  (3,6),  (4,5),  (4,6),  and  (5,6).  The  resultant 
CMG  scissored  pair  sums,  dot  products,  and  cross  products  are: 


Scissored  Pair  Sums: 


»124142 


V^J 


(162) 


H56“VH6 
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Scissored  Pair  Dot  Products: 

“ld2"Vff2 


(163) 


H5d6-H5'H6 


Scissored  Pair  Cross  Products: 


Hlc2=HlxH2 


(164) 


H,  ,*HxH 
5c6  5 6 


The  scissored  pair  control  gains  equal 


I* 


Lc2 1 


12  IHJ2 


H 


icjJ 


1J  Iff  I2 


(165) 


H 


5c6 1 


56  |SCI2 
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where 


h r=iH,  „l2+. 


► ,2 

— i ^ 

C ' lc2 


•...+|HlcJ|  +.--|H5c6I  (166) 

> 

For  each  scissored  pair  (i,J),  one  rotation  rate  and  two  scis- 
soring rates  u>s  are  computed.  For  scissored  pair  (i,j)»  the  ro- 
tational rate  <!>t  and  scissoring  rates  and  are 


w 


ijr 


An. 


H 


X K ij1 COM 


ij 


(167) 


sw.Mi 

is 


2 


+Hid1)Hic1 (Hi1>TCQM) 


H 


ij 


H 


icj 


(168) 


-►(ij)  ^I^HdAc/VW 

ti)  . O O 


js 


|H1J|2|iIlcJ|2 


(169) 


To  compute  the  resultant  individual  CMC  rate  commands 

► 

(i=lf.  , .6),  all  of  the  above  rotational  rate  u)^r  and  scissoring 

rates  ^ , with  subscripts  that  correspond  to  the  i CMG  are  summed 


is 

-> 

with  -w,  the  rotational  rate  of  the  vehicle.  As  an  example,  which 

corresponds  to  CMG  1 equals 

► ->  ->  ->  -►  -*■  -*(12) 

u3l’su>12r+u)13r+W14r+U)15r+U)16r+U)ls 


^>(13)  -*(14)  >(15)  -(16) 
+U),  -HjJ.  -Hi).  -Hi)  -u) 
Is  Is  Is  Is 


(170) 


Similarly  the  five  remaining  CMGs  have  similar  CMG  rate  commands 
u)^.  The  negative  of  these  rates  -<i>^  are  then  transformed  into  the 
appropriate  CMG  inner  girabal  space  as  follows: 


-1 


wir“l*(i)W*(l)  ]oW) 1 v4'bU>i 


(171) 
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The  corresponding  CMG  gimbal  rate  commands 


and 


? (CL) 
63(i) 


equal : 


s (CL) 

^KO^Iix 


(172) 


.--4^ (173) 

3(1)  COM  Aj(j) 

► 

w and  uj  are  the  X and  7.  components  of  u)  . 
lix  liz  11 

Note  that  Increasing  the  number  of  independent  CMGs  increases 
the  nunber  of  CMG  scissored  pairs  and  thus  significantly  increases 
the  computational  requirements  associated  with  this  decoupled, 
digital  CMG  control  law. 

9 4 A Decoupled  Pseudo-Inverse  CMG  Control  Law  - The  Pseudo- 
Inverse  CMG  Control  Law  is  an  optimal,  digital,  decoupled  CMG  control 

law.  The  CMG  gimbal  rate  commands  and  6^^  are  computed  by 

optimizing  a performance  index  P with  the  constraint  that  the  CMG 
control  torque  equals  the  command  torque  T^.  The  optimiza- 

tion method  used  is  the  Lagrange  multiplier  technique.  The  selected 
performance  index  P minimizes  the  sum  of  the  squares  of  the  gimbal 

rate  commands  l^i)  an<^  *^3(i)  ‘ P e9ua^8 


.(CL)  $(CL ) _l 
p (6l(i)’  3(i);  2 


6 

I 

1=1 


(CL) 

3(1) 


(174) 


The  constraint  equation  associated  with  the  performance  index  P 
is 


com" 


0 


(175) 


Figure  9.12  is  a block  diagram  of  the  corresponding  vehicle 
control  loop. 
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Slaved  CMG  Mode  - The  performance  Index  P with  provisions 
for  CMG  failures  equals 


P-  2^l^k(l)1  VV^l)1  ^3* 


(176) 


C 


(177) 


(k1+k2) 


[k(l>2]. 


(k3+k  4r 


(178) 


(179) 


|_  0 0 <k5+k6>  J 

The  corresponding  constraint  placed  on  the  performance  index  P is 

• • 

H{  (k(1)  ] [A-  i Vtk(l) ) I"'  ^a’^CMG^COM’-0  (180) 


[A']  and  ( B * ] are  defined  in  equation  43  and  44.  respectively, 
[k^j]  equals 

I"  (kx+k2)  0 0 1 


^d)1' 


(kyHc^) 


(k5+k6) 
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The  Lagrange  adjoin  equation  formed  from  equations  176  and  180 
c uais 

-*TfH([kU)J(*']j1+tk(1)][B']i3) 

-HljxH  -T  } 

CMG  COM' 

wlii*r»>  A 1 h tht*  Lagrange  multiplier 

A 

I 

X1 


A., 


To  minimize  L,  the  partial  derivatives  ^7  , ^7  , and  — 
set  equal  to  zero.  ^ j ^ dA 


are 


(182) 


(183) 


dL 


dt 


7-  -U^1)]"1?1-H(tk(1)][A']) 


(1) 


A*0 


(184) 


dL 


~ “U^1)]”1lrH([k(1)][B’])TA-0 


* i 


d? 


(185) 


dL 


dX  “H(  [k(l)  1 !*’) Vtk(i)  1 [B ' > V^*acMC+W° 

Solving  equations  184  and  185  for  ^ and  $3, 


Substituting  equations  187  and  188  into  186 


(186) 


•(l)H[ka)][A’])TA 

(187) 

(1)  ^ ^^(1)  ^ 

(188) 

H tC)X.T00M-UxHCMC 


(189) 
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where 


tG]-[k(1)][A,]tk21)] ([k(1)][A'])T 

+ [k(1)][B'nk2i)]([k(i)](B'])T 


From  equation  189  , 


X"  h2  ^COM'^CMG^ 


Substituting  equal  ion#191  In^o  equations  187  and  188,  the  CMC 
^imbal  rate  command  a <£  and  equal 


and  equal 

T -1  -*■  -*•  -> 

]([k(i)][A’])  [G]  ^COM^^CMG^ 

(192) 

]([k(i)HB'])  [G]  ^cOM  tliX^CMG^ 

(193) 

The  individual  CMG  gimbal  rate  commands  6^^  and  equal 


'lk(2))^i 


”[k(2) J^3 


w 


W"fE«y  yf1'1  <>w' 
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(CL) 

► 

*1(2) 

(CL) 

5 

1(4) 

(CL) 

^1(6) 


lk(3)^l 


(196) 


(CL) 

*3(2) 

(CL) 

S(4) 

(CL) 

^ 3 (6) 


*k(3)  ^3 


(197) 


where 


fk(2)J" 


0 

k. 


0 

0 

k. 


(198) 


tk(3)). 


0 

k. 


6 J 


(199) 


> \ 


T 
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Six  Individual  CMC  Mode  - The  performance  index  P equals 


P« 


^2>Ttk(3)1'1^2)^32>I|kO)l'^32,) 


where 


(CL) 

^l(l) 

(CL) 

*1(3) 

(CL) 

*1(5) 


(200) 


(201) 


(CL) 

*3(1) 

(CL) 

*3(3) 

(CL) 


(CL) 

*1(2) 

(CL) 

*1(4) 

(CL) 

^1(6) 


(202) 


(203) 


J 


(208) 


dL  dL  dL  dL 

To  minimize  L,  the  partial  derivatives  — , . * *7“’  • „ * 


and  are  set  equal  to  zero. 


dJj1'  d^u  d*‘2)  d ?«> 


dL 


d?'1' 


dL 


dZ'1’ 


dL 

dj<2) 


d*<2> 


- tk(2)]'1^1)-H([k(2)][A])TX.O 

(209) 

= tk(2)]"1^1)-H([k(2)][B])TX-0 

(210) 

- [k(3)r1ij2)-H(lk(3)][C])TX-0 

(211) 

■«  lk^3)]'1ij2)-Hak(3)][D])TX-0 

(212) 

-H{  [k(2)  ] [A]i{1)+[k(2)  ] [B]i^1)+tk(3) 

][C]ij2) 

+ [k^3)  ] ID]^2)  ^x^cMG+^C0m’° 

(213) 

• • • 

)9  thru  212  for  ^ * an<* 

*<2). 

^1)“Hlk(2)1(tk(2)llAl)Tx 

(214) 

^31>"Hlk(2)K[k(2)llBl)Tx 

(215) 

^2)-E[k23)]([k(3)][C])TX 

(216) 

^2)-H[k23)](tk(3)’]lO])TX 

(217) 

Substituting  equation*?  213  thru  216  into  212. 
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H IC]X. 


'tcom"wxHcmg 


where 


(218) 


IOI*Ik(2)][An^2)]«k(2)][A])T 

+[k(2)nBl[k(2)]([k(2)][B])T 

+tk(3) J fc] tk^3) J ( [k(3) J rc  )>T 
+tk(3)l(D][kJ3)]((k(3)][D))T 

From  equation  218, 


A- 


Substituting  equation  220  Into  equations  214  thru  217, 
i;w,  i\i).  j;2)  , and  j(2) 

equal 


] ( [k(2)  > IA1  )T  fCr^C0M-^CMG) 

^3  *G*  ^TC0M_tiUtHCMG^ 

^1  )"Hlk(3)^[k(3)^C^  ^COJf^CMG* 
?32)^tk<3))nk(3)HD])TtG1-lTcaM-«uxKCMC) 


(219) 

(220) 

(221) 

(222) 

(223) 

(224) 


9.5  CMG  Singularity  Avoidance  Laws  - The  following  three 
candidate  CMC  singularity  avoidance  laws  are  presented  in  this 
report : 


a.  Arbitrary  Torquing  of  CMCs  Away  From  Singularity 

b.  isogonal  CMG  Distribution  Law 

c.  Optimal  CMG  Distribution  Law 

Each  singularity  avoidance  scheme  distributes  the  CMG  momentum 

vectors  H so  as  to  avoid  the  anti-parallel  singularity  condition. 
1 -*■ 

The  momentum  vectors  are  distributed  in  such  a manner  that  no 

net  torque  is  applied  to  the  vehicle  due  to  these  singularity 
avoidance  schemes. 
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9.5.1  Arbitrary  Torquing  of  CMOs  Away  From  Singularity  - 
This  singularity  avoidance  scheme  remains  inoperative  until  two 
CMCs  are  detected  approaching  an  anti-parallel  condition.  Before 
this  ant l -parallel  condition  occurs,  a threshold  detector  is 

triggered  causing  the  two  CMC  momentum  vectors  to  be  scissored 

towards  one  another  thus  avoiding  a potential  CMC  pair  anti-parallel 
condition.  A CMC  pair  anti-parallel  condition  occurs  when  the 

momentum  vectors  of  any  two  CMGs  are  pointed  in  opposite 

directions.  The  above  scissoring  action  of  the  two  momentum 

vectors  is  continued  until  their  relative  orientations  are 

deemed  close  enough  not  to  represent  a potentially  dangerous  CMG 
pair  anti-parallel  condition.  The  torque  resulting  from  this 

scissoring  action  is  absorbed  by  the  total  CMC  system  by  modifying 

— ► 

the  torque  command  T . 

CUM 

It  should  be  noted  that  because  two  CMGs  are  anti-parallel, 
it  does  not  necessarily  follow  that  the  total  CMC  system  is 
singular.  But  if  the  total  CMG  system  is  both  singular  and  anti- 
parallel, it  does  follow  that  at  least  one  CMC  pair  is  anti- 
parallel. By  preventing  all  possible  CMG  pairs  from  becoming 
anti-parallel,  the  anti-parallel  singularity  condition  associated 
with  the  total  CMG  system  is  also  avoided.  The  proposed  singularity 
avoidance  scheme  described  in  this  section  uses  this  technique  to 
prevent  the  total  CMG  system  from  becoming  singular. 

To  illustrate  how  this  technique  operates  assume  that  CMGs 
1 and  2 are  approaching  an  anti-parallel  condition  as  shown  in 

A A 

figure  9.13.  2^  end  2^  are  unit  vectors  along  and  re~ 

spectively.  Let  CMG  1 be  denoted  as  the  "test"  CMG.  The  "test" 

CMG  checks  the  remaining  CMGs  to  see  if  any  of  them  are  approaching 
an  anti-parallel  condition  with  the  "test"  CMG.  The  designation 
of  "test"  CMC  sequences  through  the  complete  set  of  CMGs  so  that 
every  CMG  in  a prescribed  order  receives  the  designation  of  "test" 
CMG. 


If  the  projection  of  2^  onto  2H1  is  less  than  the  preset 
threshold  limit  cos  y . the  CMG  pair  1,  2 is  said  to  be  approaching 
an  anti-parallel  condition. 


W'08  Yo 


(225) 
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Once  the  threshold  detector  is  triggered,  in  rotated  towards 
II I ut  the  following  rate  . 


tC  12) 


w:  -w 


SA  T 


A.  A* 


*U2XSll 


:(i2) 


^ ^ 1 

0 * 
H2  HI 


(226) 


is  a scalar  constant,  u)^  Is  converted  Into  the  appropriate 
gimbal  rate  commands  and  ^3(2)*  Jhe  aPProPriate  inner  gimbal 

-►(12) 

rate  command  equals 


m^2)  1 [#  1 [$  ]'■*■  ^<12> 

l*(2)JI-t>1  (2)Jo-bl  (2)Jv-b  2 


12 


(227) 


Using  equation  14,  the  gimbal  rate  commands 


'3(2) 


are 


I (12)  (12) 

°1(2)  I2x 


(12) 


U) 


(12) 

I2z 


3(2)  cos  <5^^ 


(228) 

(229) 


n (12^  -►  ( 1 ° ) 

and  u't  ' are  the  X and  Z components  of  w"  , respectively. 
I2x  I2z 

•(12)  *(12) 

The  torque  exerted  on  the  vehicle  due  to  6j^)  and  ^3(2)  *s 


-(12)  -(12)- 

TSA  ^2  XH2 


(230) 


To  compensate  for  Tgj^ , the  CMC  torque  command  TC0M  Is  modified 


-(12)  — 

by  subtracting  Tg  for  Tqq^* 


— . — —(12) 

T *«T  -Tv  ' 

COM  COM  SA 


(231) 


• (12)  • (12) 

The  CMC  gimbal  rate  command*  6.,,.,  ^0v,  and  the  resultant 


1(2)'  3(2) 

ed  to  the  s’ 

(1,  2)  are  checked  again.  If  this  second  time  CMC  pair  (1,  2)  passes 


modification  of  T--^  are  applied  to  the  system  until  CMC  pair 
COM 


the  threshold  test,  the  gimbal  rate  commands  ^3(2)’  and  the 

CMC  torque  command  modification  are  zeroed;  if  the  pair  doea 

SA,  . ? (12)  J (12)  . 2(12) 

not  pass  the  threshold  test,  new  values  of  ^^2)*  ^3(2) f ancl  * SA 

are  computed.  Figure  9.14  is  a block  diagram  of  this  singularity 

avoidance  system. 

Slaved  CMC  Mode  - For  this  slaved  CMG  mode,  the  unit  vectors 
^HX*  *HY’  a'ld  *11Z  ate 


HX 


-cos  6,  cos  6, 
lx  3x 

cos  6,  sin  6 

lx  3x 


sin  6 


lx 


(232) 


-cos  6 
cos  6 


iy 

iy 


sin  6 
cos  6 
sin  5 


iy 

3y 

3y 


(233) 


HZ 


cos  6.  sin  6., 
lz  3z 


jin  6 


lz 


-cos  6,  cos  6~ 

1 z 3z 


The  slaved  CMG  momentum  vectors  H , n , and  H equal 

x y z 


H =k  Ht 
x x Hx 


H -k 

y y Hy 


H -k  HJL 
z z Hz 


(234) 


(235) 

(236) 

(237) 


Figure  9.15  is  the  corresponding  signal  flow  logic  diagram 
associated  with  this  proposed  singularity  avoidance  scheme  and  CMC 
mode  of  operation.  The  subscripts  1 and  J used  in  this  signal  flow 
logic  diagram  correspond  to  the  "test"  CMG  and  the  CMG  being  tested, 
respectively.  Let  the  subscripts  t and  J take  on  the  following 
sign  If lcance: 


Figure  9.15.  Signal  Flow  Logic  Diagraa  for  Arbitrary  Torquing  of  CMGs  Away  From 
Singularity  (Slaved  CMG  Mode  of  Operation)  (Sheet  1 of  2) 


Modification  of  CMG  Torque  Corncand 


Signal  Flow  Logic  Diagram  for  Arbitrary  Torquing  of  CMGs  Away  From 
Singularity  (Slaved  CMG  Mode  of  Operation)  (Sheet  2 of  2) 
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i*l,  i corresponds  to  x 

J*l,  J corresponds  to  x 

i»2,  i corresponds  to  y 

J*2,  J corresponds  to  y 

1*3,  i corresponds  to  z 

1*3,  1 corresponds  to  z 

For  example  if  i equals  1 and  j equals  2,  the  CMG  gimbal  angles 
^li  * <53i.  and  63j  correspond  to  6,^,  6^,  6ly,  and  6^, 

respectively. 

^ ^ 

Six  Individual  CMG  Mode  - The  unit  vectors  ^H3* 

A,  A A 

W ^H5 * and  lH6  equal 


-cos 


cos 


-cos 


cos 


61(1) 

cos 

63(1) 

6l(l) 

sin 

63(1) 

sin 

61(1). 

61(2) 

cos 

63(2) 

61(2) 

sin 

63(2) 

sin 

61(2). 

sin 

61(2) 

61(3) 

cos 

63(3) 

61(3) 

sin 

63(3). 

(238) 


(239) 


(240) 
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A 

>ln  61(4) 

*H4" 

-co.  6i<4)  coo  «3(4) 

(241) 

1 

_ “•  *1(4)  »ln  *3(4)J 

cos  61(5)  sin  «3(„' 

$L  m 

H5 

sin  «l(J) 

(242) 

-cos  6l(5)  cos  «3(h 

cos  «l(6)  sin  «3(6, 

Jl  * 

H6 

sln  61(6) 

(243) 

-cos  61(6)  cos  «3((j) 

U 

The  individual  CMG  momentum  vectors  (i“l, 

. . .,6)  are 

(244) 

Vk2HkH2 

(245) 

H3*k3H£H3 

(246) 

R4-k4HjH4 

(247) 

B5"k5HtH5 

(248) 

B6"k6HtH6 

(249) 

F?r  t^i®  CMC  mode  of  operation,  figure  9.16  is  the  corresponding 
scheme  l08iC  dlagra“  a8sociated  with  chis  singularity  avoidance 


PJITTaLTZATTO*: 


Torqulog  of  CKGs  Away  From  Singularity  (Six 


Modification  o 
Torque  Command 
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9.5.2  Iaogonal  CMC  Distribution  Law  - This  singularity 
avoidance  scheme  distributes  the  individual  CMG  momentum  vectors 

Ht  such  that  each  CMG  contributes  an  equal  portion  to  the  total 
CMG  momentum  vector  As  shown  fn  figure  9.17  the  individual 

momentum  vectors  form  a cone  about  H^.  Because  each  CMG 
momentum  vector  Hi  has  a component  that  is  along  HCMG>  the  anti- 
parallel singularity  condition  is  prevented. 

Like  the  decoupled  scissored  pair  CMG  control  law,  the  CMGs 
are  grouped  into  pairs.  Let  figure  9.18  represent  CMG  pair  (1,2). 

jj  and  &H2  are  unit  vectors  along  ^ and  H.,,  respectively.  The 

CMG  momentum  vectors  H..  and  11-  are  distributed  by  rotating  the 

CMG  pair  about  its  vector  sum  2 at  a rate  oj12»  Because  w12 

and  H are  parallel,  no  net  torque  is  exerted  on  the  vehicle. 


(250) 

or 

A ^ A 

(251) 

“l2X^Hl  and 

A 

<1>12X^H2  arS  norma^ze<^  torque  commands 

associated 

with  CMGs  1 

and  2,  respectively.  Let 

* 

,lHl’"l2XtHl 

(252) 

®’H2*W12xX'H2 

(253) 

A A 

where  and  are 

vectors  and  ^2* 

as 


rate  of  change  of  the  normalized  momentum 
Since  u>12  lies  along  H12,  ^12  can  be  written 


“l2"ei2**’Hl+AH2) 


(254) 


where  e^2  is  a scalar  error  function  corresponding  to  CMG  pair 
(1,2).  is  proportional  to  the  difference  between  the  pro- 
jeccions  of  HH1  and  AH2  onto  the  normalized  total  CMG  momentum 
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-► 

A A H 

PUP 

vector  4 (Z  *>  ).  e equals 

T T l%ol  12 

ei2“kc(AHl*AT~*H2*V 

(255) 

Substituting  equations  254  a^d  255  into  252  and  ?53  , the  normalized 

• • 

A ^ 

CMG  torque  commands  and  Jt^  equal 

^Hl”kc^Hl*^T_^H2*^T^  (iH2X£Hl' 

• 

(256) 

AH2“kc ^H1  *1?'T_llH2  (S'H1X2,H2) 

(257) 

These  normalized  torque  commands  can  be  converted  Into 
ate  CMG  gimbal  commands  ^3(1)*  ^1(2)*  an<*  ^3(2) 

the  appropri- 
by  recognizing 

• 

JHl^12>xiHl 

(258) 

JH2-212>xJH2 
-►(12)  “►(12) 

From  equations  256  and  257,  and  U)^  equal 

(259) 

(260) 

“2l2)-kc<iHl-VkH2,ViH2 

(261) 

-*•(12)  >(12) 

Transforming  oi^  and  U)~  into  the  appropriate  Inner  gimbal 

. >(  12)  . >(12) 
rate  commands  and  > 

(262) 

“i22)--'*(2)ll^l*(2)UI*<2))'vi*,:212) 

(263) 

From  equation  14,  the  singularity  avoidance  global  rate  commands 


t (SA)  t <SA)  ;(SA)  . *(SA) 

61(1)’  63(1)’  61(2)*  and  63(2) 


are: 


?(SA) 

0 ^ / i \ 


(12) 

w<12> 

I1Z 


3(1)  cos  6 


1(1) 


(264) 


(265) 


s (3A) 


(12) 

I2X 


b) 


(12) 

I2Z 


cos  6 


1(2) 


(266) 


(267) 


(12)  . (12)  . (12)  . (12)  fc.  v , , 

^IIX  an<*  ^IIZ  an<*  WI2X  an<*  ^122  are  t*'e  * an<*  ^ components 

, >(12)  . •+(  12) 

of  and  u)^  i 


respectively . 


Figure  9.19  is  a functional  block  diagram  showing  the  relation- 
ship between  the  isogonal  CMG  distribution  law  and  CMS  control  law. 

Slaved  CMG  Mode  - For  the  slaved  CMG  mode,  there  are  three 

* A.  /S 

CMG  pairs:  (X,Y) , (Y,Z),  and  (X,Z) . The  unit  vectors  Jt 

A ' 

and  JL,_  along  the  slaved  CMG  momentum  vectors  H , 

HZ,  x 


HX‘  HY’ 

—r  -+■ 

H , and  H are: 


H ** 
HX 


l * 
HY 


“COS 

6 lx 

cos  6- 
3x 

cos 

6lx 

sin 

3x 

sin  6 

lx 

sin  6, 

iy 

-cos 

6iy 

cos  6. 

3y 

cos 

6iy 

sin  6_ 
3y 

(268) 


(269) 
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HZ 


cos  6.  sin  6n 
lz  3 z 


iin  6 


iz 


-cos  6 cos  6 

lz  3z 


(270) 


For  CMC  pair  (X>Y) , the  normalized  CMC  torque  commands 

• • 

;<xy)  . :(xy>  . 

lHX  and  £ay  equal 


(XY)^  xk  Z 
HX  XY  x HX 

(271) 

(XY)-^  xk  Z 
HX  XY  y HY 

(272) 

k and  k are  the  slaved  CMG  operational  status  gains  previously 

x y -► 

defined.  equal 


UXY_CXY 1 kxfcHX+ky ^HY 1 


(273) 


where 


g **k  [4  *4.  -4  *4  1 

XY  cl  HX  T HY  TJ  . 


(274) 


Substituting  equation  273  into  271  and  272  , Z„?^  and  Z„??^  equal 

HX  HY 


A A 


j^(XY)  kk(Jl  xi.  ) 
nX  CXY  y xUHY "W 


A A 


j(XY)  . k (a  xp  \ 
HY  XYxy VHXHY; 


(275) 

(276) 


(YZ) 


For  CMG  pair  (Y,Z),  the  normalized  CMG  torque  commands  and 


l£Z)  equal 


A A 


^(YZ)  k k (i  xZ  ) 
HY  YZ  y z^  HZ  HY 


(277) 


A A 


^(YZ)  k k (Z  xZ  ) 
*TiZ  YZyzUHY  ^HZ* 


(278) 
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where 


A A A a 


£ YZ-kc 1 *HY ’ V AHZ * V 

(279) 

For  CMC  pair  (Z.X),  £<*X)  and  £<*X)  equal 

• 

(280) 

^(ZX)  * * 

Six  ,’tZXkzkx<£HZX*'HX) 

(281) 

where 

eZx“kc  ^HZ  * ^T"  SlX  * ^ 

(282) 

A A A 

The  combined  normalized  torque  commands  JL^  , £ and  £ associated 
with  each  slaved  CMC  pair  equals  MX  HY  HZ 


ff  J(XY)+o(ZX) 
HX  HX  ^HX 


-^(sA)xi 

X HX 


o .,,(XY)  "(YZ) 
HY  HY  HY 


"‘■(sa)  : 

-^Y  x£ 


HY 


• • 

A A 


£ J(YZ)  "(ZX) 
HZ  HZ  XHZ 


-t<8A).£ 


HZ 


(283) 


(284) 


(285) 


9-H1 

4 

] 

where 

I 

1 

1 

1 

1 

wXSA)"kx(kyeXY*HY+kz£ZX*HZ) 

(286)  \ 

1 

WYSA)  “ky(kxeXYllHX+kzeYZfcHZ) 

00 

CSI 

u,ZSA)“k*(kyeYZllUY+kxCZX£HX) 

00 

00 

CM 

v-/ 

The  CMS  rates  o^SA) , w*SA) , and  w<SA)  are  transformed  into 

■>(SA)'*'(SA)  j -*(SA) 

following  inner  gimbal  rate  commands  wIX,  wiy,  and  u»iz  . 

the  | 

f 

l 

\ 

! 

4 

i 

(289)  t 

1 

■1; 

““A)“lt(y)lI*o14(y)1oH,[1(y)!^SA> 

(290) 

“iz*  >‘" 1 *(  z) 1 1-0 1 4’ ( 2)  1 Ot 1 * ( 2)  1 V»b“z 

(291) 

Using  equation  14,  the  above  rates  are  converted  into  the  approp- 
riate slaved  CMC  gimbal  rate  commands: 


J(SA)_W(£5A)  (292) 

lx  IXX 

W(SA) 

$(SA)=  IXZ  (293) 

3x  cos  6 


!(SA)_w(SA)  (294) 

0 ly  IYX 

W<SA) 

t(SA)  IYZ  (295) 

°3>  " cos 


.CSA)-W(SA) 
lz  IZX 


(296) 
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! (SA) 
'3z 


u 


(SA) 

IZZ 


cos  S 

1 2 


(297) 


WIXX^  ’ ^IXZ^  * 00 1 YX^  ’ • • • • ett*»  iirt'  the  X and  Z components  of 

and  , respectively.  The  individual  CMC  gimbal 

_ I (SA)  . $(SA) 
rate  and  are: 


'j(SA)' 

r 

61(1) 

6(SA) 

1(3) 

6(SA) 

1(5) 

- 

k,  0 


0 

0 0 


k3  0 


•1 

'f(SA)' 
^ lx 

,(SA) 

iy 

J 

(298) 


’i(sa)" 

0 , / , V 

p 

3(1) 

f (SA) 

3(3) 

6(SA) 

3(5) 

M — 

L 

k 0 0 


0 k3  0 


0 0k 


‘?(SA)' 

°3x 

6<SA) 

3y 

J 

? (SA) 
3z 

(299) 


"5 (SA)" 

1- 

t(2) 

? (SA) 
61(4) 

- 

fi(SA) 

_1(6) 

L 

"? (SA)" 
^3(2) 

r 

? ( S A ) 

63(4) 

?(SA) 

3(6) 

L 

k2  0 0 


0 k.  0 
4 


0 0 k, 


k2  0 0 


0 k,  0 
4 


0 0 k, 


-1 

'f  (SA)' 

°lx 

5<SA) 

iy 

J 

•n 

KSA) 

3y 

m 

J (SA) 
63z 

(300) 


(301) 


Six  Individual  CMC  Mode  - For  this  mode  of  operation,  there 
are  15  CMC  pairs:  (1,2),  (1,3),  (1,4),  (1,5),  (1,6),  (2,3),  (2,4), 

(2,5),  (2,6),  (3,4),  (3,5),  (3,6),  (4,5),  (4,6),  and  (5,6).  The  unit 

A A A A A A 

vectors  iH1.  HH2.  *H3>  tH4,  tH5,  and  are: 
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K, 


II] 


l 


H2 


A 


i 


H4 


ss 


-COB 

61(1) 

cos 

63<1) 

i OH 

*1(1) 

si  11 

*3(1) 

002) 

- 

sin 

61(1>. 

-COS 

61<2) 

sin 

63(2) 

cos 

61(2) 

sin 

*3(2) 

(303) 

- 

sin 

61(2). 

p 

sin 

61(3) 

-cos 

61(3) 

cos 

63(3) 

(304) 

cos 

61(3) 

sin 

6 3(3)_ 

p 

sin 

61(4) 

“COS 

6i(A) 

cos 

*3(4) 

(305) 

cos 

61(4) 

sin 

63(4). 

cos 

61(5) 

sin 

63(3) 

sin 

61(5) 

(306) 

-cos 

61(5) 

cos 

63(5)_ 
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H6* 


cos  «1(6)  sin  6 


jin  5 


1(6) 


■cos  «1(W  cos  6W) 


(307) 


The  normalized  torque  commands  and  for  the  general 

CMC  pair  (i,j)  are: 


"HiJ>  *iJkJki<*Hj:tW 

(308) 

if SxiVVV 

(309) 

(310) 

(311) 


where 


Summing  all  the  normalized  torque  commands  as3ociated  with  the 

i CMG t the  total  1 CMG  torque  command  equals 

• • 

2 -y2(  )j:(sa)  : 

ni  *Hi  X*Hi 

The  negative  of  u>*SA)  is  transformed  into  the  ith  CMG  inner 
gimbal  space  to  compute  the  CMG  inner  global  rate  command  u>^A* . 

“i<!A>--[V)WV)WV)C^“iSA>  (312) 

Using  equation  14,  the  appropriate  ith  CMG  gimbal  rate  commands 
^l(i)  and  ^3(i)  are  comPuted- 


^<SA)  (SA) 
*1(1) "“lix 


U(SA) 

i W-  -iU- 


3(i)  cos  6 


1 ( i) 


(313) 

(314) 


ofV!*I?  procedure  ie  repeated  to  compute  the  other  five  seta 
Of  gimbal  rate  commands. 
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9.5.3  Optimal  CMC  Distribution  Law  - This  singularity 
avoidance  scheme  attempts  to  further  optimize  the  Pseudo-Inverse 
CMC  Control  Law  described  in  section  9.4.4.  The  Pseudo- Inverse 
CMG  Control  Law  minimizes  the  sum  of  the  square  of  the  gimbal  rate 

commands  and  needed  to  generate  the  torque  command 

T . The  solution  of  Ihie  control  problem  takes  the  following 
COM 

form: 


S3(i)-  H I»]T[eliiC0M  - s x Hqb)  <mw 


llie  inverse  of  IG]  is  inversely  proportional  to  the  determinant 
of  [G],  det  [G].  When  det  [G]  approaches  zero,  the  resultant 

gimbal  rata  commands  6^  and  6^  tend  to  "blow-up”  indicating 

that  the  system  is  approaching  either  saturation  or  an  anti-parallel 
singularity  condition.  This  optimal  CMG  singularity  avoidance 
scheme  avoids  the  anti-parallel  singularity  condition  by  distrib- 
— . . - — i--  x — j * in  such  a manner  as  to 


uting  the  CMG  gimbal  angles 
maximize  the  magnitude  of  det  [G] . 


6ki)  an,i 


3 (i) 

By  maximizing  the  magnitude  of 


det  [G] , the  resultant  gimbal  rate  commands  ant^  ^ 


*<Cl>  .r. 


also  minimized  thus  further  optimizing  the  Pseudo-Inverse  CMG  Control 
Lav.  The  reason  for  maximizing  the  magnitude  of  det  [G]  rather  than 
just  det  [G]  is  that  if  det  [G]  is  negative  and  one  tried  to  maximize 
just  det  [G] , its  value  would  be  driven  through  zero,  an  anti-parallel 
singularity  condition,  towards  its  maximum  positive  value.  Since  the 
purpose  of  a singularity  avoidance  scheme  is  to  avoid  singularity, 
the  magnitude  of  det  [G]  is  maximized  instead  of  det  [G] . Now  if  det 
[Gl  is  negative,  det  [G]  is  driven  towards  its  largest  negative  value 
away  from  zero  thus,  avoiding  singularity.  Figure  9.20  is  a functional 
block  diagram  of  this  singularity  avoidance  system. 


Slaved  CMG  Mode  - First,  a designation  between  the  CMG  gimbal 
rate  comaands  that  are  generated  by  the  CMG, control, law  and, singu- 
larity avoidance  scheme  must  be  made.  Let  and  and  and 
represent  the  CMG  gimbal  rate  commands  that  result  from  the  CMG 
control  law  and  singularity  avoidance  scheme,  respectively. 
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The  performance  index  P is  the  same  one  used  in  the  develop- 
ment of  the  Decoupled  Pseudo-Inverse  CMG  Control  Law  except  that 
, • • * 

3 and  S3D  replace  $lc  and  $3C,  respectively. 


(317) 


The  objective  of  this  distribution  law  is  to 
of  det  [G]  without  exerting  a net  torque  on 
redistribution  of  CMG  gimbal  angles.  Let 


maximize  the  magnitude 
the  vehicle  due  to  this 


utv  ■ det 


(318) 


t and  t3  are  the  actual  CMG  gimbal  angles  as  measured  by  the  CMG 
gimbal  resolver  trains.  To  maximize  f th®  d*rlvative  °f 


df 

dt 


time3  sign  of  f must  be  positive. 


sgn 


(f)  4r  -•gn<OWf1-Sll)+7V*3I>}‘1,># 


(319) 


is  the  gradient  of  f and  the  function  sgn  ( ) has  themagnitude^ 
unity  with  the  same  sign  as  the  quantity  enclosed  within  the  p 
.t-fcooon.  7f^  and  Vf3  equal 


7f, 


df 

d3T 

lx 

df 


d6 


iy 


df 

d6 


lz 


(320) 


7f3- 


df 

d5 

df_ 

d6 

df 

dT. 


3x 


3y 


3z 


(321) 


! 


The  other  constraint  aquation  states  that  the  net  torque  acting 
on  the  vehicle  is  zero. 


Ik(l)]t*,]Vk(l))IB’)V0 


The  Lagrange  adjoin  equation  formed  from  equations  317,  319,  and 
322  equals 


L-  5 !^Ik(i)I'1*iD4><i)>'1V 


where 


X {[A(1)]^1D+[B(1)^3D'Y  8gn(f)  e} 


lkm"A-l  1 


[AqJ- 

W df  df  df 

d IT  d TT  WT 

lx  ly  lz 


Ika)](B'] 

df  df  df 

3^  ^ ^ 
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o 

o 

0 

1 


(326) 


Note  that  U'(1))  and  [B’(1)]  are  3 by  4 matrices.  To  minimize  L, 


the 


partial  derivative.  and  JX  •«  .at  equal  to  aero. 


dL 


J*1D  d?3D 


■!k<l)’'ltlD-'A’(l),IX-° 


(327) 


(328) 


n -{|*!i),V|B(i)lV  •*a,n 


(329) 
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• • 

Solving  equation*  327  end  328  for  and  , 


VIk<i)1|Bu>|T' 

Substituting  equations  330  and  331  Into  329. 

[J].\*y  sgn  (f)  e 


where 


A equals 


A-[J]  S sgn  (f)  e 

Substituting  equation  p 34  Into  equations  330  and  331,  ths 
rate  commands  <5^  and  equal 

^io“S8n  <f > Ik(i) 3 [AJX) ]T[ J]  1y  • 

i3D-rgn  (f)[k^)][Bj1)]T[J]-1Y  • 


030) 

(331) 

(312) 

(333) 

(334) 

glmbal 

(335) 


(336) 
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The  only  remaining  task  is  to  select  the  positive  scalar  y. 
But  note  that  as  the  magnitude  of  the  det  [O]  approaches  its 
maximum,  gradient  of  f,  and  Vfj,  approach, xero.  Under  these 

conditions,  the  gimbal  rate  commands  and  *«  as  defined  by 

equations  335  and  336,  respectively  can  be  excessive  even  for 
very  small  values  of  y.  Because  each  CMC  has  a physical  gimbal 
rate  limit , these  potentially  excessive  CMC  gimbal  rate  limits 
must  be  avoided. 

e 

.One  method  of  solving  the  above  problem  is  to  normalize 
and  and  then  limit  their  magnitude  so  that  the  total  gimbal 
rate  command  due  to  both  the  CMG  control  law  and  singularity 
avoidance  scheme  is  limited  to  an  acceptable  value  ^1D 

and  can  be  normalized  as  follows: 


where 


t(n)  _ ^1D 

norm 

(337) 

t(n)  ^3D 

6 

norm 

(338) 

$j^»egn(f)  ] [A'  ]T[J]  *e 

(339) 

^^D"s8n(f)tk^i)][B,]T[J]  1« 

(340) 

6 •<^nT^in+^DT^TD) 
norm  ID  ID  3D  3D 

(341) 

Note  that  normalized  values  of  and  $3d»  fre  no 

longer  a function  of  y.  The  normalized  vector  quantities 
jnd  .describe  only  the  relative  magnitudes  ar.d  directions  of 

i and  ?3D  but,  not  their  actual  magnitudes.  To  compute 
and  define  the  following  parameter. 


a (D)-  (a  2 -S  2)  1/2 

max  max  norm' 


(342) 
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ff  a(D)  ^8  negative,  the  CMG  distribution  gimbal  rate  commands 
max 

610  and  6^  are  set  equal  tj  aero 

the  combined  magnitudes  of  T,  _ and  exceed  ct 

1C  3C  max 


This  condition  indicates  that 

This  condition 


may  occur  occasionally  for  very  short  time  Intervals  due  to  either 
a very  large  disturbance  torque^or  a CMG  vehicle  maneuver.  If  the 

combined  magnitudes  of  and  <?__  exceed  a too  often,  the  value 
° 1C  3C  max 

of  otmT[r  should  be  reviewed  and  Increased  if  gosBible(or  more 

stringent  limits  placed  on  the  magnitude  of  <£._  and  t . For  the 

(D)  3c  ■* 

general  case  where  orfl'  is  positive,  the  gimbal  rate  commands  5 

and  equal 


ID 


t (D)-*(n) 
5 ID  amax6lD 


(343) 


* -a(D)3(n) 

3D  max  3D 

• • 

The  components  of  and  are 


(344) 


ID 


1 (SA)  I 
lx 

c 

j<s« 


(345) 


V 


(SA) 

3x 

(SA) 

3y 


USA) 

3a 


(346) 


• a 

The  combined  resultant  CMC  gimbal  rate  commands  and  t equal 
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WJ1D 


V*JC^3D 


The  individual  CMG  gimbal  rate  commands  and  <5.j^  equal 


- - 
*1(1) 

* 

kl 

0 

0 

■ACWMU) 

lx  lx 

*1(3) 

m 

0 

k3 

0 

•<CU4<SA) 
ly  ly 

*1(5) 

0 

0 

k5. 

S<C»+S<SA> 

lz  lz 

"k2 

0 

0 

'j<CW+-{(SA)' 
lx  lx 

*1(4) 

m 

0 

k4 

0 

J(CL)+^(SA) 

ly  ly 

_*1(6)_ 

0 

0 

k6 . 

^(CL)4(SA) 

lz  lz 

*3(1) 

kl 

0 

0 " 

■j(CU+j(SA)l 
3x  3x 

*3(3) 

m 

0 

k3 

0 

J(CL,4(SA) 

_*3 (5) 

m 

0 

0 

k5 

(347) 

(348) 

(349) 

(350) 

(351) 
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— m 

*3(2) 

’k2  0 o' 

S(4) 

m 

0 k4  0 

J(CU4(SA) 

_53(6)_ 

0 0 k^ 

m ** 

Six  Individual  CMC  Mode  - The  performance  index  P is 


r (SA) 
*1(3) 


5 


(SA) 

1(5)J 


j(SA) 

6)(1) 

i(SA) 

S3<3) 


6 


(Sa) 

3(5) 


(352) 


(353) 


(354) 


(355) 


9-95 


c- 


v (SA) 

$1(2) 

\(SA) 

''H4) 

i(SA) 

51(6) 


*<2>- 

°3D 


V (SA) 
*3(2) 

1 (SA) 

j(4) 

v(SA) 

63(6) 


The  two  constraints  associated  with  the  performance  Index 
In  equation  353  are: 


• • 

Sg„<f)^  -.gn(f){7f1(1).^)*Vf3(1)43p 

+7fl(2)-^D>+7f3(2)-^)!-Y>0 


where 


Vf 


1(1) 


df 


dS 


1(1) 

df 


dS 


1(3) 

df 


d6 


1(5) 


(356) 


(357) 
given 

(358) 

(359) 


(360) 


Vf 


3(1)' 


d<5 


dS 


dS 


df 

3(1) 

df 

3(3) 

df 

3(5) 


Vf 


1(2) 


dS 


d6 


dS 


df 

1(2) 

df 

1(4) 

df 

1(6) 


Vf 


3(2) 


d6 


d6 


dS 


df 

3(2) 

df 

3(4) 

df 

3(6) 


The  two  constraints  given  In  equations  358  and  359  can  be  com- 
bined into  the  following  constraint  equation. 

iA(i)>*ii)+1»(i)J*S)+lc(i)1*»+,"<i),VY  88n  (£)  e'° 


where 


!*(!))• 


tk(2)HA] 


df 


df 


d6l(l)d6l(3)  uul(5) 


df 

d5T 


[B(1)]' 


[k(2)][B] 


df 


df 


df_ 

^3(1)  dSo>  ^3(5) 


(361) 


(362) 


(363) 


(364) 


(365) 


(366) 
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|cu>'' 


IDd)]- 


The  adjoin  equation  L equals 


Ik 

(3),1C1 

df 

df 

df 

d6l(2) 

d6l(4) 

d<Sl(6) 

[k 

(3)1 'Dl 

df 

df 

df 

d63(2) 

d63(4) 

d63(6) 

-*T{  IA(1>]«S>+1»(1)  )*S)+tC(l)  ^ 


+ID(1)]^30)-Y  sgn  (f)  e} 

dL  dL  dL  dL 

Setting  the  partial  derivatives  — , — , — ; » — . 

< < < 

, dL 

and  equal  to  zero, 


<*2> 


067) 


(368) 


(369) 


(370) 


9-98 


(371) 


(372) 


<Sd 


(373) 


*(2) 
*3D  * 


+[D(1)1^3D)-Y  8gn 
371,  372,  and  373  for 

(f)  e}-0  (374) 

<g>.  *2’-  *2’.  - 

i'”-[k2(2)HA(i)]Tx 

(375) 

^)-|k(2)'<B«;!Tx 

(376) 

*u-<kC3)>‘ca/x 

(377) 

(378) 

Substituting  equations  375  thru  378  into  374  , 

(J)X-y  sgn  (f)  e 


(379) 
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where 

CJ]-[A(i)][k(2)HA(1)]  +tB(1)]  lk(2)HB(1)] 

+[C(l)][k(3)HC(l)]  +lD(i)Hk(3)][D(1)]  (380) 


A equals 


-1  A 

X-[J)  sgn  (f)  y e (381) 

Substituting  equation  381  Into  equations  375  thru  378 , the  gimbal 
rate  commands  , $3^ , , and  $3^  are : 

^j^-sgn  (f)[k(2)JlA(1)]T[J]~S  e (382) 

^3^-sgn  (f)fk(2)]  [B^1)]T[J]_1Y  e (383) 

i^-sgn  (f)[k^3)][C(1)]T[J]‘1Y  e (384) 


s 


S^-sgn  (f)[k23)][D(1)]T[J]"1Y  e 


(385) 
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Normalizing  the  above  CMG  glmbal  rate  commands , 

tCDn.  °1D 
10  6 

norm 

■Hl)n,.  °3D 

^3D  j 

norm 


■f  (2)n  ID 


norm 


where 


t(2)n.  3D 
“ 6 

norm 


'-8gn(f)[k^2)][A(1)]T[J]‘ 


^ Ay 

1 

e 


6^)'-8gn(f)[k^2)][B(1)]T[J]“1e 

i^),-8gn(f)[k23)J[C(1)]T[J]'1e 

^3^  -sgn(f) [k^3)] [D^1)]T[J]-1e 

6 -(i<i>  ,+i(;?)  ,Ti<«  1/2 

norm  ID  ID  3D  3D  ID  ID  3D  3D 

(D)  , 

a equals 
max 


a (D)-  (a  2 - * V/2 

max  max  norm 


(386) 

(387) 

(388) 

(389) 

(390) 

(391) 

(392) 

(393) 

(394) 

(395) 
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If  a(D)  is  negative,  the  CMG  distribution  gimbal  rate  commands 

max  ° 


max 

j(i>  p1 

ID  ’ 3D 


ID 


For  a 


(D) 

max 


and  equal 

(396) 

than  zero. 

T(l)  (D)*:(l)n 
5 ID  amax  ID 

(397) 

3D  max  3D 

(390 

t(2)  (D)t(2)n 

ID  max  ID 

(399) 

■fr(2)  (D)-t(2)n 

° 3D  amax6  3D 

(400) 

Che  jombined  resultant  CMG  gimbal  rate  commands  » ^3  ^ ’ ^1  * 

. -t(2)  , 


and  equal 


(401) 

(402) 

(403) 

(404) 

Gimbal  Rate  Command  Law 

- The  combined  CMC, 

< . • j 1 

law  described  in  this  section  rs  an  attempt  ‘ , nun 

law  the  Decoupled  Pseudo-Inverse  CMG  Control  and  the  Optimal  CMC 
Distribution  laws  developed  in  sections  9.4.4  and  9.5.3,  respectively. 
This  combined  CMG  law  is  developed  using  the  Lagrange  multiplier 
optimization  technique  used  to  derive  both  the  Decoupled  Pseudo- 
Inverse  CMG  Control  Law  and  the  Optimal  CMC.  Distribution  Law. 


The  performance  index  P equals 
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r<Ji(L),'S(l))' 


kl 


2+<s3(0)2} 


1-1 


d_  rBgnjf), 
dt  1 f J 


(405) 


The  first  term  on  the  right  side  of  equation  405  is  the  performance 
index  associated  with  both  the  Decoupled  Pseudo-Inverse  CMG  Control 
Law  and  the  Optimal  CMG  Distribution  Law.  The  remaining  term  of 
this  performance  index  P is  an  attempt  to  drive  the  CMG  system 
away  from  singularity  in  the  same  manner  as  the  Optimal  CMG  Dis- 
tribution Law  does.  The  two  objectives  of  P are:  (1)  to  minimize 

the  sum  of  the  squares  of  the  CMG  gimbal  rate  commands  ar-d 

£ (i-l,...,6)  and  (2)  to  drive  the  CMG  system  away  from  the 

anti-parallel  singularity  condition.  The  scalar  constant  K is  a 
weighting  function  that  weighs  the  relative  importance  of  the  two 
terms  comprising  the  performance  index  P. 


The  constraint  equation  associated  with  the  performance  index 
given  in  equation  405  is 


com" 


0 


(406) 


This  constraint  states  that  this  combined  CMG  law  is  decoupled  or 
in  other  words,  the  torque  TCMG  generated  by  the  CMG  control  system 

equals  the  CMG  command  torque  Tqqm* 


Slaved  CMG  Mode  - For  the  slaved  CMG  mode,  the  performance 
index  P is 


(407) 


f is  the  singularity  function  used  as  a measure  of  how  close  the 
CMG  system  is  to  singularity.  The  CMG  anti-parallel  singularity 
condition  is  avoided  by  maximizing  the  magnitude  of  f.  f equals 

f (^,$3) “determinant  of  [G],  det  [G]  (408) 

where 

[G]-(k(1)][A,][^1)]([k(1)J[A’])T 
+(k(1)][B'J(k^i))([k(1)]tB,])T 


(409) 
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The  performance  index  P term  — .[  )-]  can  be  written  in  the 

following  more  convenient  form 


A_[8£naii__  (Vf  +VF  •},  ) 

dtl  f c2  11 


(410) 


7f i and  Vf3  are  defined  in  equations  320  and  321,  respectively. 
Substituting  equation  410  into  407,  the  performance  index  P equals 


P-  i ^[k(1)>"1V^3[kU)1'lfy 


_ jL.ss^lfI  (vf1*i1+vf3*i3) 


(411) 


The  Lagrange  multiplier  optimization  technique  attempts  to 
minimize  this  performance  index  P.  Minimizing  P tends  to  cause 

the  term  — ] to  be  negative,  thus  maximizing  the  magnitude 
dt  r 

of  f and  driving  the  CMG  system  away  from  singularity. 

The  constraint  associated  with  this  performance  index  P is 
that  the  output  torque  of  the  CMG  system  T^^,  equals  the  command 


torque  T 


COM* 


X — =0 
CMG  COM 


(412) 


Substituting  the  appropriate  expression  for  TCMG  int0  the  above 
constraint  equation, 

• • 

H{  [k(i)  1 [A-’  ^i+tk(l)  1 tB'  1^3^uxHCMG“TC0M*0  (413) 

u is  the  vehicle  angular  rate  and  is  the  CMG  momentum  im- 

parted to  the  vehicle  defined  by  equation  91. 

The  Lagrange  multiplier  adjoin  equation  equals 


L-P-xT(fCMG-*C0M) 


■ i <^tk<i>>"lVVk<i>rlV 

- (7f1*i1+7f343) 

• * ^ 
-XT{H[k^  ] [A'  jSj+H[k^  1 tB’  ]^3+'-'«Hcmg"tcom^ 


(414) 
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X is  the  Lagrange  multiplier.  To  minimize  the  adjoin  equation, 
the  partial  derivatives  “— » and  "jy  are  set  to  zer0. 


d^3 

dL  ,fk2  ,-1 1 „R  «ffiL (J2  yf 
” lk(l)J  1 K c2  1 
d^. 


f* 


-H([k(1)](A.'])TX.O 

(415) 

— ■>ka))'1VK  "3 

djj  E 

-H([k(1)HB’])TX-0 

(416) 

dL 

dX 

• • 

~CK(k(1)  1 (*'  1 VH[k(l) 1 tB’  i^^CMG’W'0 

(417) 

• • 

Solving  equations  415  and  416  for  and 

ij-K  «!>i£i  [kk1)]711+HtkB1)]([ka))U'))T* 

(418) 

i3-K  [k2(1)]Vf3+Hlk^1)]([k(1)][B'])TX 

(419) 

Substituting  equations  418  and  419  into  417  and  solving  for  X, 


X-  12  [G]  ^COM^^CMg) 
H 


-|M7p|orl[ka)1IA',|ka!mi 

- lGl-ilk(1>  1 1 »•  1 Ik*!)  l’*2 


(420) 


§ubstltyting  :he  above  expressions  for  X into  equations  418  and  419, 
^ and  $3  equal 
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V 5 <“u> 

. v Sgn(f) 
f2 

_K  agtt.CO 

K c2 


]([k(1)][A'])T[G]-1(TC0M4x5CMG) 

[k(l)]7fl+CB,1Ik(l)]Vf3 

tk(l) ] ( [k(l) 1 [A’ 1 )T  101-1  {k(l) 3 ( tA* 1 lk 


2 

(1) 


]Vf 


% 

* 


3"  H lk(l) 

sgn(f) 

f2 

_K  sgn(f) 


] ( [k(D  ] [B’ ] ) [0]  (TCOM_U,5'HCMO) 

[k2i)]Vf3+[B,][k(i)]Vf3 

tk2(l)1([k(l)][B,])TtGl"lrk(l)KtA,][k(l) 


]Vf 


Six  Individual  CMG  Mode  - For  this  mode  of  operation, 
performance  index  P equals 


p-  i ti<1)T[k22)]'1j'1)4<1>T[k22)r1i<1) 

+i<2)T[k2,rlj«)4<2)Tlk2,)r1i<2>> 


« i- 

f equals 

f(j<i>i;i>i<2>i<2>)-det  [g] 

where 

tG]-[k(2)][A][k22)]([k(2)][A])T 

+[k(2)][3]fk22)]([k(2)][Bl)T 

+[k(3)][C][k23)]([k(3)][C])T 

+[k(3)][Dl[k23)]([k(3)][Dj)T 


(421) 

(422) 

the 

(423) 

(424) 


(425) 
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The  term  K equals 

ir  i_  sgn(f)  . ML) 

K dt  1 f J K f2  (Vfl(l)  J1 

+7f3(l)’^3  )+Vfl(2)*^l  )i'Vt3(2)*^3  ^ (426) 


7fl(l)’  7*3(1)’  7^1(2)’  7^3(2)  are  in  equations  360 

thru  363.  Substituting  equation  426  into  423,  the  performance 
index  P is 


_K  isaia  («ia)4'1Vvf3(1).j<1) 

+7f1(2)4<»+vf3(2).i«>) 


(427) 


The  corresponding  constraint  equation  associated  with  the  above 
performance  index  is 


T -T  -0 
CMG  COM 

• a e 

H(  [k(2)  ] £A]^1)+ric(2)  ] lB]^1)+[lt(3)  ] [C]^2) 

e 

+(k(3)JIDli32),^xi!CMn-W0  (428) 


♦* 

The  CMG  angular  momentum  Is  defined  in  equation  93.  The 

Lagrange  adjoin  equation  formed  from  equations  427  and  428  equals 


i 

! 

| 

i 

i 


i 


f 


9-107 


-K  («l(l)^l)+7f3a)^31>W£l(2),^2> 

+7f3(2)*  ^2>)-XT{H[k(2)HA]i{l) 

+H[k(2)][B]ij1)+H[lc(3)][C]ij2)+H[k(3)][D]^2) 

'tHJxHOlG-TC0M^ 

dL  dL 

To  minimize’  L,  the  following  partial  derivatives  — , . 

it™  d?'11 

— and  »re  sec  equal  to  zero . 

di<2>  i«> 


-P~  ^ Vf1(i)-H([k(2))I*l)TX-0 

-[k2(2))-1i‘l)-K  pp  vf3(1)-ii([k(2)n»])Ix-° 


■lk2.,)]-1i£2)-K  asp  7f1(2)-H([k(3)](C])TX-0 

d?<2) 

-Sc~  •tk/3)rlij2)-K  7f3(2)-H(!k(3)llDl)TX-0 


dJ<2> 


^-(Hlk(2)](/l]i<1)*H!k(2)][B]j'1)+«!k(3)nc)j‘2) 
+H(k(3)  ] (D)?3  ^xHCMG-fC0M>*0 


(429) 

(430) 

(431) 

(432) 

(433) 


(434) 
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Solving  equations  430  thru  433  for  * an<*  ^3^* 

^1}-K  [k2(2)]7f1(1)+Htk^2)]([k(2)][A])TX  (435) 

^3  -K  — [k(2^l Vf ^(ij+Hfk^)  1 (lk(2)  1 [B])  X (436) 

J(2).k  MS^O.  [k23)]vf1(2)+H(k23)]([k0)][C])T>  (437) 

|(2).k  ££2^1  [k23)]7f3(2)+H[k23)H[k(3)][D])TX  (438) 


Substituting  equations  435  thru  438  into  434  and  solving  for  X, 
X equals 


1 

- [G]"1 

<fC0M-“1‘BCMG) 

K 
* H 

sgn(f) 

f2 

[G] 

1fk(2) 

][A] 

[k2 

lk(2) 

]Vf 

1(1) 

K 
" H 

sgn(f) 

fz 

[G] 

_ltk(2) 

] [B] 

tk(2) 

]Vf 

3(1) 

K 
" H 

hslUI 

f2 

[G] 

1[k(3) 

][C] 

tk(3) 

]Vf 

1(2) 

K 

" H 

f2 

[G] 

'llk(3) 

] ID] 

[k(3) 

]7f 

3(2) 

Substituting  the  ybove  expression  for  X into  equations  435  thru 
438,  equal 
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*il)-  5 l^jjKI^^HAD^Gr'acoM^CMG1 


■(2) 


(2) J VI1(1) 


j.v  a8n(0  rit2 

-K  Maill  [k2(2)]([V.(2)][A])T[G]*1{Iko,][A][k^]Vf 
+[k(2)] [B] tk(2)lVf3(1)+[k(3)] [C] Ik23)]Vf1(2) 

+[k(3)l [D][k(3)]Vf3(2)} 


^ I ^?2)]<[k(2)]lB3>T[G]-1<^coM-^CKG) 

+K  iSSill  (k22)]Vf3(1) 

-K  SEill  [k22)]ak(2)][B])T[G]"1{[k(2)][A][k2(2)]Vf1(1) 
+[k(2)] [B] tk22)37f3(1)+Ik(3)][C] [k(3)]Vf1(2) 

+[k(3)] ID] tk(3)]Vf3(2)} 

i[2)- 1 ^23)]((k(3)][c])TiG]-1(fCOM-^CMG) 

+K  gggiil  rv2  lyf 

K f2  llC(3)JVtl(2) 

-K  [k23)]([k(3)][C])T[G]'1{tk(2)nAnk22)]Vf1(1) 

+[k(2J][B] (k(2)]7f3^1)+(k<3)] [C][k^3)]Vf1(2) 


+[k(3)][D](k(3)]Vf3(2)} 


(440) 


(441) 


(442) 
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^32>-  H I'‘(3)lUt0))[D])I[a)-1(fCoH-i^CMC.) 

+v  ILBSifi  lye 

f2  lk(3)JVf3(2) 

-K  [k^)]([k(3)][D])T[G]"1{[k/0J[A][k2,0J7f 


(2) 


(2) 1 1(1) 


+ tk(2) ] [B] [k(2) ,Vf3(l)+tk(3) 1 [C] [k(3) ]Vfl(2) 


+[*(3)][D][k(3)]Vf3(2)> 


(443) 


The  above  Combined  CMG  Glmbal  Rate  Command  Law  and  the  De- 
coupled Pseudo- Inverse  CMG  Control  and  the  Optimal  CMG  Distribu- 
tion laws  are  examples  of  laws  derived  using  the  Lagrange  multiplier 
optimization  technique.  The  derivation  of  additional  laws  is  possible 
using  this  method;  all  one  needs  to  do  is  define  a new  performance 
index  P along  with  the  appropriate  system  constraints. 

9.7  Selection  of  CMG  Control  Law  and  Singularity  Avoidance 
Scheme  - Four  candidate  CMG  control  laws,  three  candidate  CMG 
singularity  avoidance  scheme,  and  one  combined  CMG  glmbal  rate 
command  law  were  derived.  The  combined  CMG  glmbal  rate  command 
law  combines  the  functions  of  the  CMG  control  law  and  the  singu- 
larity avoidance  scheme  into  a single  law.  The  four  candidate 
CMG  control  laws  are: 

a.  Cross  Product  CMG  Control  Law  (section  9.4.1) 

b.  H-Vector  CMG  Control  Law  (section  9.4.2) 

c.  Scissored  Pair  CMG  Control  Law  (section  9.4.3) 

d.  Pseudo-Inverse  CMG  Control  Law  (section  9.4.4) 

The  three  derived  CMG  singularity  avoidance  schemes  are: 

a.  Arbitrary  Torquing  of  CMGs  Away  From  Singularity 

(section  9.5.1) 

b.  Isogonal  CMG  Distribution  Law  (section  9.5.2) 

c.  Optimal  CMG  Distribution  Law  (section  9.5.3) 
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In  section  9.6,  the  combined  CMC  gimbal  rate  command  law 
la  derived;  this  law  combines  the  Pseudo- Inverse  CMG  Control 
Law  and  the  Optimal  CMG  Distribution  Law  into  a single  control 
function.  This  control  function  or  law  cc.uputes  a single  set 
of  CMG  gimbal  rate  commands  that  generate  the  desired  CMG  output 
torque  and  also  drives  the  CMG  gimbals  away  from  singularity. 

All  of  these  laws  were  formulated  for  a nominal  and  a failed  CMG 
mode  plus,  the  two  operational  modes,  slaved  and  individual  modes 
described  in  this  report. 

The  first  two  candidate  CMG  control  law9  listed  above,  a and 
b,  can  be  implemented  in  an  analog  fashion  whereas  control  laws 
c and  d require  a digital  processor  or  computer.  It  should  be 
noted  that  although  control  laws  a and  b are  normally  instrumented 
in  an  analog  fashion,  they  can  also  be  instrumented  digitally 
using  a digital  computer.  CMG  control  laws  c and  d are  decoupled 

laws  meaning  that  the  resultant  CMG  output  torque  TCM(.  equals  the 

command  torque  generated  by  the  vehicle  control  law.  On  the 

other  hand,  the  two  analog  laws,  a and  b,  are  coupled  laws  because 

the  CMG  output  torque  $CMG  only  approximates  ?C0M*  Because  control 

laws  c and  d are  decoupled,  their  corresponding  vehicle  attitude 
control  systems  can  exhibit  slightly  better  performance  charac- 
teristics than  their  coupled  counterparts,  control  laws  a and  b. 
Vehicle  stabilization  capability  is  not  a major  trade  considera- 
tion because  all  four  CMG  control  laws  are  expected  to  be  able  to 
meet  pointing  stability  within  one  arc  minute.  The  chief  trade 
between  these  four  control  laws  is  a hardware  one.  Implementing 
either  control  law  a or  b in  analog  fashion  requires  the  addition 
of  a number  of  analog  components  to  the  system.  Because  of  the 
availability  of  a digital  computer,  a digital  control  law  is  pre- 
ferred. Although  all  four  of  the  control  laws  can  be  implemented 
digitally,  the  two  decoupled  control  laws  c and  d are  preferred 
because  of  the  additional  system  performance  that  these  two  control 
laws  afford  can  be  obtained  with  no  or  little  cost  to  the  system. 

Of  these  two  laws,  the  Pseudo- Inverse  CMC  Control  Law,  candidate  d, 
is  recommended  because  it  is  an  optimal  law  that  minimizes  CMG 
gimbal  rate  commands. 

The  three  singularity  avoidance  laws  listed  above  are  companion 
laws  to  the  CMG  control  laws;  they  insure  that  the  CMG  gimbal  angles 
are  distributed  in  such  a manner  that  the  CMG  control  system  can 

generate  the  desired  torque  command  T^q^.  For  ® DGCMG  system,  there 

are  two  singularity  conditions.  The  first  one  corresponds  to  when 

all  of  the  individual  wheel  momentum9  are  pointed  in  the  same 


r 
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direction;  this  corresponds  to  the  CMG  system  being  saturated 
and  the  system  must  therefore  be  desaturated.  The  second  singu- 
larity condition  corresponds  to  e glmbal  state  where  all  of  the 

wheel  nomentums  K,  are  aligned,  but  with  Borne  of  them  pointing 

in  opposite  directions.  It  is  this  anti-parallel  singulerlty 
condition  that  these  singularity  avoidance  laws  are  designed  to 
avoid.  The  singularity  avoidance  control  law  a.  Arbitrary  Torqulng 
of  CMGs  Away  From  Singularity,  remains  inoperative  until  the  CMG 
system  Is  detected  approaching  a potential  anti-parallel  singu- 
larity condition  then,  the  CMGs  are  torqued  awuy  from  this  potential 
singularity  condition  by  redistributing  the  CMC  gimbal  angles.  The 
Isogonal  CMG  Distribution  Law,  candidate  b,  distributes  the  in- 
dividual CMG  momentum  vector  1?.  in  such  a manner  that  each  CMG 
contributes  an  equal  share  to  the  total  CMG  momentum  vector  Hg^g. 
Because  each  CMG  momentum  vector  has  a component  that  is  along 
the  anti-parallel  singularity  condition  is  avoided.  The 

CMG 

Optimal  CMG  Distribution  Law,  c,  is  a further  optimization  of  the 
Pseudo-Inverse  CMG  Control  Law.  This  Optimal  CMG  Distribution 
Law  distributes  the  glmbal  angles  as  a function  of  the  total  CMG 

momentum  H_._  in  an  optimal  manner  so  that  the  gimbal  rates  for 

an  arbitrary  torque  command  TgQM  can  be  further  minimized.  By 

distributing  the  CMG  glmbal  angles  in  this  way,  the  anti-parallel 
singularity  condition  is  avoided. 

Arbitrary  Torqulng  of  CMGs  Away  From  Singularity,  candidate 
a,  is  mathematically  the  simplest  of  the  three  singularity 
avoidance  schemes,  but  it  does  not  attempt  to  distribute  the 
CMG  gimbal  angles  in  either  an  optimal  or  sub-optimal  manner. 

The  Isogonal  CMG  Distribution  Law  orients  the  CMGs  in  a manner 
that  could  be  classified  as  sub-optimal,  but  at  the  expense  of 
being  mathematically  more  complex  than  candidate  a.  The  Optimal 
CMG  Distribution  Lew  distributes  the  CMG  glmbal  angles  in  en 
optimum  fashion  as  prescribed  by  its  performance  index  and  con- 
straint equations.  Although  this  law  is  normally  as  complex 
as  the  Isogonal  CMG  Distribution  Law,  its  computational  require- 
ments can  be  reduced  if  the  CMG  control  used  is  the  Pseudo- Inverse 
CMG  Control  Law.  For  this  reason,  the  Optimal  CMG  Distribution 
law  is  preferred. 

Because  the  development  of  the  recommended  Pseudo- Inverse 
CMG  Control  Lev  and  Optimal  CMG  Distribution  Law  are  very  similar, 
an  attempt  was  made  to  combine  these  two  laws  into  a single  CMG 
law.  The  obvious  advantage  of  combining  these  two  laws  is  that 
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their  functions  can  be  accomplished  using  a single  control  ex- 
pression. The  result  is  the  Combined  CMC  Glmbal  Rate  Command 

Law  described  in  section  9.6.  For  this  combined  CMG  law,  the 

• 

the  resultant  expressions  for  the  CMG  gimbal  rate  commands  6^ 

and  6^  are  more  complex  than  those  for  the  Pseudo-Inverse  CMG 

Control  Law  and  the  Optimal  CMG  Distribution  Law.  Because  of 
the  apparent  control  logic  complexity  associated  with  this  com- 
bined law,  no  advantage  from  either  a software  or  a performance 
standpoint  exists  for  this  combined  CMG  law.  The  reconmended 

method  for  generating  the  CMG  gimbal  rate  commands  ^ and 

remains  utilizing  two  laws,  the  Pseudo-Inverse  CMG  Control  Law 
and  the  Optimal  CMG  Distribution  Law. 

The  CMG  control  laws  and  singularity  avoidance  techniques 
were  formulated  for  both  a slaved  and  a six  individual  CMG  opera- 
tional mode.  Operating  the  CMGs  in  the  slaved  mode  reduces  the 
computational  requirements  associated  with  the  CMG  control  and 
singularity  avoidance  lr  ..  The  advantage  of  operating  the  CMGs  J 

in  the  individual  CMG  operational  mode  is  that  the  CMG  gimbal 
angles  associated  with  the  six  individual  CMGs  can  be  distributed 
in  a more  optimal  manner  than  for  the  slaved  CMG  mode.  Unless 
digital  computer  size  becomes  critical,  the  preferred  operational 
mode  is  the  six  individual  CMG  mode. 

9 . 8 Logic  Flow  Diagram  for  Recommended  CMG  Control  Law  and 
Singularity  Avoidance  System  - Figure  9.21  is  the  logic  flow  dia- 
gram for  the  recommended  Pseudo- Inverse  CMG  Control  Law  and  Optimal 
CMG  Distribution  Law.  In  box  1 of  figure  9.21,  the  CMG  opera- 
tional status  gain  matrices  are  computed;  these  gain  matrices 
describe  the  operational  status  of  each  CMG.  In  box  2,  the  CMG 
output  torque  matrices  [A],  [B],  [C],  and  [D]  are  computed  using 
the  CMG  gimbal  angles  -5^^  and  63(i)  (i-l,...,6)  measured  by  the 

CMG  gimbal  resolver  trains.  These  output  torque  matrices  are  used 
by  both  the  Pseudo-Inverse  CMG  Control  Law  and  the  Optimal  CMG 
Distribution  Law  to  generate. the  appropriate  CMG  gimbal  rate  com- 
mands *‘u.  *<».  *«'.  «<  i<2). 

In  boxes  } thru. 5,  thf  Pseudo- Inverse  CMG  Control  Law  gimbal 

rate  commands  and  6^  are  generated.  In  box 

3,  the  matrix  IG]  is  computed;  the  inverse  of  [G]  must  be  deter- 
mined in  order  to  generate  the  appropriate  control  law  gimbal 
rate  commands.  In  box  4,  appropriate  CMG  gimbal  rate  commands 


4 


Pseudo -Inverse  CMG  Control  L-aw  and  Optlaal  CMC  Distribution 


Figure  9.21.  Pseudo-Inverse  CMG  Control  Law  and  Optimal  CMG  Distribution 
Law  Logic  Flow  Diagram  (Sheet  2 of  5) 


Figure  9.21.  Pseudo-Inverse  CMG  Control  Law  and  Optimal  CMG  Distribution 
Law  Logic  Flow  Diagram  (Sheet  3 of  S) 


/ 
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• • • * 

are  computed  that  will  generate  the  CMC 

1C  * 3C  1C  3C 

torque  command  TCQM  generated  by  the  vehicle  control  hv.  Jhe^ 
indiyldual  CMC  gimbal  rate  commands  comprising  *lc  , °3C  , 61(,  , 
and  are  compared  with  a gimbal  rate  limit  *n  ^OX  ^ ’ 

If  one  of  the  individual  gimbal  rate  commands  exceeds  6UM,  the 
gimbal  rate  commands  are  all  scaled  down  so  that  none  of  the 
individual  rate  commands  exceed  6^^. 

In  boxes  $ thru. 13,  tfce  Optimal. CMC  Distribution  Law  gimbal 
rate  commands  t™,  and  are  generated.  In  box  6, 

the  CMG  singularity  function  f that  measures  the  distance  the  CMG 
aystem  is  away  from  singularity  in  CMG  gimbal  space  is  computed. 

In  boxes  7 and  8,  the  control  matrices  lC(l)J* 

[D/1N],  and  [J]  are  cpmputed,  In  bVx  9,  a set. of  intermediate  CMG 

gimbal  rate  commands  ^ ' . jj”’.  *2>\  Sa”«r*“d 

along  with  a CMG  distribution  gimbal  rate  limit  a^.  Using  these 
intermediate  gimbal  rate  commands  ?nd  ra[e  limit,  the  CMG  distri- 
butlon  gimbal  rata  commands  2<d),  ate  computed 

J.n  box.  10 . In  box  11,. a CMG  distribution  torque  error  Tg  due  to 
and  is  computed.  Ideally,  T£  should 

be  zero.  But  due  to  computational  errors,  T£  can  be  appreciable. 

In  box  12,  the  magnitude  of  is  checked  ”ith  a torque  limit  TEjjnax* 
If  the  magnitude  of  T£  exceeds  T£>max.  the  control  logic  proceeds 
onto  box  13  where  the  distribution  gimbal  rate  commands  6^  , 

t(l)  t<2)  and  £<2)  SCaled  down  so  that  the  magnitude  of  f 

3D  ’ ID  ’ 3D 

does  not  exceed  T^max. 

In  b$x  14,  the  Pjeudo-Invejse  CMG  Control  Law  gimbal  rate 
commands  S<“.  *<*>.  and  are  added  to  t^eppt  opr  late 

Qotimal  CMC  Distribution  Law  gimbal  rate  commands  o1D  , 63D  , 
t(2)  and  £(2).  The  totai  system  CMG  gimbal  rate  commands 
• • 

t<»,  ?<«.  I«>.  and  ^(2)  are  routed  t0  the  appropriate  CMG 
gimbal  actuators.  The  logic  flow  then  recycles  back  to  box  1. 
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9.9  Notes 


9.9.1  Abbreviations  end  Symbols 


ATM 

[A] » t B ] , [C 1 , [D] 
[A' MB’] 


lA(i)],[B(i)],[C(i)], 

[D(1)],[J1 

[a'i)Mb;i)Mj] 

CMG 

DGCMG 

f 

Vf 

H 


CMG 


H, 


COM 


L 

P 


Cb 


Ci 

T 

CMC 


*COM 

TD 

Wb 

Wi 

Wo 

a<D> 

max 


L1M 


Apollo  Telescope  Mount 
Individual  mode  CMG  system  output 
torque  matrices 

Slaved  mode  CMG  system  output  torque 
matrices 

CMG  distribution  law  control  matrices 
(individual  mode) 

CMG  distribution  law  control  matrices 
(slaved  mode) 

Control  moment  gyro 

Double  gimbal  control  moment  gyro 

CMG  distribution  law  function 

Gradient  of  f 

CMG  wheel  momentum 

CMG  system  momentum  imparted  to  the 
vehicle 

H vector  control  law  momentum  command 

Vehicle  control  law  position  gain 

Vehicle  control  law  rate  gain 

Lagrange  adjoin  equation 
Performance  index 

Individual  CMG  output  torque  in  base 
space 

Individual  CMG  output  torque  in  ve- 
hicle coordinates  (i**l,...,6) 

CMG  system  output  torque  in  vehicle 
coordinates 

CMG  system  torque  command 
Vehicle  disturbance  torque 
CMG  base  space 
CMG  inner  gimbal  space 
CMG  outer  gimbal  space 

CMG  distribution  gimbal  rate  com- 
mand limit 

CMG  control  law  gimbal  rate  com- 
mand limit 
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Total  CMC.  system  gimbal  rate  commands 

Transformation  from  CMC.  outer  to 
Inner  gimbal  space 

Transformation  from  CMC.  base  to  outer 
gimbal  space  th 

Transformation  from  1 CMC  baae  to 
vehicle  coordinates  (l*»l,...,6) 
Vehicle  angular  velocity 

CMC.  base  angular  velocity 

CMG  inner  gimbal  angular  velocity 

Vehicle  orbital  rate 
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10.  CMC  SYSTEM  MOMENTUM  MANAGEMENT 

A CMC  control  system  has  a finite  momentum  storage  capability 
and  therefore,  the  momentum  that  mqst  be  stored  in  the  CMG  system 
must  be  bounded.  The  objective  of  a CMG  momentum  management  sys- 
tem is  to  keep  the  CMG  system  momentum  storage  requirement  within 
the  physical  limits  of  the  CMG  system.  Two  mechanisms  are  described 
in  this  section  for  accomplishing  this  task.  The  first  mechanism  is 
a momentum  desaturation  system.  The  function  of  a CMG  momentum  de- 
saturation system  is  to  reduce  the  momentum  stored  in  the  CMG  system 
by  applying  a torque  to  the  vehicle  such  that  the  magnitude  of  the 
resultant  momentum  stored  in  the  CMG  system  is  reduced.  Two  basic 
types  of  CMG  desaturation  control  laws  are  derived  in  this  section; 
they  are:  (1)  reaction  control  system  (RCS)  laws  and  (2)  gravity 

gradient  desaturation  laws.  The  RCS  desaturation  control  laws  utilize 
the  baseline  Shuttle  RCS  described  in  section  3.2  to  generate  the 
required  CMG  desaturation  torque  and  the  CMG  gravity  gradient  de- 
saturation laws  use  the  natural  gravity  gradient  torques  acting  on 
the  vehicle  to  desaturate  the  CM^  system.  The  second  mechanism 
described  in  this  section  is  a Pseudo-Axis  Alignment  Control  Law. 

The  function  of  the  Pseudo-Axis  Alignment  Control  Law  is  to  minimize 
the  CMG  momentum  that  must  be  desaturated  by  reducing  the  momentum 
build-up  due  to  vehicle  principal  and  control  axis  misalignments. 

10.1  Shuttle  and  Baseline  RCS  Models  - The  baseline  Shuttle 
RCS  and  vehicle  dynamic  characteristics  used  in  this  study  are  given 
in  section  3.  For  convenience,  the  baseline  RCS  and  vehicle  charac- 
teristics are  summarized  in  table  10.1. 

10.2  Prediction  of  CMG  Momentum  Profile  - A CMG  desaturation 
system  should  be  capable  of  predicting  the  near  future  momentum  pro- 
file to  be  encountered  by  the  CMG  system.  This  projected  momentum 
profile  is  used  to  alert  the  desaturation  system  to  potential  CMG 
saturation  conditions.  These  momentum  profiles  can  be  used  by  mission 
planning  to  schedule  momentum  "dumps"  so  that,  their  impact  on  mission 
objectives  such  as  experimentation  can  be  minimized. 

In  this  section,  a method  for  predicting  the  momentum  stored 
in  the  CMG  system  is  devised.  The  following  assumptions  are  made: 

a.  The  vehicle  is  constrained  to  the  following  ideal 

Shuttle  attitudes:  (1)  X-POP  inertial,  (2)  X-IOP 

inertial,  (3)  X-FOP  Z-LV,  and  (4)  X-IOP  Z-LV. 

b.  The  only  disturbance  torques  acting  on  the  vehicle 
are  gravity  gradient  torques. 


c.  The  orbit  is  circular. 


Table  10.1. 


Assumed  Shuttle  RCS  and 


Vehie le  Characteristics 


RCS  Characteristics 

Thrust  level,  F:  400  lbf. 

Minimum  pulse  duration,  tF:  0.1  sec. 

Minimum  attitude  deadband,  0 : +0.5  deg. 

T of”oorsLellant  hy,i':<,Zine  “ith  a specl£lc 

sp  * 

Roll  moment  arm,  Jl^:  20.7  ft. 

Pitch  moment  arm,  J l : 100  ft 

y * 

Yaw  moment  arm,  i : 100  ft. 

z 


Vehicle  Inertia  Characteristics 

Xxx=1-04xl06  slug  ft2 
Iyy“8. 21x10^  slug  ft2 

Izz=8.55x106  slug  ft2 
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d.  The  vehicle  cross  products  of  Inertia  1^*  *x2*  an<* 

I are  zero, 
yz 

e The  CMC  mounting  configuration  is  shown  in  figure 
10.1.  (This  Is  the  CMC  configuration  recommended  In 
section  6.) 

The  torque  acting  on  the  vehicle  as  observed  In  vehicle  space. 


dH 

<T?>V  equals 


(—!)  -f  +(—1?)  xHv 

i dt  v gg  dt  v CMG  v 


(1) 


T is  the  gravity  gradient  torque  acting  on  the  vehicle  in  vehi 
space.  H is  the  CMG  angular  momentum  imparted  to  the  vehicle  in 
vehicle  space.  Hy  is  the  vehicle  angular  momentum  and  equals 

H -[Ilw  (2) 

V 

where  [I]  is  the  vehicle  inertia  tensor  and  u is  the  vehicle 
angular  velocity. 


[11- 


xx 

0 

0 


-► 

0)  ■ 


0 

I 


yy 


w 


Gi 


U) 


0 

I 


zz 


(3) 


(4) 


Rearranging  equation  1,  the  rate  of  change  of  the  CMG  momentum 


H in  vehicle  coordinates  equals 
CMG 


dHCMG  dK  -*■  » i u t 

<^V(“dt)v4W  XlllW  ^ XHCMG-Tgg 


(5) 


Assume  that  the  vehicle  is  in  a steady  state  condition  meaning  that 

dH 

Z is  either  zero  or  a constant  vector  quantity.  Then,  equals 


Figure  10*1.  Recommended  CMC  Mounting  Configuration 
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(1t)v"II,W  “° 


In  steady  state,  (— jj; — )y  equals 


(■7-—)  -co  x[I]w  -w  xH  -T 
dt  v CMG  gg 


For  an  inertially  held  vehicle,  ui  is  zero  and  (— ^ — )v  reduces 


^SS,  -T 

1 dt  v gg 
Integrating  equation  8,  H^,^(t)  equals 

HCMG(t)"KCMG(to)_  f TgRdt 


) is  the  CMG  momentum  state  measured  at  time  t . H_un(t  ) 
CMG  O 0 CMG  o 

can  be  computed  as  follows  using  the  CMG  gimbal  angles  6^^  and 
i“l, ...  ,6. 


HCMG^Co* 


HCMGx(to) 


-cos  61(1)  cos  63(1) 


(tQ)  - kxH  cos  61(1)  sin  53(1) 


CMGy  o 
^MGz^o^ 


-cos  lS1('2)  c08  63(2) 
cos  <5^^  sin  53^2j 
sin  6,  /«\ 


sin  6, 


-cos  61(4)  cos  63(A) 
cos  51(4)  sin  63(4^ 
cos  61(6)  sin  63(6) 
ain  6, ,,v 


-cos  61(6)  co.  63(6) 


sin  6, 


+ k„H  -coe  5. 


+k$H 


sin  6, 


cos  6, 


cos  61(..)  Sin  <53(3)J 
cos  61(S)  sin  6 3(5)' 
sin  6,  /E. 


-cos  61(5)  cos  63(5) 
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The  gains  k^,  i-l,«..,6,  are  the  CMG  operational  status  gains 
described  in  section  9.2. 


, th 


V1 


u-u 


when  the  i CMG  is  operational  and 


k^-0 


(12) 


when  the  ith  CMG  is  inoperative.  H is  the  magnitude  of  the  in- 
dividual CMG  wheel  momentum. 


The  gravity  gradient  torque  T equals 

88 

T “3W2  (ax  [I  ]a) 
gg  o 


(13) 


a is  a unit  vector  in  vehicle  coordinates  along  the  local  vertical 
directed  from  the  center  of  the  Earth  towards  the  vehicle  center 

2 

of  mass.  to  is  the  orbital  rate;  u equals 


u 


2 S$L 


(14) 


where  g is  the  gravitational  acceleration  of  the  Earth  (32.2  ft /sec2), 
R is  the  mean  radius  of  the  Earth  in  feet,  and  r is  the  distance 

from  the  center  of  the  Earth  to  the  vehicle  center  of  mass.  Ex— 

*> 

pandlng  equation  13,  T equals 

gg 


T CO- 
SS 


T (t) 

p 

gx 

T (t) 

-3co2 

gy 

o 

T (t) 

gz  J 

a a (I  -I  ) 
y 2 Z z yy 

a a (I  -I  ) 
X Z XX  zz 

a a (I  -I  ) 
x y yy  xx 


(15) 


ax*  ay»Aaa^  az  are  C^e  X,  Y,  and  Z components  of  the  local  vertical 
vector  a. 


To  demonstrate  how  equations  9 and  15  can  be  used  to  predict 
the  CMG  momentum  HCMG(t)  for  an  inertially  held  vehicle,  assume 
the  vehicle  is  in  the  inertial  X-10P  attitude  shown  in  figure  10.2. 
The  local  vertical  vector  a equals 
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— 

a 

X 

-cos 

(u)  t+Gl) 
o 

a = 

a 

y 

c 

sin  A 

sin  (u ) t+u) 

O 

a 

2 

cos  A 

sin  (w  t+u) 
o 

(16) 


The  resultant  gravity  gradient  torque  equations  T , T , and  T 
are:  gx*  gy * na  ^gz 


3w 


VC>  2 ^Izz~Iyy^  sin  A cos  ^U-cos  2[a>  (t-t  )+a]}  (17) 


3uj 

T (t)-  ° 

gy 


2 (1zz_Ixx)  cos  X sln  2fuJ  (t-t  >+a] 


(18) 


-3oj 


Igz(t)  2 (Iyy  Ixx)  sln  A sln  2[Wo(t-to)-HJlJ  (19) 

The  projected  axial  components  of  the  CMG  momentum  vector  are: 


:<t)-HCMGx(to)-{tlgx(,:)dt 

(20) 

o 

(t)=HrMf.  (t  )-/CT  (t)dt 
LMGy  o t gy 

(21) 

o 

(t)"HrMr.(t  >-/tT  (Odt 
CMGz  o t gz 

(22) 

HCMGx^to) ’ HCMGy^to) * and  HCMGz(to)  ara  the  lnitial  X,  Y,  and  Z 
components  of  the  CMG  momentum  vector  HCMr>(t)  computed  using 

equation  10  For  the  example  X-IOP  attitude  illustrated  in  figure 
'2>  HCMGx^’  HCMGy^’  and  H«««-(t)  equal 


*CMGz^  equal 
3a) 

HCMGx(t),'HCMGx(to)"T‘<Izz'Iyy)  sin  A cos  A 

^2wo^t-to^-sin  2^Wo^t_to^  + 

+8  in  2a) 


(23) 
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3co 


H ft^H  (t  )f  ,-(I  -I  ) cos  A 
HCMGy^  ' CMGy  o 4 zz  xx 

{cos  2[w  (t-t  )+a]-cos  2a} 


(24) 


il  (t)-H  (t  ) •/°(I  -I  ) sin  A 

L’MGz ' CMGz  o 4 yy  xx 


{cos  2 [oj  (t-t  )+a]-cos  2a} 
o o 


(25) 


Note  that  for  our  example,  hCMqx  is  the  only  component  of 

that  haa  a term  whose  magnitude  increases  with  time.  It  is  thi9 
type  of  an  unbounded  momentum  term 

3a>  2 

-2_(X  -1  ) sin  A cos  A}(t-t  ) (26) 

2 zz  yy  ° 

that  causes  the  CMG  system  to  become  saturated.  All  of  the  re- 
maining momentum  terms  are  sinusoidal  and  are  therefore  bounded. 

For  a Z-local  vertical  attitude,  the  vehicle  i9  spinning  at 

the  orbital  rate  (ui  j*0)  and  the  gravity  gradient  torque  ? acting 

on  the  vehicle  is  ideally  zero  (T  -0)  because  the  local  vertical 

vector  a has  only  a single  nonzero  component  a^a^-0,  a^'0,  a^=-l)  . 

One  can  confirm  that  is  zero  for  an  ideal  Z-LV  attitude  by  looking 

gg 

at  the  gravity  gradient  torque  equation,  equation  15.  The  vehicle 

dynamic  torque  term  w x[I]gj  for  the  two  allowable  Z-LV  attitudes, 

X-POP  Z-LV  and  X-I0P  Z-LV,  is  also  zero  because  the  vehicle  is 
spinning  about  a principal  axis.  Spinning  the  vehicle  about  a 

principal  axis  means  that  w and  the  vehicle  momentum  [l]w  are 

co-linear  and  therefore  their  vector  cross  product  is  zero.  For 
any  other  Z-LV  attitude,  this  dynamic  torque  term  is  not  zero  because 

u and  [I]w  are  not  co-linear.  For  the  two  ideal  Z-LV  attitudes, 

X-POP  Z-LV  and  X-I0P  Z-LV,  the  rate  of  change  of  hcmg  in  vehicle 


dH 


— CMC 

space,  ( "jY  'v*  39  8*ven  by  equation  7 reduces  to 
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/CMC,  ► .►  ,77, 

( - ) --u  xll  (27) 

dt  V CM(i 

Equation  27  can  be  solved  for  by  using  state  space  anal vs is. 

Ln(» 

• • • /^CMlIv 

Let  HCMCx’  HCMGy’  and  HCMGz  <lenote  the  comPonent*  of  < dT_)V 
Equation  27  can  be  expanded  as  follows 

" » "|  r ^ p - 

H_,„  0 co  -u)  H 

CMGx  z y CMGx 

L,p  «=  -to  0 w H_w_  (28) 

CMGy  z x CMGy 

H„w„  oj  -w  0 H 

CMGz  y x CMGz 

> 

Let  the  above  3 by  3 matrix  be  denoted  by  A.  To  determine  H_vl„(t), 
the  state  transition  matrix  4>(t,to)  must  be  computed,  H^^(t)  equals 

* to^CMG^to^ 

where  H„w,,(t  ) is  the  initial  CMG  momentum  at  time  t . The  first 
CMC  o o 

step  in  computing  $(t,tQ)  is  to  determine  (SI-A)  where  I is  the 
identity  matrix  and  S is  the  Laplace  transform  operator. 

10  0 

I-  0 1 0 (30) 

0 0 1 


$(ttto>  equals 


*<t,t  )-<.  1(SI-A)  1 


where #C  ^ is  the  inverse  Laplace  transform  of  the  inverse  of 
of  (St-A).  The  inverse  of  (SI-A)  equals 


s(s  -Ho  ) 
o 


‘ 2 2 
s -hi) 

CO  U)  -so 

CO  CO  +8G0 

X 

x y z 

x z y 

O O +SC0 

2 2 
S +C0 

CO  CO  -so 

x y z 

y 

y z x 

go  a)  -sw 

U)  U)  +SU) 

2 2 
s +o 

r- 

X 

N 

y z x 

V J 

To  demonstrate  how  equations  29 , 31,  and  32  can  be  used  to 
predict  the  CMC  momentum  profile  given  the  CMC  momentum  state  at 
time  t , assume  the  vehicle  is  in  the  X-POP  Z-LV  attitude  where 

° -1 
U)  and  cj  are  zero  and  u>  equals  the  orbital  rate  cj  . (SI-A) 
y z x n o 

reduces  to 


(SI-A)' 


s 


2 2 
s -h) 

o 


U> 


2 2 
S +U) 

o 


0 

CO 


2 2 
s -ho 

o 


2 2 
s -ho 

o 


(33) 


The  state  transition  matrix  $(t,tQ)  equals 


®(t,t  )« 
o 


1 

0 

0 


0 


cosoj  (t-t  ) 
o o 

sinw  (t-t  ) 
o o 


0 


-sinw  (t-t  ) 
o o 

cosu)  (t-t  ) 
o o 


and  H ( t ) equals 
Cru» 


1 

0 

• 

0 

HCMGx*to* 

0 

cosu  (t-t  ) 
o o 

-sinu)  (t-t  ) 
o o 

HCMGy ^Co^ 

0 

sinu)  (t-t  ) 
o o 

COSU)  (t-t  ) 
0 o „ 

.HCMGz^o^  . 

(34) 


(35) 


It  should  be  noted  that  the  magnitude  of  H_„_(t)  is  always  constant. 
The  only  reason  that  H^G(t)  is  time  varying  is  because  it  is  being 

measured  in  the  rotating  vehicle  frame.  If  H„_._(t)  is  transformed 

^ CMC 

into  an  inertial  coordinate  system,  (H„..„(t))  would  be  time  in- 

CMG  1 

variant.  Ideally,  if  the  vehicle  is  held  in  one  of  the  two  Shuttle 
Z-LV  attitudes,  X-POP  Z-LV  or  X-IOP  Z-LV,  the  magnitude  of  the  CMG 
momentum  would  remain  constant . 


Figure  10.3  is  a computational  flow  diagram  for  predicting  the 
CMG  momentum  for  m future  orbits  based  on  the  above  analysis.  This 
CMG  momentum  prediction  scheme  is  good  for  only  the  Inertial  X-POP 
and  X-IOP  Shuttle  attitudes.  No  prediction  scheme  Is  needed  for 


MAGNITUDE  OF  H 


CMC  Momentum  Profiles 
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the  ideal  X-POP  Z-LV  and  X-IOP  Z-LV  attitudes  since  the  CMG  mo- 
mentum viewed  from  an  inertial  frame  is  constant.  The  only  way 
the  magnitude  of  the  CMC  momentum  can  change  is  if  the  Shuttle 
is  perturbated  away  from  these  two  ideal  Z-LV  attitudes. 

3ox  1 of  1 lgure  10.3  initializes  the  orbit  counter  to  zero. 

In  box  2,  the  present  CMG  momentum  state  HCMG(tQ)  is  computed  using 

the  CMG  girabal  angles  6^^  and  6^^,  i-l,...,6.  For  the  CMG 

mounting  configuration  shown  in  figure  10.1,  H (t  ) is  given  by 

equation  10.  Box  3 is  the  orbit  counter  indicating  which  orbit 
the  following  momentum  profile  corresponds.  In  box  4,  the  gravity 

gradient  torque  T acting  on  the  vehicle  is  computed,  equation  15. 

In  box  5,  the  projected  momentum  profile  for  the  n orbit  is  deter— 

mined  by  integrating  the  negative  of  the  gravity  gradient  torque  -T 

gg 

as  illustrated  in  equations  20  thru  22. 

In  box  6,  the  magnitude  of  HCMG(t),  ! HcmG ( fc > I * is  computed. 

The  maximum  value  of  |hcmg(0|  is  stored  for  the  nth  orbit  alon«> 

with  time  t at  which  this  maximum  value  is  projected  to  occur.  In 

box  7,  the  maximum  value  of  ! ( t ) | is  compared  with  a preset 

momentum  alert  threshold  A reasonable  criteria  for  setting 

this  threshold  is  to  let  it  correspond  to  ninety  percent  of  satura- 
tion. For  an  operational  six  CMG  system,  H equals 

ALERT  M 

halert"0,9(6h)“5*4h  (36) 

If  the  maximum  value  of  l**£MG^^I  computed  in  box  6 equals  or  exceeds 
HALERT’  an  alert  13  given  as  illustrated  In  box  8.  The  orbit  n, 
the  time  t,  and  the  projected  value  of  I ^CMG ^ ) I is  given.  At  this 
point,  the  momentum  prediction  scheme  is  terminated. 

If  the  maximum  value  of  |HCMG(t)|  computed  in  box  6 is  less 

than  the  prediction  scheme  proceeds  to  box  9 which  checks 

to  see  if  the  n orbit  corresponds  to  the  last  orbit  m for  which 
a projected  momentum  profile  is  to  be  computed.  If  n equals  m, 
the  prediction  scheme  is  terminated  with  no  alert  given.  If  n 

is  less  than  m,  the  initial  CMG  momentum  vector  HrM^(t  ) Is  updated 
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-> 

using  the  value  of  Hnxjr,  computed  in  box  5 that  corresponds  to 
t h ^ 2 ^ 

the  end  of  the  n orbit  (t*t  + * This  momentum  prediction 

o UJ 

o 

scheme  continues  by  proceeding  back  to  box  3 where  the  momentum 
profile  corresponding  to  the  next  orbit  is  computed. 

10.3  Reaction  Control  System  (RCS)  CMC  Desaturation  Systems  - 
Two  RCS  CMC  desaturation  systems  are  proposed;  they  are: 

System  1:  Reaction  Jets  attached  to  the  vehicle  are  fired  in 

such  a manner  as  to  desat urate  the  CMCs  while  the  CMGs  con- 
tinue to  control  the  vehicle  attitude. 

System  2:  The  CMC  system  is  commanded  to  a new  momentum  state 

with  a reaction  control  system  (RCS)  assuming  attitude  con- 
trol. The  RCS  absorbs  the  resultant  CMC  torque  applied  to 
the  vehicle  due  to  the  change  in  CMC  momentum. 

10.3.1  System  1:  CMC  Attitude  Control  - The  CMC  system  is 

desaturated  by  firing  reaction  jets  attached  to  the  vehicle  in 
such  a manner  that  the  resultant  counteracting  CMC  torques  will 
desaturate  the  CMC  system  besides  counteracting  the  RCS  torques 
generated.  The  reason  for  attempting  to  hold  vehicle  attitude  with 
the  CMG  system  during  desaturation  is  in  the  hope  that  the  resultant 
vehicle  stabilization  will  permit  experimentation  during  this  inter- 
val. For  the  RCS  and  CMC  systems  used  In  this  study,  the  major 
problem  with  this  type  of  RCS  desaturation  is  that  the  control 
authority  of  the  baseline  RCS  described  in  table  10.1  is  larger 
than  that  of  the  proposed  CMC  system.  The  minimum  torque  that 
the  baseline  RCS  can  generate  about  its  three  control  axes  is  8280 
ft-lb  about  the  X axis  and  40000  ft-lb  about  both  the  V and  Z axes. 
The  torque  capability  of  the  selected  CMC  svstem  along  each  vehicle 
axis  is  200  ft-lb,  section  5.  This  large  difference  in  torque 
capabilities  makes  this  type  of  a RCS  desaturation  svstem  difficult 
to  implement.  Two  possible  ways  of  implementing  this  svstem  are 
illustrated  in  figure  10.4;  they  are: 

Case  A:  As  illustrated  in  figure  10.4a,  the  baseline  RCS 

is  time  modulated  so  that  its  average  torque  T.,fT,  is 

AVF 

less  than  the  torque  capability  of  the  CMG  svstem. 

This  average  RCS  torque  T Is  used  to  desaturate  the 

AVL 

CMG  system. 


1 


Case  B:  As  shown  in  figure  10.4b,  a series  of  minimum  RCS 

impulses  are  fired  and  the  resultant  momentum  is  absorbed 
by  the  CMG  system.  The  time  between  pulses  should  be  large 
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enough  to  allow  all  CMG  transients  caused  by  the  previous 

impulse  to  die  out  before  the  next  impulse  is  fired.  Any 

residual  momentum  left  in  the  CMG  system  is  removed  by  the 

modulated  pulse  shown  in  figure  10.4b.  By  varying  the  pulse 

duration  t the  amount  of  momentum  imparted  to  the  vehicle 
m 

can  be  precisely  controlled.  By  firing  a sufficient 
number  of  minimum  RCS  impulses  and  a final  modulated  pulse, 
the  CMG  momentum  state  can  be  changed  to  any  desired  state. 

Case  A:  Modulated  RCS  Desaruration  System  - The  problem  with 

this  modulation  system  is  that  (1)  the  fuel  consumed  by  this  system 
is  high  because  the  RCS  is  on  all  of  the  time,  (2)  the  contamination 
resulting  from  this  large  fuel  consumption  will  prevent  most  if  not 
all  experiments  from  being  performed  during  desaturation  thus,  de- 
feating the  purpose  of  accurately  stabilizing  the  vehicle  during 

this  interval,  (3)  the  modulated  pulse  duration  t must  be  accurately 

m 

controlled,  and  (4)  the  capability  of  obtaining  high  vehicle  stabi- 
lization is  questionable  because  of  the  transients  generated  by  the 
continuous  RCS  alternating  impulse  train. 


Assume  that  a change  in  CMG  momentum  along  the  Y axis  of 

13  000  ft-lb-sec  is  desired  and  that  the  average  RCS  torque 

T is  130  ft-lb.  The  time  t required  to  produce  this  change 
AVE  D 

in  momentum  is 


t 


s= 

D 


AH 

T 

AVE 


13  000 
150 


=86,7  seconds 


(37) 


The  fuel  consumption  W.O.F.,  weight  of  fuel,  required  to  produce 
this  desired  change  in  CMG  momentum  equals 


2Ft 


W.O.F. 


*346 .8  lb 


(38) 


sp 


This  required  fuel  consumption  is  extremely  high. 


To  compute  the  modulated  pulse  duration  t needed,  note  that 


m 


FA  (t  -tf) 

JL_  a_JL 


AVE  t +t, 
m f 


(39) 


Solving  equation  39  for  t , 

m 


t - (fViave>  t 
» fVtave  f 


(40) 
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Substituting  the  appropriate  values  ot  Tir„  , F,  l . 

AVr  y 

equation  40,  equals 

t _ (40  150) (0.1)  ...  „ ...  , 

tm  739"  850)  "100.75  milliseconds 


and  t^  into 


(41) 


The  difference  between  and  the  system's  minimum  pulse  duration 

tf  is  so  small,  less  than  one  millisecond,  that  it  is  highly 

impractical  to  require  the  baseline  RCS  to  have  this  fine  a pulse 
regulation  capability.  The  feasibility  of  a large  RCS,  the  size 
of  the  baseline  system,  having  this  small  a pulse  regulation  capa- 
bility is  highly  questionable. 


This  modulated  RCS  desaturation  system,  Case  A,  is  eliminated 
as  a potential  CMG  desaturation  system  on  the  basis  of  its  large 
fuel  requirements  and  its  impractical  pulse  modulation  requirements. 

Case  B:  Pulsed  RCS  Desaturation  System  - To  demonstrate 

how  this  pulsed  RCS  desatur&tion  system  operates,  assume  that  a 
change  in  the  CMG  momentum  state  of  13  000  ft-lb-sec  along  the 
vehicle  Y axis  is  desired.  The  minimum  momentum  impulse  bit  (M1B) 
that  the  baseline  RCS  can  impart  to  the  Y axis  equals 


(MIB)y"F£  tf«4  000  ft-lb-sec  (42) 

As  shown  in  figure  10.4b,  the  first  RCS  impulse  Ftf  will  result  in  a change 

in  momentum  of  4 000  ft-lb-sec  along  the  Y axis.  By  firing  these 
minimum  impulses,  a change  of  3(MIB)y  or  12  000  ft-lb-sec  along 

the  Y axis  will  result  leaving  a residual  momentum  cf  1 000  ft-lb-sec. 

To  remove  this  residual  momentum,  a modulated  pulse  like  the  one 
shown  in  figure  10.4b  is  generated.  The  momentum  imparted  to  the 
vehicle  Y axis  due  to  this  modulated  pulse  equals 


HM0D,Y“ny(tm'tf) 


(43) 


From  equation  43,  the  desired  modulated  pulse  duration  t equals 

m 


_ hmod,y'1 

m F l 


,+FSL  t 


Z_JL 


(44) 


Substituting  the  appropriate  values  of  (1  000  ft-lb-sec), 

F,  Z , and  t into  equation  44,  t equals 
y i m 

tm*125  milliseconds  (45) 

This  modulated  pulse  using  the  above  value  of  t results  in  the 

m 

desired  change  of  1 000  ft-lb-sec  along  the  Y axis  thus  completing 
the  desired  CMG  desaturation  along  this  axis.  Desaturation  along 

the  remaining  vehicle  axes  is  accomplished  in  an  identical  manner. 


The  RCS  fuel  required  to  perform  this  desired  desaturation 
along  the  Y axis  equals 


10-1* 


W.O.F.- 


2F[(n/DVtm] 

Vp 


<A6) 


where  n is  number  of  minimum  impulses  Ftf  required,  n "3.  S' 
y t y 

stituting  the  appropriate  values  of  n^,  F,  tf,  t^,  and  Igp  in 
equation  A6 , W.O.F.  equals 


W.0.F.-2.1  lb 


(A7) 


This  above  fuel  consumption  is  considerably  less  than  that  for  the 
previous  system,  Case  A. 

As  noted  earlier,  the  minimum  torque  capability  of  the  baseline 
RCS  along  each  vehicle  axis  is  much  smaller  than  the  maximum  torque 
capability  of  the  CMG  system.  This  large  difference  in  torque 
capabilities  means  that  the  CMC  system  cannot  instantaneously 
absorb  the  momentum  generated  by  a single  RCS  impulse  thus  causing 
an  attitude  error.  To  compute  the  magnitude  of  this  error,  the 
following  assumptions  are  made. 

a.  The  CMC  system  is  approaching  saturation  along  one 
of  the  vehicle  control  axes  as  shown  in  figure  10.5a. 


b.  The  CMG  system  has  reached  ninety-five  percent 
of  saturation. 


c.  The  CMGs  are  arranged  in  an  isogonal  distribution. 
An  isogonal  distribution  is  one  in  which  each  CMG 
contributes  an  equal  share  to  the  total  CMG  momentum 

vector  Hcmg. 

d.  The  CMG  system  is  desaturated  along  the  affected 
vehicle  control  axis  shown  in  figure  10.5a  by  firing 
the  appropriate  RCS  thruster  pair  for  its  minimum 
pulso  duration  t^. 

Because  the  CMGs  are  arranged  in  an  isogonal  distribution, 
the  magnitude  of  the  CMG  momentum  vector  equals 

I”cmg1*6Hcos9i  (48) 

where  9j  is  the  angle  between  the  individual  CMG  wheel  momentums 

and  H-^,,  as  illustrated  in  figure  10.5a.  For  a ninety-five  percent 
CMG 

saturated  system. 


i 

t 
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cosQj-0.95 


Qj-18  degrees  (49) 

As  illustrated  in  figure  10.5b,  a RCS  desaturation  torque  T . along 

RCS 

the  vehicle  control  axis  is  generated  causing  the  CMC  system  to 
produce  a counteracting  torque  TCMC  in  the  opposite  direction. 

Note  that  a double  gimbal  CMC  can  generate  a torque  only  in  the 
plane  perpendicular  to  its  wheel  momentum  H.  For  the  isogonal 
CMG  orientation  shown  in  figure  10.5a,  the  maximum  magnitude  of  T 

CMG 

that  can  be  generated  along  or  opposite  the  affected  control  axis 
equals 


|TCMGlmax‘6Tmaxsin6I  <50> 

where  is  the  maximum  torque  that  an  individual  CMG  can  generate 

in  the  plane  perpendicular  to  its  rotor  H.  The  maximum  torque  capa- 
bility T for  the  CMGs  selected  in  section  6 is  122  ft-lb  thus. 

the  corresponding  value  of  |T„W„|  equals 

' CMG 1 max  n 

!TCMGlroax“6(122)8in(18°)“226  ft'lb  (51) 

The  above  value  of  I I max  wil1  lncrease  the  CMG  system  is 
desaturated  because  the  angle  8 will  increase.  For  this  analysis, 
the  magnitude  of  the  CMG  torque  ?CMG  generated  due  to  the  RCS  de- 
saturation torque  T^GS  is  assumed  to  be  constant  and  equal  to  the 
above  value  of  |TrMrJmav  given  in  equation  50. 

Contained  in  figure  10.6  are  sketches  of  the  RCS  desaturation 

torque  profile  T , the  resultant  CMG  torque  profile  T_.  , and 

CMG 

the  corresponding  vehicle  angular  acceleration  a,  velocity  w,  and 
position  9 time  histories  generated  by  these  torque  profiles.  The 
equations  of  motion  governing  a,  to,  and  0 are: 

(^RCS+^CMG) 


1 
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-/  odt-  nr  / (T'RCS«CH(.)dt 


(53) 


l’i  “dt-  th  i'  <fRCS+Wdtdt 


(54) 


where  [I]  Is  the  vehicle  Inertia  tensor. 

Assume  that  the  CMG  system  is  approaching  saturation  along  the 
X axis.  At  time  t^  the  angular  velocity  u*  goes  through  zero  and 

9.  the  axial  angular  displacement,  is  a maximum  0^  . From  equa- 
tions 53,  time  can  be  computed  by  solving  the  following  rela- 
ship . 

1 


Cf  *1 


V f~  {f  Trcs  Vdt_/  Iwl  dt >-0 
xx  o RCS,X  o CMG  max 


(55) 


TRCS,x  18  the  Corque  generated  due  to  firing  the  X axis  RCS  thruster 
Palf:  TRCS , x equal9 


TRCS,x-FV8  280  ft~lb 

Substituting  the  appropriate  values  of  I , t , T and 

xx’  f’  RCS ,x*  ana 


(56) 


'^CMG'raax  into  ecluation  55,  time  t^  equals 


t^«3.67  seconds 


(57) 


The  maximum  angular  displacement  of  the  . axis  occurs  at  t and 
equals 

^max^"  ^TRCS+TCMG^dtdt  ^ 

■1.42x10  radian  or  4.9  arc-minutes 
At  time  t2,  9S  equals  0.5  0^^.  Utilising  equation  5«  , t2  equals 


°-59«x.x-  i^;I"2(WWdtdt) 


^2“^ -29  seconds 


(59) 
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At  time  t^»  the  transient  Is  assumed  to  have  been  damped  out  and 
0 equals  zero.  Using  equation  54,  t^  equals 


Axx  o 


(T  +T 
V RCS  CMG 


)dtdt]-0 


t^*>10.91  se.conds  (60) 

Performing  the  above  analysis  for  the  Y and  Z axes,  the 
corresponding  values  of  t^,  t2>  t^>  and  ®max  eclual 


t^-17.6  seconds 
t2«35.2  seconds 
t2**52.8  seconds 

9 -4. 25x10*^  rad  or  14 . 6 min 
max,y 


tj-17.6  seconds 
t2«35.2  seconds 
t^-52.8  seconds 

9 -4.08x10  rad  or  14.0  min 
raax,z 


This  analysis  corresponds  to  a worst  case  analysis  since  the 
CMC  system  is  desaturated  along  the  direction  of  smallest  CMC 

torque  capability,  the  direction  of  H^.  From  this  analysis, 

the  maximum  attitude  errors  generated  by  firing  the  appropriate 
RCS  thruster  pair  for  a minimum  pulse  duration  are  less  than  a 
0.1  degree  for  the  X axis  and  approximately  0.25  degrees  for  both 
the  Y and  Z axes.  For  all  experiments  that  have  a relatively  high 
stabilization  requirement,  these  attitude  errors  would  be  excessive 
and  would  prevent  experimentation  during  this  desaturation  inte:"i,al. 

A major  problem  with  this  system  is  that  firing  a minimum  RCS  impulse 
causes  the  CMC  system  to  be  turned  hard  on  in  an  attempt  to  com- 
pensate for  the  resultant  large  RCS  torques  produced.  This  turning 
the  CMGs  hard  on  could  result  in  excessive  CMG  wear  particularly  to 
the  Individual  CMG  gear  trains.  Because  this  RCS  desaturation 
system  cannot  meet  the  high  degree  of  vehicle  stabilization  de- 
sired and  because  of  the  excessive  CMG  wear  that  can  result,  this 
system  is  not  recommended. 


Y axis: 


Z axis : 
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Alt er_na_t_Lve  to  the  RCS  Desaturation  Systems  , Ceases 
A and  B - An  additional  low  torque  RCS  system  could  be  added 
to  the  vehicle  for  the  purpose  of  desaturating  the  CMC,  system. 

The  control  authority  of  this  RCS  system  would  have  to  be  less 
than  that  of  the  CMC  system.  This  system  would  be  turned  on 
and  off  gradually  as  shown  In  figure  10./  In  order  to  minimize 
attitude  errors  due  to  transients  introduced  by  this  RCS  sys- 
tem. A thruster  pair  would  remain  on  until  the  desired  change 
in  CMG  momentum  along  its  control  axis  has  been  reached.  A 
representative  value  for  the  maximum  torque  capability  of  this 
RCS  system  would  be  approximately  100  ft-lb.  Most  of  the  high 
stabilization  requirements  imposed  on  the  vehicle  by  its  experi- 
ments could  be  met  while  this  RCS  desaturation  system  is  operating. 
The  major  drawback  to  this  system  is  that  an  additional  system 
is  added  to  the  vehicle  with  only  one  function  that  of  desaturating 
the  CMG  system. 

10.3.2  System  2:  RCS  Attitude  Control  - This  RCS  desaturation 

system  transfers  attitude  control  from  the  CMG  system  to  the  base- 
line RCS  system.  With  the  baseline  RCS  controlling  vehicle  atti- 
tude , the  CMG  system  is  commanded  to  its  desired  momentum  state. 
Because  the  baseline  RCS  stabilization  capability  is  much  less  than 
that  of  the  CMG  system,  this  system  precludes  the  possibility  of 
performing  any  experimentation  during  the  desaturation  interval 
that  requires  a high  degree  of  stabilization.  This  loss  in  ex- 
perimentation capability  during  the  desaturation  interval  is  not 
a major  drawback  since  neither  of  the  two  previously  described 
RCS  desaturation  systems  utilizing  the  baseline  RCS  would  permit 
experimentation  during  this  period  either. 


To  demonstrate  how  this  system  operates,  assume  that  a change 

in  CMG  momentum  of  13  000  ft-lb-sec  along  the  vehicle  Y axis  is 

desired.  Assume  that  the  rate  of  change  of  the  Y axis  CMG  momentum 

state  TnxM„  is  150  ft-lb.  To  produce  the  desired  momentum  change 
CMG 


along  the  Y axis  AH  , this  CMG  torque  T 

y LMO 

where  equals 


roust  last  for  tp  seconds 


AH 

t.-  =-*- 


‘D  T 


CMG 


“86.67  seconds 


(61) 


After  tp  seconds,  the  CMG  system  will  be  In  its  desired  momentum 
state . 

A RCS  thruster  pair  is  commanded  to  fire  when  the  i vehicle 
axis  impinges  on  one  of  the  attitude  deadband  limits.  Assume  that 
the  RCS  firing  logic  is  governed  by  the  following  rate  plus  position 
law. 


F , MAXIMUM  R('S  1 URUST  M-.vj”. 


Figure  10,7. 


Alternative  Implementation  RCS 
Desaturation  System,  System  1 


I**i  “i+1s>l0ll-E  «-*  ,y,z) 


(62) 


E is  a positive  constant  scalar  that  corresponds  to  the  RCS 
attitude  deadband  limit.  For  the  Y axis,  assume  that  KR,  Kp 


and  E have  the  following  values. 

K_  -1  second 
Ry 

(63) 

v-1 

(64) 

E=0.5  degree 

(65) 

These  values  of  E,  Kp  , and  Kp  correspond  to  a +0.5  degree  RCS 
attitude  deadband. 


At  time  t equal  to  zero,  the  transfer  from  CMG  to  RCS  atti- 
tude control  has  been  accomplished  and  the  CMG  torque  Tq^q  is 

applied  to  the  Y axis.  Assume  that  initial  Y axis  angular  rate 
Wy(0)  and  position  9^(0)  at  t equal  to  zero  are: 


O 

N 

O 

3 

(66) 

e (o)-o 
y 

(67) 

The  CMG  torque  TC^G  will  accelerate  the  vehicle  Y axis  towards 

one  of  its  attitude  deadband  limits  defined  by  equation  62. 
Assume  that  the  sign  of  Tp^p  is  positive;  the  resultant  Y axis 


angular  acceleration  a 


y 


equals 


Qt  - y^(57.3  deg/rad)-l. 047x10  3 deg/sec2 

y Lyy 


(68) 


As  the  Y axis  Is  accelerated  towards  Its  upper  attitude  deadband, 

u (t)  and  6 (t)  equal 

y y 


gj  (t)«a  t+u)  (0)  deg/sec 
a t2 


9y(t)-  -jj — +uy(0)t+6y(0)  deg 


(69) 

(70) 


At  time  t^,  the  RCS  firing  logic  equation,  equation  62,  will  be 
satisfied  and  an  appropriate  RCS  thruster  pair  will  be  fired 
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accelerating  the  Y axis  away  from  the  deadband  limit.  Substituting 
the  above  expressions  for  ^(t^  and  G (t^  and  the  appropriate 

values  of  , and  E into  equation  62, 

ivv+yvi-0-5 

or 

1.047xl0"3t1+0.5235xl0“3t ^-0.5-0  (71) 

Solving  for  y t equals 

t^=29.92  seconds  (72) 

Substituting  the  above  value  of  t^  into  equation  69  and  70, 
and  9 (t^)  equal 

^y (t^)*0.0313  deg/sec 

9y (t^)«0.4687  degree 

Assume  that  the  momentum  produced  by  firing  the  appropriate  RCS 
thruster  pair  is  instantaneously  applied  to  the  vehicle  and 
results  in  a change  of  axial  velocity  ujy . This  change  in 

velocity  A^y  due  to  firing  the  RCS  pair  for  its  minimum  time 
duration  t equals 

FI  tf 

AtV  7* — (57*3  de8/rad;-0.0279  deg/sec  (75) 

yy 

At  time  t1,  just  after  the  appropriate  RCS  thruster  pair  has  been 
fired,  uj(t^)  and  Q(t^)  equal 

oj(t1>-uj(t1)-Aojy-0.0034  deg/sec  (76) 

9(t^)«9(t^)«0.4687  degree  (77) 

Note  that  angular  rate  wy(t‘)  is  still  positive  meaning  that  the 
minimum  momentum  impulse  bit  (WIB)y  was  not  large  enough  to  change 
the  sign  of  uy  The  CMC  torque  will  continue  to  accelerate 

the  Y axis  towards  its  upper  deadband  limit,  +6  . u (t)  and  0 (t) 

° y y 

equal 


(73) 

(74) 
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ujy(t)-ay(t-t1)-hijy(t~)  for  t>tx  (78) 

av(t_tl)2 

ey(t)-  -Koy(t1)(t-t1)-*-9y(t1)  for  t>tx  (79) 


At  time  t^,  the  RCS  firing  logic  equation  will  be  satisfied 

once  more  and  an  appropriate  RCS  thruster  pair  will  be  fired  again 
accelerating  the  Y axis  away  from  its  attitude  deadband.  Substi- 
tuting cu^ ( t ^ ) and  9y(t2)  Into  equation  62, 

jUy(t2)+0y(t2) 1-0.5 


or 

0.5235xl0_3(t2- t1)2+A.455xl0_3(t2-t1)-27.92xl0~3-0  (80) 

Solving  equation  80,  (tyt^)  equals 

tyt^-4.20  seconds  (81) 


Time  t2  equals 


t2«tj+4. 20*34.12  seconds 


(82) 


Substituting  t2  into  equations  78  and  79,  w (t,,)  and  9 (t2)  equal 


ojy (t2)»+0. 0078  deg/sec  (83) 

VV"0’4922  de8ree  (84) 

At  time  t2<  the  appropriate  RCS  thruster  pair  has  been  fired  and 
o>y(t2)  and  8y(t2)  equal 

ujy(t2)-wy(t2)-Au>y«-0.0201  deg/sec  (85) 

9y(t2)-9y(t2)-0.4922  degree  (86) 

For  t greater  than  t2>  wy(t)  and  0y(t)  equal 

u (t)-a  (t-t,)+w  (t~)  for  t>t, 
y y 2 y 2 2 


(87) 
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ay(t_t2) 

9y(t)=  +uy(t2)(t-t2)+ey(t2)  for  t>t2  (88) 

At  tine  t2,  wy  Is  negative  Indicating  that  the  Y axis  Is 

moving  away  from  the  upper  deadband  limit  +9^,  The  CMG  torque 

TcMG  acting  on  the  Y axis  decelerates  this  motion  and  at  time  t^, 

the  Y axis  starts  back  towards  its  upper  attitude  deadband  limit. 
At  time  tj,  the  Y axis  velocity  w is  zero.  Substituting  t^  for 

t into  equation  87  and  setting  the  resulting  expression  to  zero 

<Vt3~t2)'HlV(t2)’0  <89> 

or 

1.047xl0_3(t3-t2)-0. 0201-0  (90) 


Solving  for  t3-t2, 


t^  equals 


t3~t2*19.21  seconds 


t3«t2+19. 21=53 . 33  seconds 


From  equation  88,  the  corresponding  value  of  0y(t3)  equals 

9y(t3)-0.2990  degree 


(91) 


(92) 


(93) 


At  time  t^,  the  state  of  the  Y axis  (ioy,9y)  will  once  again 

ratlsfy  the  RCS  firing  logic  and  another  minimum  RCS  impulse  will 
result  sending  the  Y axis  away  from  its  upper  deadband  limit. 
Substituting  wy(t^)  and  9y(t^)  into  equation  62,  the  RCS  firing 

logic  equals 

|u  (t.)+9  (t.) |-0. 5=0 
' y 4 y 4 1 

or 

0.5235(t4-t2)2-19.1xl0_3(t4-t2)-27.9xl0‘3=0  (94) 

Solving  for  t4> 


t4~t2«37.88  seconds 


10-30 


or 


t.-t_+37. 88- 72.00  seconds 
4 2 


(95) 


Substituting  t^  into  equations  87  and  88,  w^(t^)  and  9y(t4)  equal 


tuy(t^)-0.0195  deg/sec 
0y (t^)-0.4805  degree 

At  time  t~,  uy (t~)  and  GyU^)  equal 

jj  (t7)“W  (t.)-Acu  --0.0084  deg/ sec 
y 4 y 4 y 

0 (t7)-0  (t.)-0.4805  degree 
y 4 y 4 


(96) 

(97) 


(98) 

(99) 


For  t greater  than  t^,  u>y(t)  and  9y (t ) equal 

Uy(t)-ay(t-t4)-Kuy(t“)  for  t>t4 

a (t-t  )2 

8y(t>-  tty  r"~  ■t"y<t«><t-t4>'f6y(t4>  f0r  C>t4 


(100) 

(101) 


At  time  t~,  Uy  is  again  negative  meaning  that  the  Y axis  is 

traveling  away  from  the  upper  deadband  limit  +0Q.  At  time  t^, 

the  Y axis  velocity  w is  zero  and  the  Y axis  starts  moving  back 

towards  +6  . Substituting  t-  for  t and  setting  equation  100  equal 
o -> 

to  zero,  equals 

l„047xl0-3(t5-tA)-0. 0084-0 

(t^-t4)-8.04  seconds 

t-t .+8.04-80.04  seconds 
5 4 

Substituting  t^  into  equation  101,  ^(tj)  equals 


0 (t_)-0.4467  degree 
y 5 


(103) 


Note  that  at  t equal  to  86.67  seconds,  TCMG  becomes  zero 

and  the  CMG  system  is  at  its  desired  momentum  state.  Substituting 
t equal  to  86.67  seconds  into  equation  100  and  101,  Qy  and  equal 


lo-ii 


0)  (86 .67)-0 . 0070  deg/sec 

y 

6 (86 . 67)*0 .4700  degree 

y 


(104) 

(105) 


(106) 


For  t greater  than  86.67  seconds,  TCMG  is  zero  and  will  no  longer 
accelerate  the  Y axis  towards  its  upper  RCS  deadband  limit  +0Q. 

But  since  u at  this  time  has  a positive  sign,  the  Y axis  will 
continue  ^travel  towards  +9q;  when  it  reaches  +0Q,  the  RCS 
will  fire  a minimum  impulse  sending  the  Y axis  away  from  +9^ 

For  time  t greater  than  86.67  seconds,  wyCO  and  0y(t)  equal 

w (t)-u  (86.67)  for  t>  86.67  seconds 

y y 

6 (t)-[<-  (86.67)](t-86.67VWv(86.67)  for  t>86.67,sec  (107) 

At  time  t6,  the  state  of  the  Y axis  satisfies  the  RCS  firing 
logic,  equation  62.  Using  equations  106  and  107,  substitute  Wy(tfi) 
and  9 (t^)  into  equation  62. 

l“,(t6)+ey(t6)|-o.5-o  (108) 

Solving  equation  108  for  t,, 


t *89.96  seconds 
6 


(O  and  0 (t,)  equal 

j b y ° 


co  (t,)*0.0070  deg/sec 

y 6 

0 (t,)-0.4930  degree 

y 6 


(109) 

(110) 
(in) 


At  time  t“,  the  RCS  has  fired  sending  the  Y axis  away  from  +9^ 
at  a constant  rate  uiy(t^).  wy( t ^)  and  0y(t6)  equal 

u (t")-u  (t,)-Au  *-0.0209  deg/second 
y 6 y 6 y 

9 (0-0  (t,)-0.4930  degree 
y 6 y 6 

For  time  t greater  than  t&,  wy(t)  and  9y(t)  equal 


(112) 


(113) 
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u>  (t)-w  (t,) 
y y 6 


deg/ sec  for  t 


(114) 


ey(t)-[wy(tg)](t-t6)+0y(t")  degree  for  t>t6 
The  baseline  RCS  has  fired  four  minimum  impulses  Ft^ 


(115) 

intro- 


ducing four  minimum  momentum  impulse  bits  (MIB)y  to  the  system. 

Four  (MIB)  ' s correspond  to  a momentum  of  16  000  ft-lb-sec;  this 

value  of  momentum  exceeds  the  desired  change  in  momentum  of  13  000 
ft-lb-sec  by  3 000  ft-lb-sec.  This  additional  momentum,  3 000 
ft-lb-sec,  must  be  removed  from  the  system.  As  the  Y axis  passes 
through  an  angular  displacement  0y  of  zero,  a modulated  pulse,  like 


the  one  discribed  for  system  1,  Case  B,  is  fired  absorbing  this 
additional  momentum.  Figure  10.8  is  a sketch  of  this  modulated  pulse. 
Firing  this  modulated  pulse  causes  the  net  change  in  momentum  along 
the  Y axis  to  equal  the  desired  change  of  13  000  ft-lb— sec.  The 
modulated  pulse  duration  t is  computed  using  equation  44  where 

H^d  equals  3 000  ft-lb-sec,  t^  equals 


t = m 175  milliseconds  (116) 

m ny 

At  time  t?,  0 passes  through  zero  and  the  modulated  pulse  is 
fired.  Substituting  t^  for  t and  setting  equation  115  equal  to 
zero,  ty  equals 

iV'i^'w+yv-" 

(t,-t6)-23.59 

t -t,+23. 59-113. 55  seconds  (117) 

7 6 

At  time  t~,  just  after  the  modulated  pulse  has  been  fired, 

w (t~)  and  0 (O  equal 
y 7 y 7 

Uy(t^)*0  for  t>t7 

9 (t~)-0  for  t>t, 
y 7 7 


(118) 

(119) 
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The  desired  desaturation  along  the  Y axis  is  completed  and  it 
takes  sliRhtly  less  than  two  minutes  to  perform.  Figure  10.9  is 
the  corresponding  phase  plane  describing  the  time  history  of 
ojy(t)  versus  0^(t)  during  these  two  minutes. 

The  amount  of  fuel  W.O.F.  required  to  perform  this  desired 
13  000  f t-lb-sec  change  in  the  CMG  momentum  state  along  the 
Y axis  is  given  by  equation  46  where  n^,  the  number  of  minimum 

impulse  firings,  equals  four.  W.O.F.  equals 


W . 0 . F . = 


2FKn+l)tf+tm] 

I 

sp 


-2.7  lb 


(120) 


This  RCS  desaturation  system,  system  2,  expends  0.6  pounds  more 
fuel  than  system  1,  Case  B for  the  same  change  in  CMG  momentum, 
but  unlike  system  1,  Case  B it  performs  the  desired  desaturation 
without  resulting  in  excessive  CMG  wear. 

10.3.3  Comparison  of  RCS  CMG  Desaturation  Systems  - Three  RCS 
CMG  desaturation  systems  utilizing  the  Shuttle  baseline  RCS  system 
have  been  proposed.  The  systems  are  denoted  as  system  1 Case  A and 
Case  B and  system  2.  Both  system  1 Cases  A and  B attempt  to  hold 
the  attitude  of  the  vehicle  using  the  CMC  system.  The  rationale 
behind  this  method  is  that  by  accurately  stabilizing  the  vehicle 
with  the  CMG  system  during  desaturation,  experimentation  can  pre- 
sumably continue  during  this  interval.  Both  systems,  Cases  A and  B 
fire  the  baseline  RCS  in  such  a manner  that  the  resultant  RCS  torques 
generated  will  desaturate  the  CMG  system.  Case  A attempts  to  time 
modulate  a RCS  pulse  train  of  both  positive  and  negative  pulses  in 
such  a fashion  that  the  average  resultant  RCS  torque  generated  is  less 
than  the  torque  capability  of  the  CMG  system.  Case  B desaturates 
the  CMG  system  by  imparting  a number  of  minimum  RCS  impulses  to 
the  vehicle  and  then  allowing  the  CMG  system  to  absorb  the  re- 
sultant momentum  produced.  System  2 transfers  attitude  control 
from  the  CMG  system  to  the  baseline  RCS  and  then  commands  the 
CMGs  to  the  desired  CMG  momentum  state.  The  resultant  CMG  torques 
that  are  generated  due  to  the  change  in  CMG  momentum  state  are 
absorbed  by  the  RCS.  The  use  of  system  2 precludes  the  continua- 
tion of  most  experiments  with  relatively  high  vehicle  stabiliza- 
tion requirements  during  desaturation  since  the  vehicle  stabiliza- 
tion capability  is  limited  to  that  attainable  by  the  baseline  RCS. 

Listed  in  table  10.2  are  the  advantages  and  disadvantages  of 
the  three  proposed  systems.  The  major  disadvantage  of  system  1 
Case  A is  that  its  fuel  consumption  is  extremely  large  and  is  a 


Figure  10.9.  System  2:  Phase  plane  ^y(t)  Versus 


•wmr 
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3).  Easily  implement* 
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severe  source  of  experiment  contamination.  The  major  problem  with 
system  1 Case  B is  that  firing  a minimum  RCS  impulse  produces 
such  a large  torque  that  it  saturates  the  CMC  system  from  a torque 
standpoint  causing  excessive  CMC  wear  particularly  to  the  in- 
dividual CMG  gear  trains.  Meeting  the  experiment  vehicle  sta- 
bilization requirements  during  desaturation  wl th  either  Case  A 
or  B is  extremely  doubtful  since  the  control  authority  of  the 
baseline  RCS  is  much  larger  than  that  of  the  CMC  system.  System 
2 does  not  attempt  to  accurately  stabilize  the  vehicle  during 
desaturation,  but  neither  can  system  1 Cases  A or  B.  It  does 
not  have  the  CMG  wear  problem  of  Case  B and  its  RCS  fuel  con- 
sumption rate  is  relatively  low  unlike  Case  A.  System  2 can  also 
be  easily  implemented.  The  recommended  RCS  desaturation  system 
is  system  2. 


10.3.4  Recommended  RCS  CMG  Desaturation  Signal  Flow  Diagram  - 
Figure  10.10  is  a signal  flow  diagram  corresponding  to  the  recom- 
mended RCS  desaturation  system,  system  2.  This  CMG  desatura- 
tion  system  can  be  initiated  by  either  a manual,  a programmed, 
or  an  automatic  command.  The  CMG  system  is  automatically  de- 
saturated  whenever  the  magnitude  of  the  CMG  momentum  vector  HCMG 


exceeds  a preset  value  H^.  A reasonable  value  for  ia 

ninety-five  percent  of  saturation.  For  an  operational  six  CM( 
system,  11^  using  the  above  criteria  equals 


1^-0.95(610-5.711 


(121) 


where  H is  the  magnitude  of  the  individual  CMG  wheel  momentum. 


In  box  1 of  the  signal  flow  diagram,  the  CMG  momentum  vector 
H is  computed  using  the  CMG  gimbal  angles  and  ^(i)*  Tbe 

system  then  goes  onto  box  2 where  the  magnitude  of  HCMC  is  computed. 
In  box  3,  the  magnitude  of  HCM(,  is  compared  with  H^.  If  the  mag- 
nitude of  Hcmg  is  less  than  H^,  the  system  recycles  back  to  box 
1.  If  the  magnitude  of  flCMG  equals  or  exceeds  H^,  the  CMG  sys- 
tem is  approaching  saturation  and  the  logic  flow  proceeds  to  box 
4 where  the  process  of  desaturating  the  CMGs  is  started. 


Figure  10.10.  Logic  Signal  Flow  Diagram  for  Recommended  RCS 
Desaturation  System 
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At  box  4,  CMG  desaturation  Is  Initiated  either  automati- 
cally ae  described  above  or  by  a manual  or  programmed  CMC  de- 
saturatlon  command.  In  box  4,  vehicle  attitude  control  Is  trans- 
fered  from  CMG  control  to  the  baseline  RCS  control  system.  The 

CMG  torque  command  T^j  generated  by  the  CMG  vehicle  control  law  is 

zeroed.  After  this  transfer  has  been  completed,  the  desatura- 
tion system  proceeds  onto  box  5 where  the  CMG  momentum  vector 

hcmg  *8  reconiPuted- 

In  box  6,  the  desired  change  in  the  CMG  momentum  state  AH 

CMG 

Is  computed.  The  system  then  proceeds  onto  box  7 where  the  CMG 
> (D) 

torque  command  T that  will  produce  the  desired  change  In 

- C0M-  (D) 

hcmc  is  co“Puted-  tCom  equals 


AH 

t (D)_CMG 
COM  AT. 


(122) 


where  AT.  is  a preset  time  interval  corresponding  to  the  length 

-*  (d) 

of  time  the  torque  command  TC0M  is  to  be  applied  to  the  CMG 

system.  . The  value  of  AT.  should  be  picked  so  that  the  magnitude 
of  ^OM^  ^ not  exceed  the  CMG  system  torque  capability  along 


(D) 


COM 


This  torque  command  T 


(D) 


COM 


is  inputted  to  box  8 of 


the  logic  flow  where  the  appropriate  CMG  gimbal  rate  commands 
^l(i)  *nd  ^3(i)  are  8enerated  in  accordance  with  the  CMG  control 
law  and  singularity  avoidance  scheme.  After  AT.  seconds,  the 

> (d) 

torque  command  T ^ is  zeroed  and  the  system  proceeds  onto 


box  9.  In  box  9,  the  modulated  RCS  pulse  commands  that  will  re- 
move any  residual  momentum  left  in  the  system  as  the  affected 
control  axes  pass  through  their  zero  angular  displacement  are 
generated.  The  system  then  proceeds  onto  box  10  where  the  trans- 
fer from  RCS  to  CMG  attitude  control  is  reinitiated.  After  CMG 
attitude  control  is  re-established,  the  logic  flow  recycles  back 
to  box  1. 


Instead  of  computing  a CMG  torque  command  T , an  alterna- 

COM 

tive  method  of  implementing  this  RCS  desaturation  system  is  to 
drive  the  CMG  gimbals  to  a predetermined  CMG  gimbal  orientation 
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^l(i)  anc*  ^3(i)*  alternative  method  would  by-pass  the  CMC 

control  law  and  singularity  avoidance  scheme;  it  would  command 
each  gimbal  to  move  at  its  maximum  safe  rate  until  its  desired 
CMG  gimbal  angle  had  been  achieved.  The  previous  method  de- 
scribed that  of  computing  a CMG  torque  command  T has  the 

advantage  that  the  CMG  system  can  be  driven  to  any  particular 
momentum  state  by  Just  changing  the  desired  CMG  momentum  state 

To  transfer  to  a new  CMG  momentum  state  using  this  alterna- 
tive method  a new  set  of  gimbal  angles  must  be  computed  of  which 

-> 

there  are  an  infinite  number  for  each  new  H^. 

10.4  Gravity  Gradient  CMG  Desaturation  Systems  - Gravity 
gradient  CMG  desaturation  systems  desaturate  the  CMG  system  by 
maneuvering  the  vehicle  to  a favorable  orientation  where  the 
natural  gravity  gradient  torques  acting  on  the  vehicle  will 
result  in  the  desired  change  in  the  CMG  system  momentum  state. 

Four  representative  gravity  gradient  desaturation  laws  are  de- 
veloped in  the  following  sections;  they  are:  (1)  a small  angle 

maneuver  desaturation  law  (i.e.,  less  than  15°),  (2)  a law  re- 
quiring a large  maneuver  about  one  vehicle  axis,  (3)  a reflexive 
law  requiring  large  multiaxis  maneuvers,  and  (4)  a gravity  tracking 
law  also  requiring  large  multiaxis  maneuvers.  Laws  2 and  3 
also  require  additional  small  angle  maneuvers  during  the  desatura- 
tion interval  in  order  to  control  small  momentum  accumulations  due 
to  finite  maneuver  times  and  aerodynamic  torques.  The  gravity 
tracking  law,  law  4,  involves  a continuous  multiaxis  rotation 
about  the  orbit  normal  after  the  initial  desaturation  attitude 
is  established  in  order  to  track  the  local  gravity  force  vector. 

These  four  gravity  gradient  CMG  desaturation  laws  1 thru  4 are 
derived  in  sections  10.4.2  thru  10.4.5,  respectivelv,  for  an 
inertlally  held  vehicle.  In  section  10.4.7,  the  problem  of 
desaturating  the  CMG  system  from  a Z-LV  attitude  will  he  discussed 
and  an  appropriate  gravity  gradient  desat ur.it  Ion  law  developed. 

10.4.1  Orbit,  Coordinate  Frames,  and  Coordinate  Transformations 
The  vehicle  is  assumed  to  be  in  an  ideal  low  attitude  circular  Farth 
orbit.  The  position  of  the  vehicle  in  this  orbit  can  therefore  be 
given  in  terms  of  the  orbital  rate  u and  the  elapsed  time  t 

measured  from  some  orbit  reference  position  (0  -oj  t). 

t o 

The  reference  coordinate  frame  used  in  this  study  is  designated 
by  the  subscript  R and  is  Illustrated  in  figure  10.11.  The 
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piano  coincides  with 
is  directed  towards 
the  north  polo.  The 
d Inn to  system  shown 


the  Earth's  equitorial  plane,  the  X^  axis 

the  vernal  equinox,  and  the  Z axis  towards 

K 

axis  completes  the  right  handed  coor- 
in  f igure  10. I ! . 


A quasl-inertlal  orbital  reference  frame  X Y Z is  shown 

o o o 

in  figure  10.12  along  with  its  relationship  to  the  X Y_Z_  frame  and  is 

K R R 

defined  by  the  xongitude  of  the  ascending  node  a (rotation  about 

Z ) and  the  orbital  inclination  i (rotation  about  X ).  The 
^ o 

transformation  from  the  vehicle  reference  frame  to  the  orbital 
reference  frame  is  given  by: 
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(123) 


The  frame  is  quasi-inertial  due  to  the  precession  of  the  orbit 
about  the  axis  which  will  cause  a systematic  variation  in  oi. 

The  variation  (which  depends  primarily  on  i)  is  slow  and  a can 
be  assumed  constant  over  each  orbit,  thus  justifying  the  quasi- 
inert ial  nature  of  the  frame. 


Certain  of  the  control  law9  to  be  considered  are  derived 
with  respect  to  a quasl-inertlal  frame  in  which  one  of  the  axes 
(usually  Z)  is  directed  toward  a point  on  the  celestial  sphere 
which  is  normally  the  point  of  observation.  ThiH  point  can  be 
given  in  terms  of  the  right  ascansion  and  declination  (designated 
P and  6)  but  more  usefully  In  terms  of  an  angle  measured  from 
the  orbital  plane  and  a second  angle  locating  the  point  in  the 
orbital  plane  from  which  ^ I9  measured.  Figure  10.13  9hows  the 
relation  of  these  angles  with  respect  to  the  R and  0 frames. 


Figure  10.13.  Relation  of  a Vector  (Axis)  Directed  Toward 

a Celestial  Target  with  Respect  to  the  Frame 
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Details  of  the  usage  will  be  left  for  the  particular  sections 
involved,  as  will  needed  details  of  the  transformations.  It 
should  be  noted  that  for  celestial  targets  the  frame  is  very 
nearly  inertial,  being  affected  only  by  the  very  mi  mite  pre- 
cession of  tiu»  equinoxes.  In  the  case  of  solar  pointing  t lie 
target  point  varies  slowly  due  to  the  revolution  of  the  Earth 
In  its  orbit  and  a frame  based  on  the  solar  target  Is  quasi- 
inertial  and  t he  angles  can  be  considered  as  constant  only  for 
a limited  time  period. 

Other  subsidiary  coordinate  frames  will  be  introduced  only 
as  they  are  required  along  with  the  necessary  transformations. 

10  A. 2 Small  Angle  CMC  Desaturation  Law  - A small  angle  CMG 
desaturation  law  is  ideal  where  (1)  the  primary  CMG  momentum 
accumulation  is  along  the  vehicle  axis  corresponding  to  the  minimum 
moment  of  inertia  or  where  the  accumulation  along  the  other  two 
axes  are  small  and  (2)  the  two  large  moments  of  inertia  are  approxi- 
mately equal.  All  of  these  requirements  are  fulfilled  by  the 
Shuttle  and  its  candidate  attitudes,  X-POP  and  X-IOP.  The  prin- 
cipal advantage  of  this  type  of  desaturation  law  is  that  CMG 
momentum  dump  can  be  accomplished  using  only  small  maneuvers 
thus,  minimizing  maneuvering  resources  such  as  time  and  momentum 
expended  maneuvering  the  vehicle  to  and  back  from  its  desaturation 
orientation.  Its  chief  disadvantage  is  that  is  cannot  be  used  to 
desaturate  the  CMG  system  of  an  Mall  attitude"  vehicle  like  the 
proposed  Large  Space  Telescope  (LST)  spacecraft.  For  the  proposed 
Shuttle  CMG  control  system,  this  apparent  drawback  lias  no  sig- 
nificance since  the  Shuttle  is  not  assumed  to  he  an  "all  attitude" 
vehicle  and  its  candidate  attitudes  are  compatible  with  this  type 
of  desaturation  law. 


Derivation  of  Small  Angle  Gravity  Gradient  CMG  Desaturation 

Law  - The  gravity  gradient  torque  T acting  on  the  vehicle  was 

88 


given  in  equation  15 
for  convenience. 


This  expression  for  T is  reproduced  below 

88 
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(124) 


a.  a * and  a are  the  X,  Y,  and  Z components  of  the  local  vertical 
x y > z 

vector  a In  vehicle  coordinates,  respectively.  This  local  vertical 
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vector  a can  readily  be  written  in  the  quasi—inertial  orbital 
reference  frame  shown  in  figure  10.12  independent  of  vehicle  atti— 
tude  as  follows: 


COSO)  t 

o 

sinco  t 
o 

0 


(125) 


where  time  t in  zero  when  the  orbital  position  ot  the  vehicle  is 
coinc  ic 
equals 


coincident  with  the  positive  Xq  axis.  a In  vehicle  coordinates 


a“[<J>  ]a 

V*-0  o 


(126) 


where  1 is  the  transformation  from  the  orbital  reference  frame 

1 v*o 

to  the  desired  vehicle  attitude.  equals 


tVoHV[V 


-1 


(127) 


where  [^1  and  [4>q1  are  the  transformations  from  the  reference 

frame  X Y Z to  the  desired  vehicle  attitude  and  from  *RYRZR 
R R R 

to  the  orbital  reference  frame  X Y Zq,  respectively.  f*0l  Is 
defined  in  equation  123,  [#  ] equals 
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-cos  i sina 
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(128) 


Let  the  transformation  [<t  ] equal 
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(129) 


The  local  vertical  vector  a in  vehicle  coordinates  then  equals 
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Assume  that  the  vehicle  13  maneuvered  through  a small  angle  v 

where  r , r.  , and  c are  the  X,  Y,  and  Z components  of  e,  re- 
x y z /\ 

spectively.  The  resultant  local  vertical  vector  a equals 
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(131) 


Substituting  the  components  of  into  the  gravity  gradient  torque 
equation,  equation  124,  and  neglecting  all  second  order  terms  of 
c^,  i=*x,y,z,  the  gravity  gradient  torque  equals 


T f *3u) 
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where 


AI  -I  -I 
x zz  yy 

AI  =1  -I 
y xx  zz 


(133) 

(134) 


AI  -I  -I 

Z VV  XX 


(135) 


10-48 


Transforming  Tgg  back  into  the  desired  vehicle  attitude,  where 

the  CMG  momentum  was  accumulated,  equals 

gg 
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Neglecting  second  order  terms  of  e , T 
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(137) 


(138) 

(139) 

(140) 

(141) 

(142) 

(143) 


Note  that  the  first  term  in  equation  137  is  just  the  gravity 
gradient  torque  Tgg  given  in  equation  124  without  small  angle 
maneuvers  £^.  The  second  term  is  the  additional  gravity  gradient 
torque  acting  on  the  vehicle  due  to  the  small  angle  desaturation 
maneuvers  e£.  This  additional  torque  f is  used  to  desaturate 
the  CMG  system;  equals 


Tgc-V^AHAllE 


(144) 


where 
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(146) 


(147) 


Integrating  Tgc  over  the  desaturation  interval  from  t to  t 
results  in  the^change  in  CMC  momentum  AH^  due  to  the  desatura- 
tion maneuver  e.  AH  equals 

t 

[A]dt[Al]e  (i4g 

t 


A^CMG=3wo 


z 

/ 


Note  that  is  the  change  in  CMG  momentum  imparted  to  the 

°r  the  ne8atlve  of  the  change  in  CMG  momentum  stored  in 
the  CMG  system. 

Two  methods  of  computing  the  desaturation  maneuver  e are 
described  in  the  following  paragraphs.  The  first  method  computes 

c*me  lnvariant  vehicle  maneuver  e that  the  vehicle  hold: 
throughout  the  desaturation  interval.  The  second  method  or  option 

described  is  to  compute  e based  on  some  performance  index  P.  The 
performance  index  P used  is  the  sum  of  the  squares  of  the  individiu 

desaturation  maneuvers  e±.  This  method  is  an  attempt  to  optimize  } 
be  ab°Vi  petfoc“n<:*  p-  I"  general.  ? will 
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Option  1:  Constant  ..Small  Batura t Ion  Maneuvers  - 

Let  a*cmg  equal 


HDy 


H 


Dz 


(149) 


where  H^,  , and  are  the  desired  changes  in  CMG  momentum 

imparted  to  the  vehicle  measured  in  vehicle  space.  H , H_  and 
u , , Dx’  Uy ’ 

HD2  are  computed  from  actual  CMG  momentum  samples  made  during 

the  observation  portion  of  the  orbit.  Performing  the  integration 
Indicated  In  equation  148,  let  [B]  equal 
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(151) 


(152) 


(153) 


(154) 
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Substituting  equations  149  and  150  into  equation  148,  equals 
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Using  Cramer’s  method  to  solve  the  three  simultaneous  algebraic 
equations  given  in  equation  157,  and  equal 


ex=  lHDx<B22B33+B23)  V(B13B23+B12B33) 
+HD»<B12B23”B13B22)  * /3“oAIxA' 
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(159) 


(160) 


where 


i'-BllB22B33+BllB23+B22B13tB33B12 


(161) 


At  time  t , the  vehicle  is  maneuvered  through  the  small  angle  e. 
This  new  attitude  offset  from  its  original  attitude  by  the  small 
angle  c is  held  until  time  tf  when  the  vehicle  is  maneuvered  back 
to  its  desired  attitude. 
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Option  2:  Optimal  Small  Angle  CMC  De saturation  Maneuvers  - 

This  method  of  computing  the  desaturation  maneuvers  attempts 

to  optimize  these  maneuvers  by  minimizing  the  sum  of  the  squares 
of  > . This  problem  Is  treated  as  a Lagrange  multiplier  optimiza- 
tion problem  with  an  equality  constraint.  The  performance  Index 
P used  equals 


P= 


1 

2 


-*T-> 

e e 


(162) 


with  the  following  equality  constraint. 


3w*[A][AI]£-fg(.-0 


(163) 


Note  that  integrating  the  above  constraint  equation  over  the 

desaturation  interval  t to  tc  results  in  the  following  rela- 

o t 

tionship:  t 

3u [AHAIledt-AH^  (164) 

t 

O 

where  AH,,^  is  the  desired  change  in  CMC  momentum. 

CMG 

The  Lagrange  adjoin  equation  L is  formed  by  combining  the 
performance  index  P,  equation  162,  and  its  constraint  equation, 
equation  163,  as  follows: 

L-  \ eTe-XT{ [A] [AI]e-Tgc/3u^}  (165) 


X is  the  Lagrange  multiplier. 


X, 


(166) 


To  minimize  L,  the  derivative  of  L as  a function  e is  set  equal 
to  zero. 
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% -e-{[AHAl]}TX-0 
dc 


(167) 


Solving  equation  167  for  c. , 


T 

X 


(168) 


where 


[A'MAHAi] 


(169) 


Assume  that  the  Lagrange  multiplier  X is  a constant  vector 

2 

quantity.  Multiplying  equation  168  by  3u  [A* ] and  then  integra- 


from  time  t to  t , 

O l 


ting  the  resultant  expression  over  the  deBaturation  interval 

V 

tf  t- 

f [A']edt=3 


[A* ][A']TdtX 


(170) 


Note  that  the  expression  on  the  left  side  of  equation  170  is  just 

T 

AH_j„.  Let  the  integral  expression  of  [A' ] [A' ] equal  the  con- 
CMG 

stant  matrix  [C], 
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tf 

•J  [A'][A']Tdt 


(171) 


Making  the  above  substitutions  into  equation  170, 

iSCMG“3“olC,X 

Solving  equation  172  for  X,  X equals 

X.  -ij  tc)-^ 

3w 

o 


(172) 


(173) 


Substituting  the  above  expression  for  X into  equation  168,  the 
maneuver  command  e equals 

c-  --Xj  [A’]T[C]  1AHcmg 
3oj 

o 


(174) 
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Note  that  because  [A']  is  time  varying,  and  therefore  the  desatura- 
tion maneuver  e is  also  time  varying  during  the  desaturation  interval. 

The  small  angle  gravity  gradient  desaturation  maneuver  ^com- 
puted using  either  option  1 or  2 is  implemented  by  inputting  e into 
the  vehicle  control  law  described  in  section  7.1  as  a small  vehicle 
offset  angle. 

10.4.3  A Single  Axis  Large  Angle  Desaturation  Control  Law  - 
In  general,  a small  angle  formulation  of  a desaturation  control  law 
is  possible  as  long  as  the  primary  momentum  buildup  is  along  the 
axis  of  minimum  inertia.  For  vehicle  attitudes  in  which  the 
minimum  axis  of  inertia  is  constrained  in  or  near  the  orbital 
plane  this  requirement  is  satisfied.  If,  however,  the  minimum 
axis  of  inertia  is  to  be  the  pointed  axis  during  observation 
periods,  the  above  requirement  clearly  is  violated  except  for  the 
extremely  restricted  case  of  observation  of  targets  lying  n or 
very  near  the  orbital  plane.  In  this  case  at  least  one  large 
angular  maneuver  will  be  required  to  control  the  momentum  accumu- 
lated during  the  observation  period.  This  technique,  which  is 
taken  from  reference  6,  requires  a single  large  maneuver  which 
essentially  leaves  the  pointed  vehicle  axis  in  a position  -2>J> 
degrees  from  the  directed  orientation  (i.e.,  reflected  in  the 
orbital  plane)  and  subsequent  small  angle  trim  maneuvers  about 

this  new  orientation. 

Determination  of  the  Larp.e  Angle  Maneuver  - For  this 
development  the  quasi-inertial  reference  system  XgYgZg  will  be 

defined  with  Xg  directed  toward  the  sun,  Yg  in  the  orbital  plane 


and  Z above  the  orbital  plane, 
s 


During  observation  the  vehicle 

axes  will  coincide  with  the  reference  axes.  The  orbital  position 
9 (9  -w  t)  is  measured  from  the  quatrature  point  on  the  sunrise 

side  of  the  orbit.  The  assumption  of  solar  pointing  is  made  in 
this  case  although  a general  celestial  target  could  be  considered 
with  minimal  modification. 


The  general  format  calls  for  initial  large  Yy  axis  maneuvers 

followed  by  complex  simultaneous  maneuvers  about  two  vehicle  axes 
at  a multiplicity  of  orbital  positions  as  shown  in  figure  10.14.  For 
the  case  of  Instantaneous  maneuvers  in  an  environment  without 
aerodynamics,  only  a large  Yy  axis  maneuver  at  the  dark  side 

terminator  (9t-180o)  would  be  required.  Even  in  the  case  of 

finite  maneuvers  at  an  inclination  of  leas  than  45  degrees,  it 
is  conceptually  possible  to  desaturate  the  primary  momentum 
accumulation,  as  the  maximum  desaturation  torque  is  larger  than 
the  accumulation  biAs  torque  for  this  case. 
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In  an  actual  vehicle,  the  maneuvers  require  a finite  amount 
of  time.  Furthermore,  there  may  be  a resultant  accumulation  due 
to  gravity  about  the  other  vehicle  axes  in  the  course  of  per- 
forming a large  vehicle  maneuver.  It  is  also  desirable  to  employ 
more  than  50  percent  of  the  orbital  plane  for  experimental  pur- 
poses. These  restrictions  would  render  the  desaturation  problem 
insoluble  unless  maneuvers  are  performed  about  orthogonal  vehicle 
axes  which  resolve  the  gravity  torque  into  these  vehicle  axes. 
These  maneuvers  are  restricted  to  small  values  to  easily  de- 
maneuver  to  the  solar  orientation. 

If  large  angle  maneuvers  are  employed  they  are  basically 
dependent  upon  the  daytime  average  accumulated  value  of  Y axis 

momentum,  the  allowable  percentage  of  orbital  desaturation,  and 
the  previous  or  initial  large  maneuver  value.  The  initial  value 
is  generally  chosen  to  be  in  the  vicinity  of  an  equilibrium  value 
which  depends  upon  the  orbital  to  ecliptic  inclination.  For 
example,  the  large  initial  maneuver  might  be 


eyBo“-(A  3Rn^’) 


(175) 


where  is  the  inclination  angle. 


In  subsequent  orbits  e is 


recursively  defined  and  once  equilibrium  has  been  achieved,  it 
is  only  necessary  to  repeat  the  large  maneuver  from  one  orbit 
to  the  next. 


The  torque  due  to  gravity  gradient  is  normally  defined  in 
the  vehicle  coordinate  system.  However,  the  direction  of  the 
gravity  forces  is  conveniently  specified  in  the  orbital  plane  by 

the  vector  a . Hence,  it  is  necessary  to  first  resolve  the  com- 
^o 

ponents  of  aQ  into  vehicle  space  to  develop  the  torque  equations 

in  that  space.  Subsequent  to  this,  it  is  necessary  to  resolve 
these  torque  components  into  the  intermediate  coordinate  system 
where  they  are  used  for  control  law  development. 

The  relationship  between  the  vehicle  body  axes  and  inter- 
mediate XYZ  system  obtained  after  a large  Y axis  rotation  and 

T ^ 

small  rotations  (g  ,c  ,e  ) about  the  vehicle  axes  is  given  by: 
x y z J 
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The  coordinates  of  aQ  in  XYZ  space  are  defined  from  figures 


10.14  and  10.15  as  follows: 


a •sinO-.cosn 
x t 

a *-cos9. 

y c 

az--sin9tsinn 


(177) 


where  n includes  the  effect  of  the  large  angular  rotation  about 
the  Yy  axis. 

Since  the  gravity  torques  are  conveniently  given  in  vehicle 

coordinates,  the  coordinates  of  ao  are  resolved  into  that  space 

with  the  above  transform.  The  resulting  torque  equations  in 
the  intermediate  space  are  obtained  by  substituting  the  components 
given  in  equations  177  as  transformed  by  equation  176  into  equa- 
tion 15  then  transforming  the  result  by  the  inverse  of  equation 

176,  ignoring  all  products  e^.  The  resulting  torque  *gR  in 
the  intermediate  space  is: 


* 3 2 1 
Tgg~  2 Uo  2 


AI  sin29  sinn 
x t 


AI  (cos29. -I)sin2n 

y t 

-AI  sin29  cosn 
z t 


Bu“  I ^-cos20t)(1- 

B12«sin20tcosn 

B13“  \ (cos2et-1)sln2n 

B22“(^-cos^®t^cos2^ 

B «-sin20  sinn 
23  t 

B33«(l+cos29t)-(l-cosi6t) (l+cos2n) 
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B13 
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-B12 
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_-B13 

-B23 

®33 

s2n) 
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X X 

AI  £ 
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AI  e 

L z zj 

(178) 
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Figure  10 .15.  Orientation  of  the  Intermediate  Coordinates 
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In  order  to  define  the  desaturation  period,  which  in  this  case 
can  be  less  than  half  an  orbit,  an  angle  0^  is  defined  with 

respect  to  orbital  midnight  such  that  j0^|_^_  2*  Desaturation 

thus  begins  when  0t«37r/2-9d  and  ends  at  0^-377/2+9^.  Since  1J7 

is  the  orbital  to  ecliptic  inclination  and  n is  the  angle  be- 
tween the  orbital  plane  and  the  intermediate  system  obtained  by 
the  large  angle  maneuver  for  the  nth  orbit  f:  , then  with  all 

angles  defined  positive  when  ccw  about  Y: 


yBn 


The  angle  e D can  be  obtained  by  requiring  that  the  maneuver  be 
0 yBn 

defined  such  that  no  differential  maneuvers  are  required  fo~  Y 
axis  desaturation  in  an  ideal  situation.  It  is  also  desirable 
to  base  the  present  command  on  past  history.  If  defined 

as  the  aggregate  of  the  weighted  change  in  average  momentum  from 
one  orbit  to  the  next  and  the  total  of  all  weighted  changes  in 
average  axis  on  a per  orbit  basis  as  determined  by  appropriate 

sampling,  such  a maneuver  angle  is: 


2hm- 


£L 


'yBn  'yBn-1  3woAIx(29d+sin0d) 


(180) 


where  the  incremental  term  of  equation  180  can  be  obtained  by 
integrating  the  first  term  of  equation  179  between  3it/2— 0^ 

and  3tt/2+0.,  i.e.,  it  is  the  approximate  amount  of  residual 
a 

momentum  about  the  Y axis  in  the  intermediate  system.  In  order 
to  complete  the  recursive  definition  the  initial  value 

must  be  specified,  for  example  as  given  bv  equation  175. 

Derivation  of  the  Trim  Maneuvers  - The  strategy  to  be 
used  in  determining  the  trim  maneuvers  is  to  compute  the  com- 
ponents of  torque  which  can  be  generated  during  the  desaturation 
period  by  small  angle  maneuvers  by  integrating  the  second  term 
of  equation  178.  This  torque  must  then  desaturate  the  residual 
momentum  about  all  axes  and  inversion  of  the  integrated  equation 
will  yield  the  small  angle  commands. 
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Because  the  Y and  Z vehicle  axes  moments  of  inertia  I and 

I are  approximately  equal,  A1  is  small  compared  to  AI  and  AI  . 

zz  x y 

Therefore,  a small  angle  maneuver  e about  the  Xv  axis  will  result 

in  only  a small  change  in  CMC  momentum  as  compared  with  the  same  size 
rotation  about  either  the  Y or  axes.  For  this  reason,  £ is 

V V * 

constrained  to  be  zero  and  the  residuaL  CMC.  momentum  will  be  "dumped" 
using  only  small  angle  maneuvers  t and  about  the  vehicle  Y and 

Z axes,  respectively.  In  addition,  it  will  be  required  that  these 
small  trim  maneuvers  be  piecewise  constant.  The  resulting  trim 
torque  which  can  be  generated  by  the  trim  maneuvers  £^  and  e z can 

be  written  with  reference  to  equation  178  as: 


T - 
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B12 

B13 

B22 

B23 

"B23 

B33 

179  it 

can 

AI  £ 

y y 


AI  e 
z z 


(181) 


3ir, 


odd  functions  with  respect  to  midnight  (0^“  jr-)  * while  B^» 
and  B^  are  even.  In  addition  the  latter  three  coefficients  con- 
tain terms  of  the  form  +2cos0t  which  change  sign  at  0t-5ir/4  and 
q^«7ti/4j  and  these  positions  become  possible  switching  points. 


If  the  possible  switching  points  for  £^  and  are  denoted  as 

9 -3TT/2+9..  3tt/2+0  and  3tt/2,  the  momentum  resulting  from  the  trim 
t — d — s 

maneuvers  in  intermediate  space  is  given  by  integration  of  equation 
181  over  the  appropriate  intervals: 


The  intervals  are  numbered  1 thru  4 reading  from  left  to  right 
and  the  commands  during  each  interval  are: 


e ,,e  . for  3it/2-0.  <0.  < 3tt/2-0 
yl  zl  d — t s 


e 0,e  « for  3tt/2— 9 <0  < 3*/2 

y2  z2  s — t 

».  ,,t  „ for  3tt/2  ' ()  ' 3n/2+0 

y3  z3  - t s 

cy4'cz4  for  3"/2+08  l°t  < 37l/2+0d 


1 


(182) 


Defining  Che  following  integrals,  using  the  even  and  odd 
teristlcs  of  the  B^j : 


charac- 


(183a) 


(183b) 


(183c) 


(183d) 


(183e) 


(183f) 


(183g) 
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B23d\ 


3»  4.0 

T“  +9d 


B33d9t 


r-+B. 

21  J.A 
2 +e8 


B33d9t-2  / B33d9t 


and  equation  181  can  bo  rewritten  over  the  appropriate 
in  the  following  form: 


H - | w 
1 4 o 


8n  cn 
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y yi 
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z zl 


H„-  f u 
2 4 o 
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h - f uj 
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z z3 
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(183h) 


(1831) 


(183j) 

intervals 


(184a) 


(184b) 


(184c) 
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H - ~ u 
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(184d) 


11  11J 

In  order  to  maintain  a zero  average  value  for  the  small  angle  e 
commands  about  the  large  angle  command  define: 


ey4“"Cyl 

ey3“"ey2 


(185) 


Since  H is  the  sum  of  equations  184,  substituting  equation  185  into 
equations  184a  thru  184d,  H equals 
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AI  (e  -e  ) 
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or,  mere  simply  when  3tt/2-9,  <8  < 3tt / 2 — 9 or  3tt/2+8  < 8 < 3tt/2+0,: 

a—  t s s — t d 


H-  7 u 
4 o 


and  for  3tt/2-0  < 0_  < 3ir/2+0  , 

S — C 3 


’ 0 b12  b13_ 

AI  (£  - — £ .) 
z zl  z4 

~b23  0 0 

2AI  c . 
y yi 

_ 0 b23  b33_ 

AI  (e  -+£  .) 
z zl  z4 

(187a) 
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"Iz(ez2-£z3) 
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z z2  z3 


(187b) 


bfj-2 
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Bi]d9t 


(187c) 
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where  the  Integral  of  equation  187c  is  evaluated  over  the  proper 
interval. 


The  momentum  equations  given  above  thus  represents  the  momentum 
resulting  from  the  small  angle  commands  about  the  Y^  and  Z^  axes  in 

the  intermediate  system.  It  is  thus  necessary  to  specify  these 

commands  in  such  a way  that  the  residual  momentum  is  desaturated. 

The  momentum  accumulation  is  obtained  during  the  daylight  portion 

of  the  orbit  by  some  sampling  scheme  and  is  of  course  obtained  in 

the  quasi-inertial  X Y Z coordinate  system  and  defined  as: 

0 0 6 

V(hdx’V-V>t  <i88> 


In  order  to  perform  the  operations  on  the  momentum  in  the  inter- 
mediate space,  the  components  of  equation  188  must  be  resolved 
according  to  the  transformation  involving  the  previously  defined 
large  angle  maneuver  e Thus,  in  the  Intermediate  space: 


” HDxco8eyBn+HD2SlnCyBn 

% 

- 

V 

Kz 

-tlDx8  *neyBn+HDzCOseyBn 

(189) 


The  trim  commands  can  now  be  obtained  by  inverting  the  equations 

in  H,  after  replacing  H with  -H^.  Considering  that  four  intervals 

are  available  for  command  definition,  all  approximately  equal  in 

length,  the  additional  definition  will  be  made  requiring  one 

quarter  of  the  residual  momentum  be  desaturated  during  each  Interval. 

Consider  equation  187a  only  over  the  interval  3ir/2-0  , < 0 < 3tt/2-0 

i ->  a t s 

and  setting  H*-  H^.  The  inverse  can  be  given  as: 
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where:  Dj“b23 ^b12b33_b13b23^ 


ThU9  * eyJ  6uJoA1y(b12b33“°13b23) 


e,rez4-  3uoAI2b23 


b23HDx~b12HDj 


£zl+Gz4  3w_AI  (b10b_.-b1.b„1) 


(191) 

(192) 

(193) 

(194) 


ou  z'' °12°33  13  23 

under  consider 
in  terns  of  the  equations  183  as 


Over  the  Interval  under  consideration  the  b^  can  be  expressed 


bi2“8ir  bi3’cir  b23"eir  b33“fn 


(195) 


Making  the  above  notation  change  and  solving  explicitely  for  £zl 
and  ezA,  letting 

cirtrf!A 


'yl  6oj  AI  D. 
3 o y 1 


(196) 
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, ellHDx_DlHiy"8llallHDz 

z4  6(jJ  Al  a.  ,D, 

o z 11  1 

(198) 

Finally 

, substituting  from  equation  139 : 

tyl"Al(CHHDx+C13HDz) 

(199) 

V'V 

(200) 

C z l“A2  (C2  1HDx+C  2 2HDy+C2  3*4)*  ) 

(201) 

t24-A2(C21HDx-C22HDy+C23HDz) 

(202) 

where : 
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C13“  D7*  C°SS’Bn-  Df  slntyBn 
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_ 611  . 811 
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ell  811 

C_  - - cost  - - — sine  D 

23  yBn  yBn 

(203g) 

D “H  f -c  e 
1 gll  11  11  11 

(204) 

Proceeding*  in  a parallel  development  from  equation  181b: 

'y2-VEllVEl)V 

(205) 

' y3*"Ly2 

(236) 

S2-A2(E2XHD,+E22V+E23HI.«) 

(207) 

'.3’E2(E21KD«-E22KDy+E23HI>I) 

(208) 
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where:  E,  •-  aim. 
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E13'  Dj2  cos‘-yBn-  tif  8lm  yBn 
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21  D0  yBn  D 
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(200a) 

(209b) 

(209c) 

(209d) 

(209e) 

(210) 


Thus  equations  199  thru  209  along  with  the  integrals  of 
equations  183  give  the  trim  maneuver  angles  about  the  large 
angle  maneuver  as  a function  of  the  residual  momentum  to  be 
desaturated. 


Logic  and  *taneuvering  Summary  - The  implementation  of 
the  desaturation  control  law  derived  above  involves  the  determina- 
tion of  the  large  angle  and  trim  maneuvers  as  given  explicitely  in 
the  preceeding  two  sections.  It  should  be  noted  that  all  the 
maneuvers  for  a given  orbit  depend  only  on  constants  for  that 
orbit  and  momentum  samples  taken  during  the  daylight  portion  of 
tne  orbit,  thus  all  commands  can  be  computed  as  soon  as  momentum 
information  is  available  and  prior  to  the  first  maneuver,  then 
issued  to  the  maneuver  and  vehicle  control  laws  as  indicated  in 
the  subsequent  outline.  Since  a large  angle  maneuver  is  required 
it  is  necessary  to  provide  the  direction  cosine  matrix  with  re- 
spect to  the  vehicle  reference  system  of  the  desired  orientation 
for  processing  by  the  quaternion  maneuvering  law.  The  maneuver 

is  made  with  respect  to  the  quasi-inertial  X Y Z coordinate  sys- 

s s s J 

tem  described  previously  which  is  related  to  the  orbital  X Y Z 

o o o 

system  by  a rotation  9 about  Z followed  by  a rotation  ib  about 

o 

Y'-Y  . The  transformation  from  X Y Z to  X Y Z can  then  be 

09  S96000 

given  as: 
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sini^sinO 

Y 

s 

cos’l' 

i\ 

s 
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The  transformation  from  XqYoZq  to  the  X^Y^Z^  reference  system  is 
given  by  the  inverse  of  equation  123.  The  matrix  of  with 

respect  to  X Y Z is: 

8 8 S 

fcose  0 -sine  „ 1 


0 cose 


(212) 


The  desired  matrix  to  be  passed  to  the  maneuver  law  is  thus  given 
by  the  product : 


cosa 

-cosi 

sina 

sini 

sina 

sina 

cosi 

cosa 

-sini 

cosa 

0 

-sini 

cosa 

cosi  J 

SO  8 


(213) 


where  [$  ] is  the  matrix  from  equation  211  and  [e  1 is  defined  bv 

so  s J 

equation  212.  The  idealized  logic  for  a cycle  of  the  large 

axis  desaturation  control  law  is  outlined  below  starting  at  the 

sunrise  quadrature  point: 

a.  During  daylight  operation  sample  the  CMG  gimbal 

angles  at  discrete  times  to  be  specified  and  compute 

the  primary  momentum  to  be  dumped  R,  and  the  residual 
•>  Myn 

momentum  H^. 

b.  Compute  the  large  angle  maneuver  e from  equa- 
tion 180  and  calculate  the  direction  cosine  matrix 
elements  from  equation  213.  Compute  the  trim 
maneuvers  from  equations  199  thru  202  and  205  thru 
208. 


c . At  8t»3TT/2-9<j  pass  the  large  angle  matrix  to  the 

maneuver  control  law  and  upon  completion  of  the 

maneuver  set  e -e  , and  e -e  , . 

yc  yl  zc  zl 

d.  At  0 -3tt/2-9  set  e -e  . and  e -e  .. 

t s yc  y2  zc  z2 
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e.  At  0 53ln/2  set  t -i  ..  atul  r -t:  ... 

t ye  y 1 zc  z 1 


f.  At  0 -Ttt/2+0  set  t “»  , and  t -*  . . 

is  ye  yb  ze  z4 

ki  At  0 “Jtt/2+0,  set  t “t  *0  # then  command  return 
t d ye  zc 

to  observation  attitude  by  passing  the  inverse  of 
equation  213  as  modified  for  variation  In  the 
angles  to  the  maneuver  control  law. 

Reference  6 contains  considerable  discussion  of  this  type  of  a 
control  and  includes  some  qualitative  simulation  results  which 
can  be  utilized  in  evaluation  of  this  technique.  Reference  7 
contains  the  derivation  of  a similar  desaturation  law  requiring 
trim  maneuvers  about  only  one  axis. 

10.4.4  A Reflexive  Control  Law  for  Desaturation  From  An  Arbi- 
t rary  At  t itude  - While  each  of  the  techniques  considered  above 
will  accomplish  CMC  system  desaturation  by  means  of  gravity 
gradient  torques,  they  share  the  common  characteristic  of 
assuming  a particular  vehicle  orientation  during  that  portion 
of  the  orbit  used  for  experimental  operation.  For  missions  in 
which  the  observing  attitude  cannot  be  constrained  due  to  multiple 
targeting  requirements  and  due  to  secondary  limitations  on  the 
attitude  of  the  axes  which  are  not  pointed,  a more  general  de- 
saturation law  is  required.  As  in  most  applications,  a penalty 
results  from  generality  and  in  this  case  it  is  an  increase  in 
the  complexity  of  the  equations  involved  and  also  a requirement 
for  large  multi-axis  maneuvers  exists  which  was  not  present  in 
the  simpler  laws  considered  in  the  previous  sections.  The  desatura 
tion  control  law  derived  below  assumes  that  t ho  vehicle  orienta- 
tion will  be  determined  in  flight  by  experimental  and  secondary 
requirements  and  dots  not  depend  on  any  a-priori  knowledge  of 
vehicle  attitude.  This  method  is  one  conceived  by  S.  C.  Rybak 
of  The  Bendix  Corporation,  Navigation  and  Control  Division. 

^termination  of  The  Largo  Angle  Maneuvers  - it  can 
be  shown  that  the  torque  acting  on  an  arbitrarily  oriented  ve- 
hicle in  a circular  orbit  over  halt  an  orbit  can  be  exactly 
reversed  by  maneuvering  to  a reflexive  or  mirror  image  orienta- 
tion for  the  remaining  half  of  the  orbit.  This  property  forms 
the  basis  for  the  reflexive  control  law  large  angle  maneuvers. 
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The  procedure  to  be  followed  Is  Initially  the  same  as  that 
of  the  previous  laws,  i.e.,  to  obtain  the  idealized  torque  exerted 
on  the  vehicle  during  the  observation  period.  From  figure  10.12,  the 

local  vertical  vector  in  the  quasi-inert ial  orbital  frame  X Y Z 

o o o 

is  simply: 
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where  the  orbital  position  is  defined  with  respect  to  ascending 
node.  The  transformation  from  orbital  coordinates  to  vehicle 
coordinates  is  taken  to  be  completely  arbitrary  and  defined  by 
the  transformation : 
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is  Che 

(215) 


matrix  taking  any  vector  expressed  in  the  orbital  coordinates 
into  it  vehicle  coordinate  components.  The  local  vertical 

A 

vector  aQ  thus  is  resolved  in  vehicle  coordinates  as: 


* - 
axv 

*11 

*12 

a13 

cosu  t 
o 

a, , cosw  t+a. -siiuo  t 
11  ox2  o 

ayv 

m 

®21 

*22 

*23 

sinu)  t 
o 

m 

a01cos<i)  t+a00slnu  t 
Zi  0 ll  o 

a 

zv 

m m 

*31 

k» 

*32 

*33_ 

0 

a01co9U  t+a,-sinw  t 
L 31  o 32  o 

(216) 


Substituting  the  components  from  equation  216  into  equation 
15,  the  torques  acting  on  the  vehicle  due  to  gravity  gradient 
are: 

3 7 

T*v-  2 U)oIa21a31+a22a)2+(a21a3ra22a32)cos2u)ot 


+ (a21a32+a22a31)9ln2u,otlAl: 


(217a) 
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Tyv"  2 WoIalla31+a12a32+(alla3l'a12a32)cos2u)ot 

+ (alla32+a12a31^sin2uJot  (217h) 

Tzv“  2 U)o^alla21+a12a22+(alla2l"a12a22)cos2wot 

+ ^alla22+a12a21^Sin2°Jot  (217c^ 

Examination  of  equation  217  reveals  that  the  average  torque 
over  any  half  orbit  does  not  involve  the  orbital  position  due  to 
the  terms  sin2LaQt  and  cos2u)ot.  The  average  torque  is  thus: 


* 

T 

XV 

(a2ia31+a22a32)AIx 

T 

yv 

3 2 

- T W 

2 o 

(alla31+al2a32)AIy 

T 

zvm 

_(alla21+a12a22)Alz_ 

Transforming  the  half  orbit  average  torque  back  into  orbital  coor- 
dinates, using  the  inverse  (transpose)  of  the  transformation  215: 


* 

• 

- 

» - 

T 

xo 

an 

a21 

a31 

T 

XV 

T 

yo 

- 

al2 

a22 

a32 

T 

yv 

T 

zo 

*13 

a23 

a33 

T 

ZV 

m M 

Txo"  2 Wo^all(a21a31+a22a32)Alx+a21(alla31+a12a32)Aly 

+a31(ana2i+ai2a22)A1z]  (219a) 

*yo"  2 ‘iJofa12(a21a31+a22a32)Alx+a22(alla31+a12a32)Aly 

+a32(alla21+a12a22)Alz1  <219b> 

**o“  2 UoIa13(a2la31+a22a32)AIx+a23(alla31+al2a32)AIy 

+a33^alla21+a12a22^Alz^  (219c) 
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Expanding  equations  219a  and  219b  gives,  noting  AI  +AI  +AI  -0- 

X y z • 

*xo“  2 Wo^alla22a32Alx+a12a21a32AIy+a12a22a31Alz^  (220a) 

Tyo"  I Uo(a12a21a31Alx+alla22a31Aly+alla21a32Al2)  (220b> 

Since  the  transiormation  matrix  of  equation  215  Is  bv  definition 
orthogonal,  the  product  of  the  matrix  and  its  transpose  is  the  3x3 
unit  matrix,  and  further  since  it  represents  a proper  rotation  its 
determinant  is  unity.  Expansion  of  the  product  results  in  the 
following  relations  between  the  elements  a^ : 

2 2 2 

all+a12+a13“1 

aHa21+ai2a22+al3a23’° 

alia31+ai2a32+ai3a33‘° 

2 2 2 

S21+a22+a23“1 

a21a31+a22a32+a23a33“° 

2 2 2 

a31+a32fa33‘1 

Substituting  the  2nd,  3rd  and  5th  of  the  above  expressions  into 

equation  219c  pives: 


ho'  2 "o('*13*23a33Ah-ana23a33AV‘l3*23*334h) 
- 2 “oa13a23a33<AVAIy+AV-° 


(220c) 


Thus,  there  is  no  net  average  torque  acting  about  the  orbit 
normal  when  the  torque  is  resolved  in  the  orbital  frame  regard- 
less of  vehicle  orientacion.  For  total  desaturation  during  the 
remaining  half  orbit  assuming  instantaneous  maneuvers  and  no 
disturbance  torques  it  is  necessary  to  assume  an  orientation  in 
which  the  average  torque  is  exactly  reversed,  that  is  we  need  an 
attitude  transformation  b given  by: 
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xv 


V 

bll 

b12 

b13 

V 

m 

b21 

b22 

b23 

Z , 

v J 

> 

b32 

b33 

T and  T ,= 

xv  vv' 

-T  . 
vv 

From 

(221) 


average  torque  over  half  an  orbit  in  the  desaturation  attitude  is: 


TJo-  | “>ub22b324Vb12b21b32My+bnb22b3l4V  <222a> 


3 , 2 
2 o 

V | ^bl2b21b314I*+bllb22b31My+bUb21b324V  <222b) 

(222c) 


T*  “0 
zo 


The  selection  of  the  b ^ is  made  to  reverse  the  average  X and  Y 

torque  components  given  by  equations  220a  and  220b  while 
satisfying  all  orthogonality  constraints  and  can  be  given  as: 


n”an 

b12"a12 

b13“a13 

2l"a21 

b22*a22 

b23“a23 

>3l"_a31 

b32”"a32 

b33*a33 

(223) 


Substitution  into  equations  222  will  verify  that  this  selection 
is  sufficient.  Further  inspection  of  equation  221  reveals  after 
some  thought  that  the  desaturation  attitude  as  defined  by  equation 
223  is  the  reflection  of  the  observing  attitude  in  the  orbital 
plane,  hence  the  desaturation  attitude  will  be  designated  as  the 
"mirror  image"  orientation  related  to  the  orbital  coordinate  sys- 
tem by: 


V 

’ail 

al2 

-al3' 

ymi 

- 

a21 

a22 

~a23 

ZMI 

"a31 

_a32 

a33 

(224) 
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Equation  224  thus  defines  the  desaturation  attitude  which 
will  in  general  require  large  rotations  about  all  vehicle  axes 
to  be  reached  from  the  observing  attitude.  The  total  maneuver 
from  observation  to  desaturation  attitudes  is  thus: 


V 

Y 

MI 

.V 

- 

11 


‘12 


22 


-a 


13 


-a 


31 


-a 


32 


23 


33 


11 


‘12 


13 


‘21 


22 


23 


‘31 


32 


33 


(225) 


and  in  general  the  maneuver  will  involve  large  angle  rotations 
a out  all  vehicle  axes.  Since  the  maneuvering  control  law  is 

difficult^*  quaternlon  formulation  this  will  present  no 

Derivation  of  The  Trim  Maneuvers  - Since  finite  man- 
euver times,  nongravity  gradient  disturbance  torques  and  a non- 

. eal  5^  field  are  a11  to  be  present  in  a real  mission,  the 
above  derived  mirror  image  maneuver  cannot  reverse  all  the  actual 
momentum  buildup  during  the  desaturation  period.  It  is  thus 
necessary  to  formulate  a series  of  trim  maneuvers  £ , e and  c 

about  the  mirror  image  orientation  in  order  to  dump^fw/residual 
momentum  not  desaturated  by  the  large  maneuvers. 

The  unit  vector  along  the  local  vertical  in  vehicle  resolved 
orientation3!^6 given  b^  maneUV6rS  are  made  about  th.  mirror  image 


xvt 

‘ 1 

e 

z 

-e 

y 

bn 

b12 

bn‘ 

C08U)  t" 
o 

a 

yvt 

* 

-e 

2 

1 

F 

X 

b21 

b22 

b23 

sinu  t 
0 

p. : 

ZVt 

e 

y 

-e 

X 

1 

b31 

b32 

b33 

0 

- 

m m 

-e 


-e 


(226) 


where : 
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k -b  cosu  t+b  slnuj  t 
1 11  o 12  o 

k»"b  cosw  t+b.,Binu  t 
*■  <1  o 22  o 

k -b_,cosw  t+b,0sinw  t 
j 31  O 32  o 

Thus, 


4 

a 

xvt 

’kl+ezk2-Cyk3" 

ayvt 

m 

k2_ezkl+exk3 

azvt 

k3+eykl'exk2 

The  torque  in  vehicle  space  is  given  by  substituting  equation 
into  equation  15  and  neglecting  products  of  the  e's  gives: 


m <1 

T . 
xvt 

Ik2k3+Cx(k3-k2)+€yklk2'£lklk3141, 

T . 
yvt 

*3u^ 

o 

lklk3-Exk1k2+£y  <krk3>«zk2k3 14Iy 

T 

zvt 

m m 

Iklk2+Exklk3-Eyk2k3+Cz  <k’-kl> ]« 

U J ^ j 

Transforming  back  into  the  mirror  image  coordinate  frame: 


(227a) 

(227b) 

(227c) 


(228) 

228 


(229) 


(230) 


10-76 


where  use  of  the  relations  Alx+Al— Alz,  Al  +Alz«- Al  , Al  +AI  — Al 
has  been  made.  Substituting  from  equations  227  for  the  and  y 
simplifying  the  torque  equations  become: 

2 3 2 

TxMl"3u)ok2k3Alx+  2 Wo^Cx^ai+a2C082uJot+a3sln2uot^Alx 

~Cv^aA+asc°82aJ  t+a,sin2u)  t)Al 
y *♦  j o o o y 

+cz(a7'Kll8c082wot+a98in2u,ot)AIz]  (231a) 


2 3 2 

TyMl“3u>oklk3Alv+  2 Uo^ex^0V^5cos2wot+<3t6sin2wot^Alx 

+ey(0,10+allCO82h,ot+a128ln2wot)AIy 
'e*  (o134a14c082uot+a158ln2“ot )Alz * 

(231b) 

2,  3 2 

TzMl“3‘V'Ik2Alz+  2 uof~£:x(0l7+a8COs2aiot+a98in2uot^Ix 

+ey  (°l13+0l14CO82^ot:+ai5sin2^ot)AI2 

+e z ^al e^l  7 c 08  2wo t+al  8 3 ln 2 Wo 1 ^ A 1 z ^ 

(231c) 

wher«:  Vb31+b32-b2rb22 

(232a) 

°2‘b3l'b32"b21+b22 

(232b) 

V2(b3lW22> 

(232c) 

°l^’,bllb21+b12b22 

(232d) 

Vbllb2rb12b22 

(232e) 

a6''bllb22+b12b21 

(232f ) 
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Vbllb31+b12b32 

(232g) 

Vbnb3rb12b32 

(232h) 

VbUb32+b12b31 

(2321) 

a10"bll+b12-b31-b32 

(232 j) 

Ull*bll~b12_b31+b32 

(232k) 

ai2“2(bllb12_b31b32) 

(232£) 

ai3*b21b31+b22b32 

(232m) 

C,U*b21b3l"b22b32 

(232n) 

°‘l5"b21b32+b22b31 

(232o) 

°U-b21+b22-bU-b12 

(232p) 

“l7-b2rb22-bU+b12 

(232q) 

a18"2(b21b22-bllb12) 

(232r) 

Since  Al  ia  some  20  times  smaller  than  AI  and  Al 

A tv  «< 

, maneuvers 

A y z 

about  X can  produce  relatively  little  torque  compared  to  Y and  Z 

v v 

rotations.  Therefore  will  be  set  to  zero,  and  the  trim  maneuvers 

Cy  and  € 2 will  be  used.  The  torque  available  by  trim  maneuvering 
equals: 


TxMl"3Wok2k3AIx+  2 OJo[-ey(«4+a5cos2“0t+ot63in2Wot)Aly 

+e_(a,+a  coa2w  t+a.9ln2w  t)Al  1 
2/0  o 9 o z 

Vl'^-cWy  J “ot£y<t‘l04aUcos2“oC'K‘l28ln2“ot)41, 


(233a) 


■e2^Q‘l3+0‘l40082w0t+0‘l58ln2<*>0O^IzJ  (233b) 
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T k =3u^k,  k.AI  + (a,  ,+ct. , cos2co  t+a1csin2oj  t)Al 

zMI  ol2z2oyl3  14  ol5  o y 


+e  (a,  ,+a  cos2ca  t+a,  0sin2uj  t)AIz]  (233c) 
z lb  17  o lo  o 


One  approach  to  determine  the  trim  maneuvers  is  to  express  them 
as  some  dynamic  function  of  the  residual  angular  momentum  as  ex- 
pressed in  mirror  image  coordinates,  thus: 


ie*j 


ABC 
D E F 


"HxRMI 

-HyRMl 

"HzRMI 


(234) 


T 

where  t^ie  res*-dual  angular  momentum 

to  be  dumped  expressed  in  the  mirror  image  coordinates,  and 
A through  F are  function  or  operations  yet  to  be  determined.  The 
residual  momentum  can  be  computed  by  sampling  the  stored  momentum 
(through  reading  out  CMG  gimbal  angles)  just  after  desaturation 
is  completed  and  the  samples  as  taken  during  an  observation 
orientation  must  be  transformed  by  equation  225  to  express  it  in 
mirror  image  coordinates.  In  addition  prior  studies  have  indicated 
that  time  history  dependence  can  be  important  so  the  form  chosen 


for  H^j  be: 


WVVVVlp-n 


-H  ) 


(235) 


Where  H is  the  sampled  momentum,  H is  some  reference  or  desired 
s -*  a 

momentum  state,  is  the  residual  momentum  from  the  previous 

orbit  and  k^  is  some  constant  gain  which  can  best  be  determined 
from  simulation  studies. 


Ln  order  to  define  the  functions  A through  F 
residual  desaturation  equation  234  is  substituted 
equations  233  yielding: 


required  for 
into  the 
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TxMl“3wok2k3Alx+  I W^xRMI[AAly(^+a5c082t4Jot+a68in2wot) 

-DAI^ (a^+agCos2wot-KXgSin2uot) ] 

+ 1 VVos2V%>1,,2V) 

-EAI  (a,+a0co82to  t+a.8in2co  t)] 
z 7 8 o 9 o 

+ f wJizRMIICAly(a4+a5c082wot4a6*ln2wot) 

-FAlz  (a7+agC082ajot+a^sin2uiot)  ] (236a) 

TyMl“3Woklk3AIy“  2 W0HxRMI  ^AAIy (ot10+allC°s2wot+a12sin2aJot) 

-DAI  (a. ,+a, . cos2w  t+a, _sin2u  t)] 
z 13  1A  o 15  o 

' I ^Mi1BAIy<^owncos2V4“i28ln2V) 

-EAx  (a  _+a,  . cos2oj  t+a,  _sin2oj  t)  ] 
z 13  1A  o 15  o 

' f WoHzRMI[CAly(a10'^llCO92aJot+Ct128in2li)ot) 

-FAlz(a^;j+ot^^co82u)ot+a^^sin2toot)  ] (236b) 

T trr“3w2k1k,AI  - x w2H  [AAI  (a  +a  ,>:os2w  t+a,  _sin2tj  t) 
zMI  o 1 2 z 2 o xRMI  y 13  1*»  o 15  o 

+DAI  (a,  ,+a,  _cos2oo  t+a, 0sin2w  t)] 
z ID  17  o lo  o 

3 2 

- -z  w H (BAI  (a,  _+a, , cos2u  t+a, _sin2w  t) 

2 o yRMI  y 13  1A  o 15  o 

+EAI  (a, ,+a, _cos2w  t+a, 0sin2u  t) ] 
z lo  1/  o lo  o 

- 2 “oHlRMI1C4Iy(“l3-,al4cos2“ot'K‘l59ln2“ot) 

+FAlz  (a1^+a17co82wot+a1g9in2u)ot)  ] (236c) 
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If  all  momentum  la  to  be  removed  in  a half  orbit  (At-ir/w  ),  the 

o 

integrals  of  the  above  equations  must  equal  the  negative  of  the 
accumulated  momentum.  The  first  term  in  each  equation  reverses 
the  primary  momentum  accumulation  by  the  development  of  the  pre- 
vious section,  thus  the  integrals  of  the  remaining  terms  must 

reverse  the  residual  accumulation  H^.  Defining  the  final  three 

terms  of  each  equation  as  T^,  TyRMI>  and  TzRMi  respectively: 


<2”> 


This  can  be  accomplished  without  any  cross  coupling  by  requiring: 


7T 


*t+  — 

|Ai  I 

2 o 2 


i-xp 

■/ 

/+  — 

Wo 

/ 

j: 

1 


A (a,  4a  cos  2t»)  T4a,sin2u>  T)dT 
HO  o o o 


D(a-+a0 cos 2o)  x+otftsin2u)  x)dx»-l 

/ O O y o 


B (u.+a  cos 2o)  x+a  sin2w  x)dx 

HO  0 0 0 


t+ 


3 2at 
- r w 41 
2 o z 


(a) 


E(a7+a  cos2(a)  x+aftsin2a)  x)dT-0 
to  o 9 o 


kt+  — 

3 2 / ^ 

2 woAIy/  ° C^a4+  *5cos2woT4a6sin2w  t)dx 


3 2at 

- r U AI 
2 o z 


F (oiy  4agCos2u)or4a^s  in2a)oT  ) dx«0 


(238a) 


(238b) 


(238c) 
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t+ 


(X) 


rt+  — 

|Ai  / 0 

2 ° yyt 

t t+  — 

. i jn  f 

2 ° vt 

^Al  [ 

2 0 yL 

t 

rt+  — 

3 2.  / Wo 

tU  41  / 

2 0 yJt 

/ 


A(a,rt+a,  , cos2oj  T+a,-sin2u)  x)dx 
10  11  o 12  o 


D(a,  „+<*,  ,cos2u  x+a,,sin2u  x)dx-0 
13  14  o 15  o 


0 B(a1ri+a  cos2a)  x+a  sin2uj  x)dx 
10  11  o 12  o 


‘t+  — 

I u 

x u 41  / 0 E(a,  _+a.  .coa2w  x+a  sln2co  x)dx-l 

2 o z I 13  14  o 15  o 


C (a,  , cos2w  x+a,  0sin2uj  x)dx 

10  11  o 12  o 


- 1 <Ai 

2 o z 


0 F(a.  »+a, . cos2u)  x+a,  sin2u  x)dx»0 
13  14  o 15  O 


*1 


A i / 

° yi 

r t+  — 

2at  / ^ 

oj  AI  / D (at-  ^ 

o z I 16 

At  / 

0 yJt 

•/ 


A(a,  ,+a,  , cos2w  x+a,  csin2to  x)dx 
13  14  o 15  o 


+a,,co92u  x+a,.sin2w  x)dx-0 
17  o lo  o 


0 T?(cx,  .+a,  ,co82w  x+a.  esin2id  x)dx 
13  14  o 15  o 


TT 

t+  — 

3 2 I 

+ ru  41  I F.(a,  ,+a,  ,cos2oj  x+-u,0sin2io  x)dx-0 

2 o z I 16  17  o 18  o 


(238d) 


(238e) 


(238f) 


(238g) 


(238h) 
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A:  f “• 

* yi 

yt+ J- 

/ • 


3 2 

+ £ u fil 

2 o z 


C(a.  -Kx  . cos2w  T+a..8ln2(iJ  T)dr 
13  14  o 15  o 


F(a..+ot  co82u  T-fa, .8la2w  x)dT»l 
16  17  o 18  o 


After  examination  of  the  equations  238  select  A through  F as 
follows : 


A«a  sgn{sin2aj  t}+a0sgn{cor.2ui  t} 
1 o z o 

B-b1sgn{sin2w  t }+b_sgn{cos2u  t} 

X o / 0 

C"c, sgn{sln2w  t}+i'  sgn{cos2u  t} 
1 o z o 

D-d  sgn{sin2w  t} 


E»e  sgn{cos2w  t} 


F*f  sgn{cos2w  t} 
o 


Also,  note  that: 


I “ 

^ t 

i: 


t+*- 

o / o> 

3gn{sin2cooT}sin2uoTdx-  j ° sgn{cos2u>oT}cos2uoTdT- 


■/' 


t+  — 

O - U) 

3gn{sin2w#NT}cos2cj^TdT-  / 0 sgn{cos2uoT }sin2u)oTdT«( 


Substituting  equations  239a  and  239d  into  equations  238a, 
238d,  and  238g  and  using  equations  240  and  241  then 
gives  the  following  simultaneous  equations  in  a^,  a 2 and  d: 

a,AI  a +«  AI  a0-aQAl  d—  ^ — 
6yl5y2  9z  3w_. 


a12AIyal+allAIy82'°‘l5Al2d"0 


(2381) 

(239a) 

(239b) 

(239c) 

(239d) 

(239e) 

(239f) 

o 

> (241) 

(242) 

(243) 


a15AIyal+a14AIyVt‘l8AI*d"° 


(244) 
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Solving  for  a^,  and  d by  Cramer's  Rule  gives,. 

Al  AI 

*r  (t,ii“i8-K‘uai5> 

o a,d 

AI  AI  2 

*2-  *^7  ‘“iS^V 

o a, a 
AI2 

d"  3u  / (a12alA"0llla15) 
o a,d 

“her*  ; 4»,d"AI5AIz(“5C‘l5+a5C‘l20,18+a9al2“l4 


(245) 

(246) 

(247) 


-a6all0l18-Vl4ai5-a9C‘llal5) 


(248) 


Following  the  same  procedure  with  the  other  equations,  the  remaining 
constants  are  found  to  be: 


AI  AI 

V 3 (c,5a17+a8c‘l4> 
o D,e 


(249) 


AI  AI 

b2~  53^7  (ct8cl17+a8a15) 


AI 


o b,e 
2 


(oi,. ot_ . -ci-oi.  c ) 


3w  A,  v"6“14  5 15 

ob  ,e 


(250) 


(251) 


Ve'AVVVl4C‘l5+Vl2c‘l7+Vl2a14 


-“6“llc‘l7-“6c,14-c,8all“l5) 


AI  AI 

*nd'  v 3=Vt  (Vi4-Vn) 


0 c • f 
AI  AI 

C2  3u>  A . 
o c,f 


(252) 

(253) 


(Vl4-Vl2> 


(254) 
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£*= 


AI2 

X.  . 

3u>  A , 
o c,  f 


A =A12A1 

c,f  y 


z 


<'a5a12  a6°ll5 

(ot5a14al5+a5ai2ai7+a8U12al4 

"a6alla17-a6a14_a8alla15) 


(255) 


(256) 


The  trim  maneuvers  are  defined  by  equation  234  along  with 
the  equations  239,  245  thru  256  and  232.  Examination  of  the 
equations  239  reveals  that  the  maneuvers  are  piecewise  constant 
about  the  mirror  image  orientation  switching  as  sin2w  t or  cos2u  t 

o o 

change  sign.  Like  the  large  maneuver,  the  trim  maneuvers  are  de- 
pendent on  the  observation  orientation,  but  they  are  influenced 
directly  by  the  residual  momentum  as  obtained  by  sampling  the 
stored  momentum. 


Logic  and  Maneuvering  Summary  - As  in  the  previous  developments, 
the  large  angle  maneuvers  will  be  accomplished  by  passing  the  di- 
rection cosine  matrix  of  the  desired  orientation  to  the  quaternion 
maneuver  law.  The  transformation  from  orbital  coordinates  to  the 
mirror  image  desaturation  attitude  is  given  by  equation  224  in 
terms  of  the  direction  cosine  coefficients  of  the  observation 
attitude.  The  relation  between  orbital  and  reference  coordinates 
is  given  by  the  inverse  of  equation  123.  The  matrix  to  be  sup- 
plied to  the  maneuver  law  to  move  to  the  desaturation  attitude 


is : 

an 

a12 

"a13 

cosa 

-cosi  sina 

sini  sina 

a21 

a22 

-a23 

sina 

cosi  cosa 

-sini  cosa 

_-a31 

“a32 

a33_ 

0 

sini 

cosi 

In  performing  the  maneuver  back  to  the  same  observation  attitude 
at  the  end  of  the  desaturation  period  the  matrix  is: 


an 

ai2 

’13  ‘ 

r- 

cosa 

-cosi  sina 

sini  sina 

a21 

a22 

a23 

sina 

cosi  cosa 

-sini  cosa 

a31 

a32 

a33_j 

0 

sini 

cosi 

- 

(258) 


The  basic  operation  of  over  one  orbit  measured  from  target  reacqui- 
sition thus  can  be  outlined  as  follows: 
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a.  When  detnaneuver  to  observation  attitude  is  com- 


plete sample  the  stored  momentum  and  compute 


to  determine  trim  maneuvers  during  the  desaturation 
period. 


b.  During  the  observation  period  monitor  the  momentum 
accumulation  to  determine  the  total  accumulated  momentum 


c.  Just  prior  to  the  initiation  of  desaturation  compare 
the  magnitude  of  with  the  gross  desaturation  capa- 
bility of  the  trim  maneuvers  H^.  If  IHdMHrI  set 

and  go  directly  to  the  trim  maneuvers  (step 
e)  without  performing  the  mirror  image  maneuver. 

d.  If  Ih^IHHjJ  move  to  the  mirror  image  orientation 

by  passing  the  matrix  257  to  the  maneuver  control 
law . 


e.  Begin  the  trim  maneuver  sequence  about  vehicle 
axes  as  defined  by  equation  234. 

f.  At  the  end  of  the  desaturation  period  set  the 
trim  commands  to  zero,  and  if  step  d was  performed, 
demaneuver  to  the  observation  attitude  by  passing 
the  matrix  258  to  the  maneuver  control  law. 

During  the  above  procedure,  the  angle  a will  require  periodic  up- 
date as  the  orbit  precesses.  In  addition  if  a new  target  is  to 
be  acquired  the  demaneuver  at  step  f will  be  to  that  new  target 
and  the  start  of  the  next  desaturation  period  will  be  altered 
depending  on  the  relation  between  the  old  and  new  target  points. 

10.4.5  A Gravity  Tracking  Control  Law  lor  Desaturation  From 
an  Arbitrary  Attitude  - The  gravity  tracking  technique  consists 
of  large  angle  maneuvers  about  at  least  two  vehicle  axes  selected 
to  place  the  minimum  axis  of  inertia  in  the  vicinity  of  the  local 
vertical  vector  for  maximum  torque  regulation  about  all  axes. 

The  rationale  for  this  can  be  understood  by  recalling  that 
gravity  torques  tend  to  align  the  minimum  axis  of  inertia  with 
the  local  vertical  and  maximal  torques  may  thus  be  developed 
by  bringing  this  axis  close  to  the  vertical  in  an  orientation 
determined  by  the  accumulation  of  angular  momentum  in  the  CMG 
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system.  The  method  is  thus  more  complex  than  the  single  axis 
large  angle  law  presented  in  section  10.4.3  since  in  general  at 
least  two  large  angle  maneuvers  are  required.  Like  the  law  of 
the  previous  section,  desaturation  can  be  accomplished  from  an 
arbitrary  attitude,  however  this  method  requires  continuous 
maneuvering  during  desaturation  to  maintain  the  desired  rela- 
tionship between  the  vehicle  minimum  axis  of  inertia  and  the  local 
vertical  vector,  i.e.,  to  track  the  gravity  vector,  ,nd  the  tacit 
assumption  is  made  that  observation  will  be  along  the  vehicle  X 
axis . 


The  basic  gravity  tracking  method  was  presented  in  reference 
4 and  variations  are  given  in  references  5 and  6 from  which  the 
following  development  is  made. 

Determination  of  the  Maneuver  Format  - For  a vehicle 
having  an  inertia  distribution  approximating  a cylinder,  the 
gravity  torques  tend  to  align  the  minimum  axis  of  inertia  with 
the  gravity  vector.  Thus,  the  torque  vector  is  always  perpen- 
dicular to  the  plane  formed  by  the  minimum  axis  and  the  gravity 
vector.  The  magnitude  of  this  torque  is  proportional  to  the 
angle  between  the  minimum  axis  and  the  gravity  vector  and,  in 
particular,  is  related  according  to  the  sine  of  twice  that  angle. 

A torque  plane  is  formed,  as  shown  in  figure  10.16,  by  rotation  of 
the  vehicle  about  the  gravity  vector  through  a specified  angle 
Ay.  This  torque  plane  is  always  normal  to  the  local  vertical, 
i.e.,  tangent  to  the  orbital  path  of  a circular  orbit  when 
viewed  perpendicular  to  the  orbital  plane. 

As  the  vehicle  center  of  mass  moves  in  orbit,  the  torque 
vector  moves  as  shown  in  figure  10.17.  The  object  is  to  maneuver 
the  vehicle  during  the  desaturation  cycle  in  such  a manner  that 
the  resolved  components  in  the  inertial  frame  are  favorable  for 
desaturation.  Visualization  of  the  torque  in  this  manner  allows 
a design  that  accomplishes  momentum  control  about  all  axes. 

Since  the  torque  vector  is  in  a plane  tangent  to  the  orbital 
plane,  it  is  often  desirable  to  maneuver  such  that  the  torque 
component  in  the  orbital  plane  changes  the  sign  of  a specific 
component.  Thus,  maneuvers  are  often  performed  at  points  which 
yield  the  additional  necessary  control. 

Before  considering  the  desaturation  maneuvering  sequence,  it 
is  worthwhile  to  justify  the  preceding  remarks  concerning  the 
general  gravity  torque  behavior.  If  it  is  assumed  that  the  vehicle 
orientation  is  arbitrary,  then  the  relation  between  the  orbital 
coordinates  XqYoZo  and  vehicle  coordinates  may  be  represented  by 

an  arbitrary  direction  cosine  matrix  as  in  equation  215.  To 
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Figure  10.16.  The  Gravity  Torque  Plane 
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verify  the  existence  of  the  torque  plane  it  i9  necessary  to 
resolve  the  torque  into  a coordinate  system  in  which  the  X 
axis  is  directed  along  the  local  vertical.  The  Y axis  will  be 
confined  to  the  orbital  plane  and  Z will  thus  be  normal  to  the 
orbit  plane  and  is  taken  to  be  directed  above  it.  The  relation 
between  the  vehicle  coordinates  and  this  system  is  thus: 


X 

V 

an 

fl12 

al3 

Y 

V 

a21 

a22 

a23 

a31 

3 32 

a33 

P11 

P12 

Pl3‘ 

- 

P21 

P22 

P23 

P31 

P32 

P33 

cosw  t sinw  t 0 

o o 

-sinw  t cosw  t 0 

o o 


X 

Y 

|z 


X 

Y 

Z| 


(259) 


denoting  the  matrix  product  of  equation  259  as  P with  elements 
P and  noting  that  the  local  vertical  unit  vector  in  XYZ  coor- 
dinates is  simply  (1,0,0) T,  gives  the  local  vertical  vector  in 
vehicle  coordinates  as: 


11 


21 


31 


(260) 


Substituting  into  equation  15,  the  gravity  gradient  torque  in 
vehicle  space  is: 


T -3w 
v o 


P21P31Mx 


pUpJlMy 

PUP2lAI2 


(261) 


Since  P is  the  product  of  two  orthogonal  matrices  it  is  also 
orthogonal  and  the  torque  resolved  into  the  XYZ  system  is  thus: 
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T-3w 


P P P 

11  21  31 


P P P 

12  22  32 


P P P 

13  23  33 


P0,P„,Al 
21  31  x 


PllP314Iy 

PUP214Iz 


PUP21P31WVAIy+4V 

f-^  I Pi21>21P31A^x+PllP22P3lAIy+PllP21P32AIz  <262) 

LP13P21P31AIx+PnP23P31i‘Iy+PUP21P331Izj 

Since  the  sun  of  the  AI^  is  identically  zero,  there  is  no  torque 

in  the  X direction,  that  is  about  the  local  vertical,  thus  the 
gravity  gradient  torque  is  alwa>s  in  a plane  normal  to  the  local 
vertical  regardless  of  vehicle  inertia  distribution  or  orientation 
and  the  existence  of  the  torque  plane  is  confirmed. 

The  actual  torque  resolved  into  the  XYZ  system  can  be  obtained 
by  substitution  of  the  P^  from  equation  259  into  262,  using 

the  orthogonality  of  the  a^  giving: 


T -0 
x 


(263) 


V3"otUl2a21a3l">s“ot+*lla22a328in“<,t)Mx 
+ <alla22a31C°aV+a12a21a;2sln“ot>A!y 
+<alla21a32c°aV+a12a22a31Sl“‘,ot)AIz1 


(264) 


3 2, 


V 2 Wo{la13(a21a3ra22a32)coa2V-a13(a21a32+a22a31)9in2u)ot]Alx 
+ ta23(alla3ral2a32)co82uot"a23(alla32+a12a31)3in2u)ot^Iy 
+ [a33<alla2ra12a22)c082wot"a33(alla22+a12a21)sin2(iJotlAlz} 


(265) 


The  equations  263,  264,  and  265  vield  the  gravity  torques  on 
an  arbitrarily  oriented  vehicle  resolved  into  the  local  vertical 
coordinate  system  XYZ. 
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In  general , large  rotations  about  any  two  vehicle  axes  will 
be  sufficient  Co  piece  Che  axis  near  the  local  vertical  when 

maneuvering  from  an  arbitrary  orientation.  Consider  an  orbital 
frame  X .VZo'  with  XQ«  directed  along  the  tarRet  line  ProJected 
in  the  orbital  plane  and  Yo»  leading  XQ,  by  tt/2  in  the  orbit  plane. 

The  orbital  position  is  measured  from  the  post  desaturation 
quadrature  point  (i.e.,  the  -Yq,  axis).  From  this  system  a rota- 
tion of  uot-iT/2  about  the  Zq,  axis  will  place  the  Xv  axis  along 
the  local  vertical.  A rotation  about  the  Y axis  of  Uy 
will  develop  the  angle  «,  while  small  maneuvers  &x  and  £z 
can  generate  the  angle  Ay  thus  setting  up  the  general  orientation 
of  figure  10.15.  The  total  maneuver  with  respect  to  the  *0»i0tz0» 


V 

COSPy 

0 

-simy 

YDv 

- 

0 

1 

0 

.ZDv 

_sinwy 

0 

cosy 

y 

r 


-sirnu  t 
0 


-COS'O  t 
0 


COSW  t 

o 


-sincd  t 
o 


0 

1 

-z 


r 


where  the  Xo.Y0»z0«  3Y8tem  is  related  to  the  X0Y0Zo  8ystem  of 
figures  10.12  and  10.13  by  a rotation  of  9 degrees  about  the  Z 

The  sequence  of  rotations  is  relatively  unimportant  since  the 
maneuver  will  ultimately  be  generated  by  the  quaternion  maneuver 
law  and  will  be  about  an  eigenaxis.  The  order  shown  in  e9ua^°n 
261  involves  a small  roll  to  initialize  the  position  or 
Ay  maneuver  followed  by  the  yaw  of  ^t-ir/2  to  place  the  X axis 
near  the  vertical,  then  additional  yaw  of  to  develop  Ay 
followed  by  pitch  of  uy  to  complete  the  maneuver.  The  total 

transformation  from  observation  to  desaturation  attitudes  is 
given  by  the  combination  of  equation  215,  a rotation  about  7.q 

by  9,  and  equation  266. 

Derivation  of  the  Required  Maneuvers  - The  first  step 
in  determining  the  desaturation  maneuvers  is  the  determination  o 
the  gravity  torque9  in  the  desaturation  attitude.  Resolving  t 

local  vertical  vector  ^.-(airu^t.-coa^t.O)1  into  the  vehicle 

desaturation  attitude  coordinates  using  equation  266  gives: 


axis. 


. (266) 
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V 

-cosy  -e  siny  cosw  t 
*y  x y o 

a 

. 

e„ 

yv 

z 

a 

-siny  +e  cosy  cosw  t 

zv 

• a 

. y x y oj 

(267) 


Substituting  into  the  torque  equation  15  gives: 


» m 

T, 

-e  siny  AI 

dxv 

z y x 

T , 

1 

u> 

e 

to 

(^  sin2y  -e  cos2y  cosw  t)Al 

dyv 

O 

2 y x y o y 

^dzv 

m m 

-ezcosyyAI2 

(268) 


Transforming  back  to  orbital  coordinates  using  the  Inverse  of 
equation  266: 


m m 

^dxo' 

(e  co82y  cosw  t-  \ sin2y  )cosw  tAI 
x y o 2 y o y 

*dyo' 

«3w2 

0 

(e  cos2y  cosu)  t-  ^ sin2y  )sinw  tAI 
x y o 2 y o y 

Tdzo' 

0%  1 

e AI  +(g  cos^y  - -re  sin2y  sincOAl 
zx  z y 2 x y ym 

m 

where  all  products  olE  the  small  maneuvers  have  been  neglected. 
Further  since  € is  by  definition  small  and  AI  is  an  order  of 

Z X 

magnitude  smaller  than  AI  , the  product  e AI  can  be  neglected 

y z x 

in  the  Z component  of  269  leaving: 


Tdxo’ 

» i • 

(e  co82y  cosw  t-  -r  sin2y  )cosw  t 
x y o 2 y o 

T.  , 

■3w2AI 

(e  co82y  cosw  t-  4 sin2y  )sinw  t 

dyo* 

o y 

O 

M 

o 

X 

r (e  +e  cos2y  -e  sin2y  sinw  t)  1 

dzo 

• m 

[2  z z yx  yoj 

(270) 


The  momentum  components  generated  during  occultatlon  are  obtained 
by  integrating  the  torque  components  of  equation  270  over 
the  interval  where: 


1 
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0 •(!)  t 
t o 


(271) 


0,-3ir/2+t:„-Ay 

X 0 2 


(272) 


9 -3ir/2+e  +Au 

4 0 Z 


(273) 


As  shown  in  figure  10.18,  represents  a shift  of  mid-desaturation 

with  respect  to  mid-occultation , the  significance  of  which  will 
be  apparent  upon  examination  of  the  momentum  equations.  The  angle 
between  3tt/2+£q  +Apz  is  the  range  of  orbital  positions  beginning 

after  all  maneuvers  placing  the  X axis  near  the  local  vertical 

and  ending  just  prior  to  the  demaneuver  to  observing  attitude. 

The  nominal  vehicle  orientation  will  be  constant  with  respect  to 

local  vertical  for  0 < co  t<0A.  The  momentum  equations  in  orbital 

1—  o — 2 

coordinates  are  thus: 


■v/ 2 ?do'dt-  zrf 

7t,  °/e. 


T,  , d (txJ  t) 
do  o 


(274) 


Performing  the  indicated  integration  yields: 

H I-  w AI  [t  cos2y  (0.-0  )+  c cos2y  (sin20o-sin29  ) 

dxo  2 o y x y 2 1 2 x y 2 1 

-sin2y  (sin02-sin0^) ) 

3 1 

H,  *“  v w AI  [sin2y  (cosO.-cosS, ) - £ cos2y  (cos29_-co920, ) ] 

dyo  2 o y y 2 12x  y 2 1 

H,  w AI  [(e  +e  cos2y  )(0.-01)+e  sin2y  (cos0„-cos9, ) ] 

dzo  2 o y z z y 2 1 x y 2 1 

Assuming  y^  and  2e^  are  sufficiently  small  that  their  product  is 

negligible  and  the  sine  of  either  equals  the  angle  (cosine  - 1) . 

Then  the  momentum  equations  become: 

Lo'l  [I  exco82yy(2Au2-sin2Ay2)-eg8in2yysinAy  1 


H.  , -3tu  AI 
dyo  o y 


sln2y  sinAy 

V 2 


t sin2y  sinAy  -K  Ay  (l+cos2y  ) 
x y "22  v 
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-+  T 

Denoting  the  momentum  to  be  desaturated  as  Hp*(H^tH  fH^) " , deter- 
mined from  appropriate  sampling  during  observation,  it  is  necessary 

■>  -> 

that  With  the  substitution  of  the  momentum  to  be  dumped 

into  equation  275,  it  is  necessary  to  in  some  sense  invert  the 

equation  and  solve  for  the  five  unknowns  e , u * e , Ap  and  en. 

X V z z w 

The  expressions  will  be  chosen  in  a manner  similar  to  that  of 
reference  4.  As  can  be  verified  by  substitution,  the  equation  In 
H is  completely  satisfied  if: 


xT> 


sin2y 


'0  3w  AI  sinAy 
o y 


(276) 


H 2cos2y 

e = JL_ 

x 3wQAIy  (2Ayz~sin2Ayz) 


An  expression  for  £ can  be  obtained  from  the  H ^ as: 

2 zD 


£ =- 
Z 


H 


zD 


3to  AI 
_ g— X 


+exsin2y^sinAyz 


Ay  (l+cos2y  ) 
z y 


(277) 


(278) 


An  expression  for  y^  is  obtained  basically  from  the  following 
reasoning.  Since  principal  momentum  accumulation  is  about  Y 

v 

and  is  proportional  to  sin  2ty,  an  initial  maneuver  about 

of  -2 ip  would  tend  to  compensate  for  the  primary  accumulation. 
In  any  case,  after  having  chosen  an  initial  value,  subsequent 
values  should  be  updated  to  account  for  variations  in  rriraary 
momentum  accumulation  AH^.  Thus,  a recurrsion  in  y^  develops 

as: 


j «y  t-K  AH  n 
yn  yp  yv  yD 


(279) 


where  p denotes  the  previous  orbit  and  K is  to  be  determined. 

yy 

From  the  previous  equation,  K is  related  to  the  differential 
relationship  between  y^  and  H^.  Such  a differential  relation- 
ship is  obtainable  from  the  equation  in  H^.  Thus,  from  that 
equation: 


10-96 


d(sln2V"  yhr  «(«y„/sin4uz) 


O y 

Or,  since  is  a constant  angle  when  once  determined: 


(280) 


2cos2p  du  ■ -■ — 

y 3oj 


dH 


ID 


y '"y  3oJoAI^sinAu2 
A change  in  |J ^ is  thus  approximately: 

AH 


(281) 


Au  sdp  - 


Thus, 


J nUM  — — * 

y y 6to  AI  sinAy  cos2y 
o y z v 


(282) 


yy  AHyD  6AlyU)osinAuzcos2yy 

The  expression  f„r  ^ u obtained  directly  fr„  conalder.tlon 
of  the  al lowed  deseturatlon  angle  9Jt  and  the  angular  maneuvers 
required  to  move  to  the  Initial  desaturation  attitude.  In 

^er^n"^:^  rS^I^^^riuon'tmuT'Is^nd 


(283) 


the  maximum  maneuver  rate  is  then: 


where : 


AWKJ*I 

K -cj  /i 
c o ri 


(284) 

(285) 


kojiU.j.niUWu^  . The  equatl0„5  „ Ued 


U' -U  +K  AH 
y yp  yy  y 

Kyy“(6AlyUO8lnAlJ2pC082%>'1 


(286) 

(287) 


ev"ev  +K  AH 

X xp  XX  X 


(288) 
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where: 


K 

xx 


2cos2y 

JL2 

3AI  oj  (sin2Ay  -2Ay  ) 
y o zp  zp 


c mL  +K  AH  +K  c 
z zp  ZZ  Z ZX  X 

2 - 1 

K — (6A1  cj  Ay  cos  y ) 
zz  y o zp  yp 


9in2y  sinAy 

K «E 

xz  2Ay  cos  y 


zp 


yp 


+KQAH 

6 6p  8 x 


sin2y 

_ yp 

Ke“  3AI  u sin  Ay 

y o zp 

4u2-erK£iy 


V“<A 


AH  ' 

m — « 

H -H  ^ 

X 

xD  xDp 

AH 

H +H  _ 

y 

yD  yDp 

AH 

H +H 

z 

* m 

zD  zDp 

(289) 

(290) 

(291) 

(292) 

(293) 

(294) 

(295) 

(296) 

(297) 


The  basic  operation  is  thus  to  sample  the  momentum  during 
observation,  then  generate  the  above  angles  and  gains  prior  to 
desaturation  maneuvering.  The  matrix  of  the  maneuver  is  generated 
from  these  parameters  along  with  knowledge  of  the  relation  between 
the  observing  attitude  and  the  target  oriented  orbital  plane. 

Once  the  primary  maneuver  has  been  completed  the  vehicle  rates 

• • 

e «-w  9inu  and  e cosy  must  he  commanded  in  order  to  track 
x o y z o y 

the  gravity  vector.  At  the  end  of  the  desaturation  period  de- 
maneuver to  the  observing  attitude  is  accomplished  by  generating 
the  corresponding  demaneuver  direction  cosine  matrix  after  updating 
the  parameters  dependent  on  the  time  varying  orbital  elements. 

If  demaneuver  is  to  be  to  a new  target  additional  computation  is 
required  to  generate  the  maneuver  matrix  and  update  the  history 
values  accordingly  so  the  subsequent  desaturation  attitude  is 
valid. 
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10.4.6  Gravity  Gradient  CMC.  Desaturation  Lav;  Comparison  - 

In  sections  10.4.2  thru  10.4.5,  four  representative  gravity  grad- 
ient desaturation  laws  were  developed  for  an  inertially  held  vehicle. 
The  four  laws  are:  (1)  a small  angle  multiaxis  maneuver  law,  (?) 

a large  single  axis  maneuver  law,  (3)  a reflexive  law  requiring 
large  multiaxis  maneuvers,  and  (4)  a gravity  tracking  law  also 
requiring  large  multiaxis  maneuvers.  All  of  these  laws  involve 
maneuvering  the  vehicle  at  the  start  of  the  desaturation  period 
to  a favorable  orientation  where  the  gravity  gradient  torques  acting 
on  the  vehicle  will  cause  the  magnitude  of  the  CMC  momentum  to 
decrease. 

The  first  two  laws  (1)  and  (2)  place  constraints  on  possible 
vehicle  attitudes  for  which  these  desaturation  laws  will  operate. 

For  the  candidate  vehicle  attitudes  specified  in  sections  4 and  5, 
these  vehicle  attitude  requirements  are  automatically  met.  Desatura- 
tion laws  (3)  and  (4)  are  "all  attitude"  gravity  gradient  desaturation 
laws  which  means  there  are  no  constraints  placed  on  possible  vehicle 
attitudes.  In  other  words,  these  desaturation  laws  can  be  used 
independent  cf  the  Inertial  attitude  of  the  vehicle.  Because  of 
the  vehicle  attitude  constraints  already  Imposed  on  the  system, 
there  is  no  particular  advantages  in  having  an  "all  attitude"  de- 
saturation law  such  as  laws  (3)  and  (4)  over  the  attitude  restric- 
tive laws  (1)  and  (2). 

Of  the  four  gravity  gradient  desaturation  laws  derived  in  this 
study,  the  small  angle  multiaxis  CMC  desaturation  law,  law  (1), 
was  selected  because  of  the  following  reasons:  (1)  the  computa- 

tional requirements  associated  with  this  law  are  fewer  than  those 
associated  with  the  other  laws  and  (2)  the  resultant  small  angle 
desaturation  maneuvers  can  be  performed  by  the  CMG  control  system. 

This  latter  reason  is  important  because  the  other  candidate  desat- 
uration laws  require  at  least  a single  large  angle  maneuver.  To 
perform  these  large  angle  maneuvers  , the  baseline  reaction  control 
system  (RCS)  would  probably  have  to  be  used  in  order  to  generate 
the  large  torque  and  momentum  required  to  perform  these  maneuvers 
in  a reasonable  period  of  time.  Firing  the  baseline  RCS  to  per- 
form these  large  angular  maneuvers  tends  to  defeat  the  principal 
purpose  for  adding  a CMG  control  system  to  a vehicle  like  the 
Shuttle  that  of  reducing  RCS  contamination. 

For  the  computer  verification  task  documented  in  section  12, 
this  small  angle  multiaxis  CMG  desaturation  law  is  simulated  using 

option  2 for  computing  e. 

10.4.7  Small  Angle  Gravity  Gradient  Z-LV  Desaturation  Law  - 
In  section  10.4.6,  the  four  gravity  gradient  CMG  desaturation  laws 
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for  an  inertially  held  vehicle  derived  in  sections  10.4.2  thru 
10.4.5  were  compared.  For  this  particular  application,  the  small 
angle  gravity  gradient  CMC  desaturation  law,  section  10.4.2,  was 
selected.  In  this  section,  a small  angle  desaturation  law  is 
derived  for  desaturating  the  CMG  system  from  a Z-LV  attitude.  This 
law  is  basically  identical  to  the  small  angle  desaturation  law 
derived  in  section  10.4.2  for  an  inertially  held  vehicle.  The 
torques  acting  on  the  rotating  vehicle  are  resolved  into  an  iner- 
tial reference  frame  where  the  appropriate  small  angle  desaturation 
maneuvers  are  determined.  For  an  inertially  held  vehicle,  the  de- 
saturation maneuvers  are  computed  in  vehicle  coordinate  because 
this  coordinate  frame  Is  inertial.  But  for  a Z-LV  attitude,  the 
vehicle  coordinate  frame  is  not  inertial,  but  rotating.  This  is 
the  only  significant  difference  between  these  two  desaturation 
laws . 


For  a vehicle  held  in  an  ideal  Z-LV  attitude,  the  vector  sum 

of  the  vehicle  momentum  H and  CMG  momentum  imparted  to  the 

v CMG 

vehicle  as  viewed  from  an  inertial  frame  is  a constant  H . 

c 


-*  +(I) 

vC 


= H 


(298) 


The  vehicle  momentum  H 

v 


equals 


Hy=  [I]co  (299) 

where  [II  is  the  vehicle  inertia  tensor  and  u>  is  the  vehicle  an- 
gular velocity*  For  an  ideal  Z-LV  attitude,  to  is  constrained  to 

be  perpendicular  to  the  orbital  plane  and  therefore  to  has  at  most 

only  two  components,  to  and  to  . 

x y 


-> 

CO  = 


CO 


CO 


(300) 


In  order  to  keep  the  Z axis  pointed  along  the  local  vertical,  the 
*> 

norm  of  to  must  equal  the  orbital  rate  to  . 


Assume  that 
ousley  through  a 


at  time  t the  vehicle  is  maneuvered  instantane- 
° -► 

small  angle  e where  e , e , and  e , are  the  X, 

x y z 
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Y,  and  Z angular  components  of  e,  respectively.  Also  assume  the 
vehicle  is  constrained  at  all  times  to  rotate  about  the  axis  per- 
pendicular to  the  orbital  plane  at  approximately  the  orbital  rate 

°o*  As  a result  of  the  small  maneuver  e,  the  vehicle  angular 
velocity  w equals 


w(ei) 


- 

- 

— 

1 G — G 

03 

0)  + G 03 

z y 

X 

x z y 

-e  1 e„ 

0) 

3 

03  - G 03 

2 X 

y 

y z x 

e -e  1 

* 0 

GO)  - GO) 

L y x J 

_ y x x y _ 

(301) 

(i-x,y,z) 


The  vehicle  momentum  ^(Gi)  due  to  this  instanteous  maneuver  e 
now  equals 

Hv(e1)  - [l]w(e  ) 


I 

xx 

o 

o 

oj  + e o) 
x z y 

p — 

I (w  +£  U ) 

XX  X z y 

3 

o 

I 

yy 

o 

03  -e  03 
y z x 

* 

I (a)  -e  to  ) 
yy  y z x 

o 

o 

I 

zz 

G 03  -G  0) 

y x x y 

I (e  w -e  u)  ) 
zz  y x x y 

(302) 


The  change  in  due  to  the  maneuver  e equals 


“V'i1  - "v<Ei>  - vv 


I GO) 

XX  z y 

-I  GO) 
yy  z x 

I (e  u)  -c  to  ) 
ZZV  y x x y' 


(303) 


► _ 

W t^ie  ve^^cle  momentum  just  prior  to  the  maneuver  c.  H (t~) 
is  equal  to  Hv  computed  in  equation  299,  equals 


v 


Hv(ei>  " VV  + ^v(ei)  (304) 

During  the  maneuver  e,  the  total  system  momentum  Hc  is  conserved. 
Substituting  equation  304  into  equation  298, 


vv + <v ♦ <«:>■*. 


(305) 
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where  H^(t  +)  is  the  CMC  momentum  just  after  the  instantaneous 
CM(£  o 

maneuver  e.  Note  that  inorder  for  the  above  expression  to  hold, 
the  CMG  momentum  must  also  change  instantaneously. 


H(I) 

CMG 


o 


■ Sra(to‘> 


(306) 


where 


- -ffv(£i) 


(307) 


Due  to  the  small  maneuver  c , the  vehicle  Z principal  axis  is 
slightly  misaligned  from  the  local  vertical  resulting  in  a non 

zero  gravity  gradient  torque  T to  act  on  the  vehicle.  The  result- 

88 

ant  gravity  gradient  momentum  imparted  to  the  vehicle  must  there- 

fore  be  absorbed  in  order  to  keep  constant.  is  completely 

determined  by  the  vehicle  attitude  therefore,  this  gravity  gradient 
momentum  must  be  absorbed  by  the  CMG  control  system.  The  constant 

momentum  H for  time  t greater  then  t equals 
c ° 


= H (t  ■)  + AH  (e.)  + ( t ) + 

VO  Cl  LMO  O 


lSS<£i) 


.(i) 

!chgv 


+ AH-i(t)  + (Tgg)T 


dt 


for  t>t 


(308) 


(T  ) is  the  gravity  gradient  torque  acting  on  the  vehicle  as 

gg  I 

measured  in  an  inertial  coordinate  frame.  At  time  tf,  assume  the 

vehicle  is  instantaneously  maneuvered  back  to  the  initial  Z-LV 

attitude.  The  instantaneous  change  in  vehicle  momentum  Hv  and 

H at  tc  as  measured  in  the  inertial  reference  frame  equals 
CMG  f 


AHv(tf+)  * -AH^ep 

(309) 

■ -i5cic<£i> 

(310) 

Adding  those 
grr.it  er  t linn 


instantaneous  changes  to  equation  308,  H at  time  t 
t j equals 

it  -H  (t")+H^iJ(t  j+AH^p+  /+#(T  ).dt 
c V O CMC  o CMCf  + gg  1 


(311) 
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Because  the  total  momentum  H must  be  conserved , the  net  change  in 

c 

the  inertial  momentum  during  the  desaturation  interval, 

t to  t.,  equals  the  negative  of  the  gravity  gradient  momentum  mea- 
o f 

sured  in  the  same  inertial  frame. 


/»•)  _ _ f (x  ) 
C*tGU'  t 1 gg'l 


dt 


(312) 


From  the  above  expression,  one  can  see  that  the  only  torque  acting 
on  the  vehicle  that  can  be  used  for  desaturating  the  CMG  system  is 

the  gravity  gradient  torque  due  to  the  small  maneuver  e. 

The  gravity  gradient  torque  acting  on  the  vehicle  in  vehicle 

coordinate  equals 

T - 3u>  2(a  x [I]a)  (313) 

gg  ° 

where  s is  the  unit  local  vertical  vector.  For  an  ideal  Z-LV 
attitude  a equals 


A 


a 


0 

0 

-1 


(314) 


During  the  desaturation  interval  from  time  tQ  to  tf,  the  local 
vertical  vector  a equals 


(315) 


Substituting  a^)  into  equation  313  and  neglecting  all  second 
order  terms  of  T equals 


3u) 


£x(Izz-  V 


(316) 


0 


, ...  WV  *tf*«#*r  - 
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In  order  to  compute  the  change  in  CMC  momentum 


->  (i)  -► 

hchc>  t88  " «b- 


served  in  vehicle  coordinates  must  be  transformed  into  some  iner- 
tial frame.  Let 


(T  )T  “ [*  (m)(t)]  T 
gg  I o-^v  gg 


(317) 


(m)  , 


where  [a yu/(t)]  is  the  time  varying  transformation  from  vehicle  space 

*Or~~V 

to  some  inertial  orbital  reference  frame.  Because  there  are  only 
two  candidate  Z-LV  attitudes,  X-POP  Z-LV  and  X-IOP  Z-LV , two  in- 
ertial orbital  frames  are  defined,  one  for  each  attitude,  in  order 
to  simplify  the  problem.  These  two  orbital  reference  frames  are 
defined  in  figure  10.19.  For  an  X-POP  Z-LV  attitude,  assume  the 
inertial  orbital  reference  frame  X 'Y  'Z  * is  defined  as  shown 


o o o 

and  Z ' axes  are  constrained  to  lie 
o 


in  figrre  10.19a.  The  Yc 

in  the  orbital  plane.  At  time  t equal  zero,  the  vehicle  X,Y,  and 
Z axes  are  aligned  with  the  Xn',Y^',  and  Zn'  axes,  respectively. 


o o 

The  corresponding  transformation 
equals 


[«  v,,,/(t)]  for  a X-POP  Z-LV  attitude 
o+v 


X-POP 


COS(jO  t 

o 


sink)  t 
o 


-sinaj  t 
o 

COSO)  t 

o 


(318) 


For  a X-IOP  Z-LV  attitude,  assume  the  orbital  reference  frame 

The  X ' and  Z ’ 
o o 


X ’Y  'Z  ' is  defined  as  shown  in  figure  10.19b. 
o o o 


axes  are  constrained  to  the  orbital  plane.  The  transformation 
(t ) ] for  a X -IOP  Z-LV  attitude  equals 


Id)  (m)(t)] 

CH-V 


X-IOP 


cosu)ot 


-sinu)  t 
o 


0 

1 

0 


sinu)0t 


COSU3  t 
0 


(319) 


From  equation  312,  the  change  in  CMG  momentum  state  equals 

t. 


CMG 


-/  f U (n)(t)]  T dt 
t cn-v  gg 


(320) 
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(a)  X-POP  Z-LV  INERTIAL  ORBITAL  REFERENCE  FRAME 


(b)  X-IOP  Z-LV  INERTIAL  ORBITAL  REFERENCE  FRAME 

NOTE:  X’,  Y',  Z’,  AXES  ALIGNED  WITH  VEHICLE  XYZ  AXES  AT  TIME  t-0 

o o o 


Figure  10.19. 


Z-LV  Inertial  Orbital  Reference  Frames 


10-105 


AhI^  is  the  desired  change  in  CM G momentum  state  as 

CMC  unc 

-►(I) 

observed  in  the  appropriate  orbital  reference  frame.  can 

be  computed  by  sampling  the  CMC  system  momentum  imparted  to  the 

vehicle  as  measured  in  vehicle  space.  Note  that  the  CMC 

CMC 

momentum  imparted  to  the  vehicle  is  the  negative  of  the  CMC  mom- 

■*  ( l) 

entum  stored  in  the  CMC  system.  e<Jua^fl 

“ci"-  - C’".11  W's’1  °21) 


(l) 


is  the  desired  CMC  momentum  state  as  observed  from  the 
ap 

sample  time  when  H 


appropriate  orbital  reference  frame.  The  time  t is  the 


CMG 


is  measured. 


t can  correspond  to  any 


time  during  the  observation  portion  of  the  orbit  although  the 

-V 

most  logical  time  to  sample  H is  just  prior  to  desaturation. 

-*  / T \ 1 -> 

AH-A'  is  momentum  ’’dump”  command  used  to  compute  e,  the 

CMG  . (I) 


desaturation  maneuver  command 
described  as  follows: 


Let  the  components  of  AH 


CMG 


be 


AH 


<o. 

CMG 


Ex 

HEy 

“ez 


(322) 


X-POP  Z-LV  Desaturation  Case  - For  a X-POP  Z-LV  attitude. 


(T  )_  equals 
gg  1 


■3u 


-3oj 


(T  )T  = U 

gg  I 

1 
0 
0 


(m) 

cr^v 


(t)]  T 


COSU)  t 
o 

sinu^t 


gg 
X-POP 


-sinu)  t 
o 


COSU)  t 

o 


€ (I  - T ) 
x zz  yy 


-e 


yd 


XX 


IZZ> 


c (I  - I ) 
x zz  yy7 

.(I  - 1 ) cosu  t 
y xx  zz  o 

-c  (I  - I ) slnu)  t 
y yy  xx  o 


(323) 
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Note  from  equation  322  that  the  X axis  component  of  (T  )j  la  de- 
coupled from  the  Y and  2 components  of  (T  )j.  Tlie  810311  ®aneuver 

e can  be  used  to  desaturate  the  X-axis , the  axis  normal  to  the 
x 

orbital  plane,  but  it  will  not  result  in  any  change  in  the  CMG 

momentum  state  in  the  orbital  plane.  The  desired  maneuver 

CMG 

z can  be  readily  computed  using  equation  320. 
x 


Assume  that 
324  for 


H - f 3u)  e (I  - I )dt 
t o xv  zz  yy 


(324) 


is  a constant  offset  maneuver.  Solving  equation 


he, 

H2(1zz-  V(tf  to> 


(325) 


Also  assume  that  the  desaturation  inter,  rl  corresponds  to  a half 

orbit,  u>  (t--  t ) equals  n,  and  e equa.i* 
o r o x 


x - 


«Ex 


3TTU)  (I  - I ) 
o zz  yy 


(326) 


The  maneuver  e must  desaturate  both  the  Y and  Z axes  and 

therefore  e must  be  a function  of  both  and  Hgz»  desired 

changes  in  AH*1*  along  the  Y and  Z axes.  Let  c have  the  follow- 
CMG  y 

ing  form. 

e - A H_  + BH  (327) 

y Ey  Ez 


There  are  a number  of  possible  solutions  for  the  coefficient 
A and  B.  One  possible  solution  is 

A • a sgn  (coswot) 

B » b sgn  (sinwot) 

where  sgn  ( ) corresponds  to  the  algebraic  sign  of  the  quantity 
enclosed  within  the  parentheses.  ey  therefore  equals 
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€y  “ a sgn  (cosu^t)  + bH^  9gn  (sirn^t) 

From  equation  320, 


II 

vl* 

/ f 3w  G (I  - I ) eosio  t dt 
t o y xx  zz  o 

0 

(331) 

HEz  = 

t 2 

/ f 3oj  e (I  -I  ) sinoj  t dt 
, o y xx  zz  o 

(332) 

Substituting 

O 

c given  in  equation  330  into  equations 

331  and  332, 

HEy  “ 

IZ2)  % >g" 

(cosu)  t) 
o 

+ 

b “ez 

sgn  (sinoj^t)]  cosu^t  dt 

(333) 

HEz  ~ 

2 bf 

3u>  (I  - I )/  [a  H_  sgn  (cosco  t) 

o xx  zz't  Ey  n o 

r\ 

+ 

bHEz 

sgn  (sino^t)]  sino^t  dt 

(334) 

Integrating 

the  above  equations  over  half  an  orbit. 

V 6“°2‘  W % 

(335) 

“ez-  ^ 'zz’  HHZ 

(336) 

Noting  that 

/sgnCsimo^t ) cosu^t  dt  » 0 

(337) 

/sgnCcosoo^t)  sina)Qt  dt  = 0 

(338) 

when  Integrated  over 

a half  orbit.  Solving  equations  335  and 

336  for  a and  b. 

. i 

a ■ b « 9 

(339) 

6co  (I  - I ) 

O XX  zz 
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Substituting  the  above  expression  for  a and  b Into  equation  330, 
Cy  equals 


e - 

y 


[H_sgn(cosu)ot)+  HEz  sgn(sinwot)  ] 


6u)  (I  - I ) 

O XX  zz 


(340) 


Note  that  E has  two  discontinuities , one  when  sinu  t switches 
y o 

sign  and  another  when  cosu  t switches  sign.  The  CMG  momentum  state 
-v  (I)  ° 

HGMG  change  Instantaneously  at  these  switching  points  due  to 

the  Instantaneous  changes  in  vehicle  momentum  H^.  But  as  long  as 
the  vehicle  returns  to  the  same  Z-LV  attitude  It  had  prior  to  de- 
saturation and  therefore  to  the  same  momentum  state  H (t  ~) , the 

-t  v ° 

net  change  in  CMG  momentum  AH—.-  */is  due  only  to  the  gravity 
gradient  torques  acting  on  the  vehicle. 


The  only^remainlng  task  is  to  compute  the  desired  vehicle 
rate  command  OV)  that  will  keep  the  vehicle  spinning  at  the  orbital 

rate  uiQ  about  an  axis  normal  to  the  orbital  plane  during  desaturation. 

For  an  ideal  X-POP  Z-LV  attitude,  the  vehicle  angular  velocity  u equals 


(0 


Hi  ” 


0 

0 


During  the  desaturation  Interval,  equals 


<JL>, 


“ - 

- « 

1 0 -e 

GO 

U) 

y 

o 

o 

Ole 

0 

as 

0 

X 

e -e  1 

0 

c u> 

. y * 

L y °. 

(341) 


(342) 


Also  note  that  whenever  has  a discontinuity  so  does  The 

desaturation  offset  maneuver  c and  e given  in  equations  326  and 

* y 4 

340,  respectively,  and  the  above  vehicle  rate  command  Hi^  are  im- 
plemented by  the  vehicle  control  law  defined  in  section  7.  Another 

thing  that  should  be  noted  is  that  there  are  no  maneuver  c about 

z 
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the  Z axis . A maneuver  c about  the  Z axis  produces  only  a very 

z 

small  second  order  gravity  gradient  torque,  a torque  that  is  too 
small  to  effectively  desaturate  the  CMC  system. 


X-I0P  Z-LV  Desaturation  Case  - For  a X-I0P  Z-LV  attitude, 

(m) 


(T  )T  equals 
gg  I 


= 3w 


(1„)T 

gg  I 


C08U)  t 

o 


-sink)  t 
o 


[*  vul/(t)]  T 

0*0/  gg 

X-IOF 
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sink)  t 
o 


costs  t 
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E (I  - 

I ) 

X 

N 

N 

yy 

-£  (I  - 

i ) 

y xx 

zz 

0 

= 3w 


e (I  - I ) costo  t 
x zz  yy  o 

-E  (I  - I ) 
y xx  zz 

-e  (I  - I ) sink)  t 
x zz  yy  o 


(343) 


The  procedure  for  computing  £ and  c for  this  X-10P  Z— LV  attitude 

x y 

is  identical  to  the  method  previously  described  for  the  X-POP  Z-LV 

case  and  therefore  the  derivation  of  e and  £ for  this  X-IOP 

x y 

Z-LV  case  is  despensed  with.  The  resultant  expression  for  E^  and 
E derived  from  equations  320  and  343  are: 


e 

x 


[HEz  sgn(8ln0)ot)  - H£x  sgn(cosu>ot) ] 


6<u  (I  - I ) 
o zz  yy 


(344) 


'y  3rrw  (I  - I ) 
3 O XX  zz 


(345) 


For  an  ideal  X-IOP  Z-LV  attitude,  the  vehicle  angular  velocity  tu 
equals 


U) 


(346) 


0 


■ 
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During  desaturation,  the  desired  vehicle  rate  command 


% 


- 

1 0 -e 

r i 

0 

0 

y 

Ole 

U> 

0) 

X 

0 

0 

e -e  1 

0 

3 

UJ 

t 

y x 

X o 

- 

J 

% 


equals 


047) 


Both  the  X-POP  and  X-IOP  Z-LV  desaturation  laws  utilize 
half  an  orbit  to  desaturate  the  CMG  system. 


Other  Potential  Solutions  for  e and  e - The  solutions 

X 

given  above  for  both  the  X-POP  and  X-IOP  Z-LV  attitudes  are 
not  unique.  For  the  X-POP  Z-LV  attitude,  the  form  of  t was 
assumed  to  be  X 


ey  ■ a Hgy  8gn(coswQt)  + b H£2  sgn(sinwot)  (348) 
Another  possible  form  of  ey  that  would  also  work  is 

ey  " C *Ey  C0SV  + d*Ez  8i™V  049) 

where  c and  d are  constants.  A similar  form  for  e in  the  X-IOP 
Z-LV  case  could  also  be  used . x 


10*4.8  Gravity  Gradient  CMG  Desaturation  Law  Signal  Flow 
Diagrams  - Figures  10.20  and  10.21  are  the  logic  signal  flow  dia- 
grams for  the  recommended  inertial  and  Z-LV  small  angle  gravity 
gradient  CMG  desaturation  laws,  respectively. 

Figure  10.20  is  the  signal  flow  diagram  for  the  recommended 
gravity  gradient  CMG  desaturation  law  derived  in  section  10.4.2. 

In  box  1 of  figure  10.20,  the  CMG  momentum  desaturation  command 
A”cMG  18  comPuted*  There  are  a number  of  methods  of  determining 

A“CMG  * one  used  box  1 is  to  compute  the  average  CMG  mom- 

entum state  using  N equally  spaced  CMG  momentum  samples  over  a 
half  orbit  during  the  CMG  observation  interval  and  then  comparing 
this  average  value  with  a desired  average  momentum  state 
-> 

Hp.  In  box  2,  the  desaturation  control  matrices  [A* ) and  [C]  are 
computed.  [A1]  and  [C]  are  defined  in  section  10.4.2.  In  box  3, 
using  the  momentum  desaturation  command  AH.„_  and  the  control 
matrices  [A1]  and  [C]f  the  gravity  gradient  offset  maneuver  command 
€ is  computed,  e is  then  sent  to  the  vehicle  control  law  where 
this  maneuver  c is  Implemented. 
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© CMG  SYSTEM  MOMENTUM  DE SATURA- 
TION COMMAND 


^ (H  ) -► 

ahcmo-  i _3E-i  - "n 

1=1  N 


0 

COMPUTE  [ 

a’]  1 

[C] 

1 

(T)  DESATURATION  MANEUVER  COMMAND 


* ■ 5TT  uVtcr1^ 

O 


TO  VEHICLE  CONTROL  LAW 


Figure  10.20.  Internal  Small  Angle  Gravity  Gradient 
Desaturation  Law  Logic  Flow  Diagram 
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Figure  10.21  is  the  signal  flow  disgram  for  the  Z-LV  gravity 
gradient  CMC.  desaturation  law  derived  in  section  10.4.7.  In  box 
1 of  figure  10.21,  the  appropriate  Z-LV  attitude  is  determined. 
Depending  on  the  vehicle  Z-LV  attitude,  the  momentum  desaturation 

command  AhIAI  is  computed  in  box  2.  -n  box  3,  the  appropriate  man- 

euver  command  e is  determined.  Tne  logic  flow  then  proceeds  onto  box 

4 where  the  desired  vehicle  rate  command  ul  is  computed.  The  de- 

^ U -*■ 

saturation  maneuver  command  t and  vehicle  rate  command  Wjj  are  sent 

to  the  vehicle  control  law.  Note  that  this  Z-LV  desaturation  law 
utilizes  a full  half  orbit. 

10.5  Selection  of  Baseline  CMC.  Desaturation  System  - Two 
basic  types  of  CMC  desaturation  systems  have  been  described  in 
this  report;  they  are:  (1)  a RCS  system  that  utilizes  the  vehicle 

baseline  RCS  and  (2)  a gravity  gradient  system.  A RCS  CMC  desatur- 
ation system  is  more  versatile  than  a corresponding  gravity  grad- 
ient system  in  that  it  can  develop  large  desaturation  torques  in 
any  direction  thus  desaturating  the  CMC.  system  In  a very  short 
time.  On  the  other  hand,  a gravity  gradient  CMC  desaturation  sys- 
tem requires  on  the  average  a significant  portion  of  each  orbit 
to  desa^urate  the  CMG  system  because  (1)  the  gravity  gradient 
torque  T produced  is  orders  of  magnitude  smaller  than  that  gen- 
erated by  the  baseline  RCS  and  (2)  the  gravity  gradient  torque 
genera t~d  is  constrained  to  the  plane  perpendicular  to  the  local 

vertical  vector  a (T  = 3u)  2 [a  x [I]  a)).  Because  of  this  second 

gfc  ° 

constraint  , the  vehicle  roust  be  maneuvered  away  from  its  desired 
observation  attitude  in  order  to  orient  the  vehicle  into  a favor- 
able  attitude  where  the  gravity  gradient  torque  will  result  in  the 
desired  desaturation. 

The  chief  advantage  of  a RCS  CMG  desaturation  system  is  that 
it  can  quickly  desaturate  the  CMG  system  from  any  arbitrary  momen- 
tum state  in  a verv  short  period  of  time  thus  maximizing  the  time 
available  per  orbit  for  experimentation.  Its  major  drawback  is 
that  it  expells  mass  during  desaturation  that  can  be  a severe 
source  of  experiment  contamination.  A gravltv  gradient  desatura- 
tion system  requires  on  the  average  that  a significant  portion 
of  each  orbit  be  set  aside  for  desaturating  the  CMG  system,  thus 
greatly  limiting  the  available  experimentation  time.  The  major 
advantage  of  a gravity  gradient  CMG  system  over  a RCS  one  is  that 
it  is  a contaminat ion  free  system  in  that  it  expells  no  matter. 
Because  the  principal  reason  for  adding  a CMG  system  to  the  Shuttle 
is  to  minimize  RCS  contaminants,  the  use  of  a RCS  CMG  desaturation 
system  would  tend  to  defeat  this  purpose.  Therefore,  the  preferred 
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baseline  CMG  desaturation  system  is  the  recommended  small  angle 
gravity  gradient  desaturation  system  documented  in  sections  10.4.2 
and  10.4.7  for  an  inertial  and  a Z-LV  held  vehicle,  respectively. 
The  recommended  RCS  desaturation  system  described  in  section  10.3.2 
Is  retained  as  a backup  CMG  desaturation  system  in  order  to  give 
the  system  an  emergency  CMG  desaturation  capability. 

10.6  Pseudo-Axis  Alignment  Scheme  - Up  to  this  point,  the 
only  momentum  management  system  that  has  been  discussed  has  been 
CMG  desaturation  systems.  In  this  section,  a pseudo-axis  align- 
ment control  law  is  described  that  attempts  to  minimize  the  aver- 
age momentum  that  is  stored  in  the  CMG  system  for  the  X-P0P  and 
X-IOP  inertial  vehicle  attitudes.  By  minimizing  the  momentum 
stored  in  the  CMG  system,  the  momentum  that  the  CMG  desaturation 
system  must  "dump"  on  a per  orbit  basis  is  also  minimized. 


It  has  been  assumed  that  the  vehicle  principal  and  control 
axes  have  been  aligned.  In  general  this  is  not  the  case;  the 
vehicle  control  and  principal  axes  are  normally  slightly  misalign- 
ed. The  result  of  this  misalignment  is  that  the  vehicle  cross 

products  of  inertia  1,1,  and  I are  not  zero.  The  general  ex- 

xy  xz  yz  ^ 

pression  for  the  components  of  the  gravity  gradient  torque  T 

88 

acting  on  a vehicle  with  non  zero  cross  products  of  Inertia  are: 


T 
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y z zz 


Iyy) 


+ a a I 
x z xy 


a a I 
x y xz 


+ U- 


2 
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} 


T 

by 


3co  {a  a (I  - I ) + a a I 
o x z xx  zz  x y yz 

a a I + (a  2 - a 2)I  } 

xzxy  x z xz 


T 

gz 


3u>  (a  a (I  - I ) + a a I 
o xy  yy  xx  y z xz 

a a I + (a  2 - a 2)I  } 
x z yz  y x xy 


(350) 


(351) 


(352) 


Because  the  vehicle  principal  and  control  axes  are  assumed  to  be 
only  slishtly  misaligned,  '.he  vehicle's  cross  products  of  inertia 
can  be  approximated  by 


I - t:  (I  - I ) 

xy  oz  yy  xx 


(353) 
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xz 


c 

ov 
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zz 


(354) 


I ■ £ (I  - T ) 
yz  ox  zz  yy 


(355) 


where  eQx,  £Qy,  and  e:Qz  are  the  misalignments  between  the  X,  Y,  and 

Z principal  and  control  axis,  respectively.  It  is  the  above  cross 
products  of  inertia  resulting  from  these  misalignments  Cqx,  eoy*  an<* 

£qz  that  increases  the  magnitude  of  the  gravity  gradient  torque 

acting  on  the  vehicle  and  therefore  the  magnitude  of  the  resul- 
tant gravity  gradient  momentum  that  the  CMC  system  must  store. 


The  basic  idea  behind  the  pseudo-axis  alignment  scheme  is 
to  compensate  for  the  small  axial  misalignments  £qx*  eQy>  anc*  coz  by 

performing  small  offset  maneuvers  about  the  vehicle  control  axes 
that  minimize  the  CMG  system  momentum  requirement  for  a particular 
vehicle  attitude.  Compensating  for  eQx,  CQy,  and  e ^ effectively  re- 
duces the  vehicle  cross  products  of  inertia  1,1,  and  I to 

xy  xz  yz 

zero.  For  an  inertial  X-POP  attitude,  the  pseudo-axis  alignment 
scheme  performs  small  offset  maneuvers  about  the  vehicle’s  Y and 
Z control  axes  in  an  attempt  to  keep  the  vehicle's  X principal  axis 
perpendicular  to  the  orbital  plane.  By  keeping  the  vehicle’s  X prin- 
cipal axis  perpendicular  to  the  orbital  plane,  the  vehicle  cross 
products  of  inertia  are  effectively  reduced  to  zero  thus  minimiz- 
ing the  gravity  gradient  momentum  stored  in  the  CMG  system.  For 
an  inertia  X-IOP  attitude,  the  vehicle's  principal  X axis  is  kept 
in  the  orbital  plane  by  performing  a small  offset  maneuver  about 
the  Z control  axis. 


10.6.1  Derivation  of  Inertial  X-POP  Pseudo-Axis  Alignment 
Control  Law  - Assume  that  the  unit  local  vertical  vector  a in 
vehicle  coordinate  equals 


cosu)  t 
o 

sinio  t 
o 


(356) 


After  the  pseudo-axis  alignment  maneuvers  e and  e are  performed 

ya  za 

about  the  vehicle  Y and  Z control  axes,  respectively,  a equals 
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a’ 

m m 

1 c -e 

0 

X 

za  ya 

a' 

m 

-e  1 0 

COSO)  t 

y 

za 

0 

a' 

e 0 1 

ainu)  t 

z 

ya  J 

0 

J-  M 

f cos w t - e 

za  o ya 

CO  8(a)  t 
O 

s Into  t 

o 


sino)  t 
o 


057) 


2 

Computing  the  averages  of  a* a',  a' a',  a'a',  (a')  , 

y z x z x y ^ 


, 2 y z x z x y x 

(a*)  , and  (a'j  neglecting  all  terms  containing  products 


or  squares  of  e and  c , 

H ya  za' 


a'a'  ■ 0 

y * 

(358) 

a'a'  - 0 

x z 

(359) 

a'a*  ■ Gza 

x y ~ 

(360) 

(a;)2  -0 

(361) 

(aj)2  - 1/2 

(362) 

(a;)2  ■ 1/2 

(363) 

Substituting  equations  358  thru  363  into  equations 
the  average  gravity  gradient  torques  acting  on  the 

350  thru  352, 
vehicle  are: 

T « -3u  2 [e  I + e I ] 
gx  o ya  xy  za  xz 

(364) 

T - -3ui  [e  (I  - I ) - e I +1  ) (365) 

gy  o ya  xx  zz  ya  yz  xz 


T «-3uj  [e  (I  - I ) + e I +1]  (366) 

gx  o za  yy  xx  ya  yz  xy  ' 


2 
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Bv  Integrating  the  above  average  gravity  gradient  torques  over  one 
By  Integra  8 arAdient  angular  momentum  equa 


H 


gy 


H 

gx 

■3,,uo  ,eyaIxy  + ‘b'b1 

(367) 

* -3ttw 

o 

tsya(1ax-  - Cz«Iyt  + ‘mm1 

(368) 

- 3ttu) 

0 

lSa(Iyy-  '»>  + Eyalyz  + ‘my1 

(369) 

H 

gz 

By  judiciously  substituting  the  approximations  for  1^,  *xz>  and  Iy, 
given  in  equations  353  thru  355  into  equations  367  thru  369,  the  gravity 
gradient  momentum  equations  are: 


H - 0 

(370) 

gx 

* -3™oteya(Ixx‘  1zz)  + Ix«1 

(371) 

“ -3™oteza(Iyy"  Ixx)  + V 

(372) 

H 

gy 


gz 

If  E c are  zero,  the  moment™,  that  the  CMC  system  -ill  accumulate 

L ya  za 

during  one  orbit  equals 


Hx  CMG  " 0 


(373) 


H -3TTU)  I 

y CMG  o xy 

u - -3TTW  I 

z CMG  o xy 


Equations  370  thru  372  can  be  written  as 


H “0 

gx 

V • ki  V + 010 

Hgz  “ k2  eza  + *z  CMG 


(374) 

(375) 

(376) 

(377) 

(378) 


where 


k!  “ 3lTwo  (Izz‘  Ixx) 


(379) 


k2  * 3™o  ( V W 


(380) 
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If  this  pseudo-axis  misalignment  scheme  operates  properly  H and 

8y 

H will  equal  zero, 
gz 
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* k- 

+ 

H 

CMG 

gy 

1 

ya 

y 
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* k0 

e 

+ 

H 

CMG 

gz 

2 

za 

z 

- 0 

= 0 


(381) 

(382) 


Solving  equations  381  and  382  for  the  pseudo-axis  alignment  man- 
euvers e and  e , 
ya  za 


eya  " ~Hy  CMG 


(383) 


e - -H 
za  z CMG 


(384) 


The  average  momentum  stored  in  the  CMG  system  H and  H 

y uMt»  Z CMC 

can  be  determined  by  sampling  the  momentum  stored  in  the  CMG  sys- 
tem. The  above  offset  maneuvers  e and  e correspond  to  off- 
sets from  the  previously  held  vehiXfe  attifSde.  The  total  vehicle 


offset  commands  e 
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and  e 
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+ e 
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(385) 

(386) 


(P)  (P) 

where  e and  e are  the  previous  orbit  offset  commands 

ya  az 

/T  'T  \ 

c and  e . Assuming  that  the  CMG  system  is  desaturated 

ya  za  6 * 

once  an  orbit  these  offset  maneuvers  c v ' and  _ 

ya  za 

formed  at  the  end  of  each  desaturation  interval. 


(T) 


are  per- 


10.6.2  Derivation  of  Inertial  X-IOP  Pseudo-Axis 
Alignment  Control  Law  - Assume  that  a in  vehicle  coordinates 
equal 


-COSU)  t 

o 

sin  X sinu  t 
o 

cos  X sinD  t 
o 


(387) 
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After  the  pseudo-axis  alignment  maneuver  e za  is  performed  about  the 
vehicle  Z control  axis,  a equals 
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(388) 


2 2 

Computing  the  averages  of  a^,  a^V,  a^,  (aM  , (a^)  , 

and  (a')2  and  neglecting  all  terms  containing  squares  of  e 
z 


a'a' 

y z 

sin2X 

" 4 

(389) 

a'a* 
x z 

e sin2X 

= za 

4 

(390) 
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- sin2X 
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(393) 
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2 

- cos  X 
2 

(394) 

Substituting  the  above  expressions  and  the  approximations  for  1^, 

I , and  I given  in  equations  353  thru  355  into  the  gravity  grad- 

lent  torque  equations  and  neglecting  all  products  of  £za»  Gox»  G0y» 

and  e , the  average  gravity  gradient  torques  acting  on  the  inertial 
oz 

X-IOP  vehicle  are: 
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T - 3u>  2 {(I  - I ) sin  2X  + 2 (cos  2A)I  } (395) 

gx  o zz  yy  y* 


T - 3w  {(I  - I ) e sin  2A  + (sin  2A)I 

gy  o lv  xx  zz'  za  xy 

~4  , (396) 

+ 2 (sin  A)!^} 


T - 3oo  (-2(1  - I ) c cos  ‘A  + (sin  2A)I 

gz  o yy  xx  za  xz 

4 

-2 (cos  ^A)Ixy> 


(397) 


Integrating  the  above  average  gravity  gradient  torques  over  one 
orbit,  the  resultant  average  gravity  gradient  angular  momentum 
equals 


- 3rru> 
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(399) 


H - 3ttu)  {-2(1  - I ) e cos  ZA  + (sin  2A)I 
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- 2 (cos  *)Ixy> 


(400) 


If  e Is  zero,  the  momentum  that  the  CMG  system  will  accumulate 
za 

during  one  orbit  equals 


H ■ H 
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Hy  CMC  " 37TU)o  {(8ln  2X)Ixy  + 2(810  2x)Ixz} 


(401) 
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(403) 
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Equations  398  thru  400  can  be  written  as 


gx 
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x CMG 
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If  this  pseudo-axis  misalignment  scheme  operates  properly  Hgy  and 


H will  equal  zero. 

gz 


Hgy  " Vza  + Hy  CMG  " ° 
Hgz  = Vza  + Hz  CMG  = ° 


gy 

(409) 

(410) 


410  for  e , e equals 

Z8  Z® 

f;za  = _Hv  CMG 

(411) 

ki 

£za  CMG 

(412) 

From  equations  411  an, I 412  there  appears  to  be  two  possible  ®°*U_ 
tions  for  e . But  if  the  vehicle  moments  of  inertia  Iyy  and 

are  approximately  equal,  the  two  values  of  computed  above  are 

also  approximately  equal;  this  can  be  shown  by  subsbit^J"8 .^above 
appropriate  expressions  of  Hy  CMG,  Hz  k.^  and  k2  i 

equations.  Since  for  the  vehicle  used  in  this  study,  section  3, 

I and  I are  approximately  equal,  either  of  the  two  above  expres- 
sions ca^be  used  to  compute  z^.  The  average  momentum  stored  in 
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the  CMG  systetn  and  Hz  can  be  computed  by  sampling  the 

momentum  stored  in  the  CMG  system.  As  in  the  X-POP  case,  e 

(P) 


corresponds  to  an  update  of  the  total  offset  angle  e 


the  previous  orbit.  The  new  updated  value  of  e 
equals 


(P) 


za 


za 
from 
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za 


za 
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za 


za 


+e 


za 


(413) 


Assuming  that  the  CMG  system  is  desaturated  once  an  orbit  this 

(X) 

offset  maneuver  e is  performed  at  the  end  of  each  desatura- 

za 

tion  interval. 


If  a gravity  gradient  desaturation  system  is  used  to  desatu- 
rate  the  CMG  system,  the  effects  of  the  pseudo-axis  alignment 
offset  maneuvers  for  both  the  X-POP  and  X-I0P  cases  must  be 
accounted  for  in  the  desaturation  law. 

10.7  Notes 


10.7.1  Symbols  and  Abbreviations 


a 


CMC 

g 


H 

H 


c 


hcmg 

H0) 

hcmc 


Unit  local  vertical  vector  in  vehicle  coor- 
dinates 

Unit  local  vertical  vector  in  orbital 
reference  frame 

Control  moment  gyro 

Gravitational  acceleration  of  the  Earth 
(32.2  ft/sec2) 

Magnitude  of  CMG  wheel  momentum 

Total  system  momentum  measured  in  Z-LV  inertial 
reference  frame 

CMG  system  momentum  imparted  to  the  vehicle 

CMG  momentum  state  measured  in  Z-LV  inertial 
reference  frame 

Desired  Z-LV  CMG  momentum  state 


H Vehicle  momentum 

v 


AH 


(I) 

CMG 


CMG  momentum  desaturation  command  (inertial 
case) 

CMG  momentum  desaturation  command  (Z-LV  case) 
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AH 
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sp 
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min 
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RCS 
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T 

gg 


'Vi 


W.O.F. 

X-IOP 

X-POP 

Z-LV 


1(1) 

!«« 

5l(i) 

+3(1) 


e 


ol 


Change  in  vehicle  momentum 
Identity  matrix 

Vehicle  moments  of  inertia  (i-x#yfz) 

Vehicle  cross  products  of  inertia  (imxtytzt 

j*x»y >z » Hi) 

RCS  fuel  specific  impulse 

Vehicle  inertia  tensor 
Lagrange  adjoin  equation 
RCS  moment  arms  (i*x,y,z) 

Arc  minute 

Performance  index 

Mean  radius  of  the  Earth 

Distance  from  the  center  of  the  Earth  to  vehicle 
center  of  mass 
Reaction  control  system 
Laplace  operator 
Time  in  seconds 

Gravity  gradient  torque 

Z-LV  gravity  gradient  torque  observed  in  Z-LV 
inertial  reference  frame 
Weight  of  fuel 
X axis  in  the  orbital  plane 
X axis  perpendicular  to  the  orbital  plane 
Z axis  along  local  vertical 
Inner  CMG  gimbal  angle  (i*l,...,6) 

Outer  CMG  gimbal  angle  (1=1,... ,6) 

Inner  CMG  gimbal  rate  (i=l,...,6) 

Outer  CMG  gimbal  rate  (1*1,.. 6) 

Vehicle  offset  maneuver 

Vehicle  principal  and  control  axis  misalignmemt 
(i=x,v ,z) 


ya  za 


[♦  ] 
1 v^o 


Pseudo-axis  alignment  maneuver 
RCS  attitude  deadband  limit 

Transformation  from  orbital  to  vehicle  coordinate 
frame 


IV 

Transformation  from  reference 

D 

attitude 

X 

Lagrange  multiplier 

-*■ 

(jJ 

Vehicle  angular  velocity 

“D 

Desired  vehicle  rate  command 

(J 

Vehicle  orbital  rate 
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11.  REVIEW  OF  SELECTED  CMG  CONTROL  LOGIC 

The  CMG  control  logic  selected  in  sections  8 thru  10  are: 
CMG  Maneuver  Control  Law 

• Quaternion  CMG  Maneuver  Control  Law  (section  8.2) 

CMG  Gimbal  Rate  Command  Law 

• Pseudo-Inverse  CMG  Control  Law  (section  9.4.4) 

• Optimal  CMG  Distribution  Law  (section  9.5.3) 

• Operational  Mode:  six  individual  CMG  operating  mode 

CMG  Momentum  Management 

• Primary  CMG  Desaturation  Law:  Small  Angle  Gravity 

Gradient  CMG  Desaturation  Law  (inertial,  section 
10.4.2;  Z-LV,  section  10.4.7) 

• Back-Up  CMG  Desaturation  Law:  RCS  Attitude  Control 

CMG  Desaturarion  Law  (section  10.3.2) 

• Pseudo-Axis  CMG  Alignment  Control  Law  (section  10.6) 
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12.  COMPUTER  VERIFICATION 

The  purpose  of  this  section  is  to  document  the  hybrid  com- 
puter simulation  study  used  to  verify  proper  operation  of  the 
selected  CMG  attitude  control  system  described  in  section  11. 

12.1  Simulated  CMG  Control  System  - The  selected  CMG  control 
system  consists  of  six  Skylab  ATM  type  double  gimbal  CMGs.  Each 
CMG  has  a wheel  momentum  of  2,300  ft-lb-sec.  Therefore,  the  total 
CMG  system  momentum  storage  capability  is  13,800  ft-lb-sec.  The 
assumed  CMG  mounting  configuration  is  shown  in  figure  12.1.  Two 
CMGs  are  identically  mounted  along  each  of  the  three  vehicle  prin- 
cipal axes  as  shown  in  this  figure.  The  CMG  system  was  operated 
as  six  individual  actuators  rather  than  the  slaved  CMG  operational 
mode  also  described  in  this  report. 

The  vehicle  was  assumed  to  be  a rigid  body.  The  vehicle  dy- 
namic equations  of  motion  along  with  the  assumed  venicle  inertia 
matrix  [I]  are  contained  in  section  3.  Gravity  gradient  torque 
was  assumed  to  be  the  principal  vehicle  torque  environment.  The 
gravity  gradient  torque  equation  used  is  contained  in  section  5.2.1. 

The  vehicle  control  law  employed  was  the  standard  rate  plus 
position  law  described  in  section  7.1.  The  function  of  the  vehicle 
control  law  is  to  generate  an  appropriate  CMG  torque  command  T^^. 

The  vehicle  control  law  was 

*C0M  " lKr1(V  V + [Kp](V  ^ 

where  u>8>  lE,  and  e are  the  desired  vehicle  angular  velocity, 

sensed  body  angular  velocity,  vehicle  attitude  error,  and  gravity 
gradient  CMG  desaturation  command,  respectively.  [K^]  and  [Kp] 

are  the  vehicle  control  law  rate  and  position  gain  matrices,  res- 
pectively. The  gain  matrices  used  in  this  simulation  are  computed 
in  section  7. 

The  control  logic  associated  with  a CMG  attitude  control 
system  consists  of  four  basic  elements:  (1)  a CMG  maneuver  con- 

trol law,  (2)  a CMG  control  law,  (3)  a CMG  singularity  avoidance 
scheme,  and  (4)  a CMG  desaturation  law.  Listed  below  is  the  select- 
ed CMG  control  logic  corresponding  to  these  elements  along  with 
the  sections  in  this  report  where  these  control  laws  are  derived. 


CMG  Maneuver  Control  Law:  Quaternion  Maneuver 

Control  Law  (section  8.2) 


OUTKR  GIMI1AK 
TOKQDJ’.K 


<p4jh'' 

CMC  5 X |\h'; 
MOUNTING  Cy^L'- 
I’  LAN  I-  /XJV 


::y\ 

— ■ *-'1  C;< 

Jh7 


1(5) 

OUTKR  CIKBAL 
TORQUKR  ^ 

^3(6)'-0  7-y':rr'  :r~ 

XAfc-- _-a 


s >a  \ < 

CMC  6~'  J'  l 
MOUNTING  py 
PLANK  /X) 


1(A)  OUTER 
GIMBAL 

torqukr 


A ^\XnJO  <5 


3(A)  A 


\V  \V 


fe» ! 1(2) 


3)  OUTKR 

r 01 MIJAL 

^ TOKQUKi 


z^CMG  A MOUNTING 


PLANE 


' A 

X<.  A' 3 


"CM j 2 MOUNTING 
PLANE 


CMC  3 MOUNTING 
PLANK 


x.  ^OUTER  GIMI.AL 
61(I)  TORQUKR 

- CMC  1 MOUNTING 
PLANK 


Figure  12.1.  Selected  CMC  Mounting  Configuration 
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CMC  Control  Law:  Pseudo-Inverse  CMG  Control  Law 

(section  9.4.4) 


CMG  Singularity  Aviodance  Scheme:  Optimal  CMG 

distribution  Law  (section  9.5.3) 


CMG  Desaturation  Law:  Small  Angle  Gravity  Gradient 

CMG  Desaturation  Law  (inertial  case:  option  2, 

section  10.4.2,  Z-LV  case:  section  10.4.7) 


Figure  12.2  is  a block  diagram  of  the  CMG  attitude  control 
system  as  implemented  on  the  hybrid  computer.  Inasmuch  as  open 
loop  integration  on  an  analog  computer  over  long  periods  of  time 
is  inaccurate,  the  vehicle  orbital  position  and  quaternion  were 
computed  on  the  digital  computer.  The  gravity  gradient  torque 
was  also  computed  on  the  digital  computer  since  it  is  a slowly  varying 
quantity,  having  a rate  of  change  equal  to  twice  the  vehicle  orbital 
rate  of  0.001108  rad/sec  as  compared  to  the  digital  computer  sample 
time  of  0.7  second.  To  reduce  the  analog  computer  errors  due  to 
torque  scaling  (maximum  CMG  torque  is  an  order  of  magnitude  larger 
than  maximum  gravity  gradient  torque) , the  vehicle  dynamic  equa- 
tions were  implemented  on  the  analog  in  momentum  form,  i.e., 

V »CMG  + fI]  S 


AHt  = /*  (T  - 2 x Hj)  dt 


H * 1L.  + AH  - H_4_ 
v Ti  T CMG 

a)  ■ [I]  1 H 


12.2  Computer  Study  Results  - The  results  of  the  computer 
study  are  given  in  figures  12.3  thru  12.15.  The  quantities  shown  on 
each  of  these  figures  are  as  follows: 


calcuated  vehicle  orbital  position  (deg) 

Euclidean  norm  of  the  unlimited  Pseudo-Inverse  Steering  Law 
gimbal  rate  vector  (rad/sec) 


| |Ss| I - Euclidean  norm  of  the  limited  (| |$sj |max*  0.05  rad/sec) 
Pseudo-Inverse  Steering  Law  gimbal  rate  vector  used  to 
control  vehicle  attitude  (rad/sec) 


| | Vf  J | - Euclidean  norm  of  the  gradient  of  f (dimensionless) 


7CRCUE 
: jAT  IONS 


Figure  12.2,  CMC  Attitude  Control  System  Block  Diagram 
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- Euclidean  norm  of  the  CMG  torque  that  would  be  generated 
by  the  unlimited  Singularity  Avoidance  Distribution  Law 
gimbal  » ate  vector.  Since  theoretically  this  quantity 
is  zero,  it  is  an  error,  (ft-lb) 


- vehicxe  X principal  axis  gravity  gradient  toraue  (ft-lb) 

- vehicle  Y principal  axis  gravity  gradient  torque  (ft-lb) 

- vehicle  Z principal  axis  gravity  gradient  torque  (ft-lb) 


" Bni1<!lan  norm  of  the  limited  (H|  | ( [A]+[Bl+[c]+[n])  J | | 

II  Ellmax  “ 10*°  ft-lb)  Singularity  Avoidance  Dis-™** 
tribution  Law  gimbal  rate  vector  (rad/sec) 


-determinant  of  (A] [A]T+[B] [B]T+[c] [C)T+[D] [D)T 
section  9.4.4  (dimensionless) 


defined  in 


- Euclidean  norm  of  the  CMG  Desaturation  Lav  small  angle 
gravity  gradient  CMG  desaturation  maneuver  (deg) 

|-  Euclidean  norm  of  the  total  CMG  momentum  vector  (ft-lb-sec) 

- vehicle  X principal  axis  rate  (rad/sec) 

- vehicle  Y principal  axis  rate  (rad/sec) 

- vehicle  Z principal  axis  rate  (rad/sec) 

first  component  of  the  vehicle  quaternion  vector  (dimen- 
sionless) 


- second  component  of  the  vehicle  quaternion  vector 
sionless) 


(di-ten- 


third  component  of  the  vehicle  quaternion  veci-or  (dimen- 
sionless) 


- fourth  component  of  the  vehicle  quaternion  vector 
sionless) 


(dimen- 


^Ex  ~ v®hicle  X principal  axis  attitude  error  (desired  attitude 
minus  achieved  attitude)  (arc-min) 

^Ey  - vehlcle  Y principal  axis  attitude  error  (arc-min) 
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d>  - vehicle  Z principal  axis  attitude  error  (arc-min) 

Ez 

Computer  runs  were  made  to  determine  the  response  of  the  CMG 
attitude  control  system,  to  determine  the  ability  of  the  distribution 
law  to  avoid  CMG  singularity,  and  to  determine  the  ability  of  the 
desaturation  law  to  avoid  CMG  saturation. 

12.2.1  System  Response  Runs  - Figure  12.3  shows  the  system  response 
to  impulses  and  steps  in  gravity  gradient  torque.  These  runs  were  per- 
formed for  a vehicle  orientation  with  the  X axis  perpendicular  to  the 
orbital  plane  (X-POP)  and  the  vehicle  Z axis  pointing  toward  an  inertially 
fixed  target  (Z-TT) . The  vehicle  was  initialized  at  an  orbital  position 

of  45°  from  mid-occultation  (9  =*  45°).  The  CMGs  were  initialized 

oc 

with  their  inner  gimbal  angles  at  zero  and  their  outer  girabal  angles 
at  45  degrees,  which  gives  zero  total  momentum  and  also  satisfies 
the  distribution  law,  i.e.,  Vf  * 0. 

The  distribution  law  was  initially  allowed  to  bring  f to  its  max- 
imum value  of  64.  This  took  approximately  700  seconds.  Then  a step 
input  of  0.00005  rad/sec  was  added  to  all  three  vehicle  rate  compon- 
ents. The  position  errors  were  allowed  co  settle  out.  Then  the  steps 
were  removed  and  the  system  allowed  to  settle  out  again.  The  proce- 
dure was  then  repeated  for  vehicle  rate  steps  in  the  opposite  direction. 
The  system  response  to  gravity  gradient  torque  step  inputs  of  20  ft-lb 
in  the  three  axes  was  investigated  in  the  same  way.  The  system  took 
approximately  30  seconds  to  settle  out  in  both  cases  of  vehicle  dis- 
turbances . 


12.2.2  Singularity  Avoidance  Runs  - Figure  12.4  shows  the 
results  of  the  singularity  avoidance  runs  with  X-POP  and  Z-TT. 

The  initial  vehicle  orbital  position  was  the  same  as  for  the  response 
runs.  The  initial  CMG  gimbal  angles  were  selected  to  put  four 
CMC  momentum  vectors  along  the  Y axis,  two  in  each  direction,  and 
the  other  two  momentum  vectors  along  the  X axis,  one  in  each  dir- 
ection. The  initial  gimbal  angles  used  were: 


tt 
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A disturbance  torque  of  3 ft-lb  was  added  to  the  Y axis  gravity 
gradient  torque  to  force  the  X axis  momentum  vectors  toward  the  sin- 
gular configuration  with  all  vectors  along  the  Y axis,  four  posi- 
tive and  two  negative.  Three  values  for  maximum  distribution  law 
torque  error  j j Tjt. ! | were  used:  zero,  which  corresponds  to  havinv 

no  singularity  avoidance  scheme;  one  ft-lb;  and  ten  ft-lb,  which 
was  found  to  be  the  strongest  law  obtainable  without  causing 
significant  vehicle  attitude  errors.  The  results  show  the  necessity 
and  effectiveness  of  the  distribution  law  in  avoiding  singular  mom- 
entum configurations.  Without  a distribution  law,  f comes  close  to 
zero  about  halfway  through  the  run.  Thus,  the  steering  law  rates 
become  large  at  this  point  in  the  run.  With  a strong  distribution 
law,  f is  quickly  driven  to  its  maximum  value  of  64  and  held  there 
throughout  the  run  so  that  the  steering  law  rates  do  not  become 
large. 


12,2,3  Orbital  Runs  - Figures  12.5  thru  12.15  show  the  re- 
sults of  the  orb^.al  runs.  Each  run  shows  four  orbits.  The  cal- 
culated vehicle  orbital  position  and  quaternion  were  updated  once 
per  orbit  at  the  beginning  of  the  orbit.  The  CMGs  were  initial- 
ized in  the  same  way  as  for  the  system  response  runs.  With  no 
desaturation  law  active,  the  fcur  orbit  run  was  started  immediately. 
With  the  desaturation  law  active,  the  four  orbit  run  was  started 
when  the  CMG  momentum  settled  into  steady  state. 

Figures  12.5  thru  12.10  show  the  results  of  the  inertial  runs 
with  the  vehicle  Z-axis  pointing  toward  an  inert ially  fixed  target 
(Z-TT) . In  the  runs  corresponding  to  figures  12.5  thru  12.7,  the 
vehicle  X axis  is  in  the  orbital  plane  (X-IOP)  and  the  target  is 
45  degrees  above  the  orbital  plane.  In  figures  12.8  thru  12,10, 
the  X axis  is  perpendicular  to  the  orbital  plane  (X-POP).  The  veh- 
cle  orbital  position  for  all  inertial  runs  was  Initialized  to  be  45 
degrees  from  mid-occult^tion  (0  = 45°)  in  order  to  minimize  CMG  mom- 
entum buildup.  oc 

In  figure  12.5,  (X-IOP,  Z-TT)  no  desaturation^law  was  used. 

It  is  seen  that  the  CMG  momentum  as  measured  by  I | H__^ | | builds 

CMG 1 

up.  The  primary  momentum  accumulation  occurs  on  the  X axis  be- 
cause of  a bias  term  in  the  X component  of  gravity  gradient  torque. 

Figure  12.6  shows  the  results  of  repeating  the  run  of  figure  12.5, 
except  that  the  CMG  desaturation  law  was  active  about  mld-occultatlon 
for  half  an  orbit.  It  is  seen  that  the  law  is  effective  in  holding 
the  momentum  to  below  8,000  ft-l^-sec  with  a maneuver  angle 
of  six  degrees  as  measured  by  ||e||. 
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In  figure  12,7  the  vehicle  principal  axes  were  each  offset  1/2 
degree  from  the  nominal  orientation  (Z-TT,  X-IOP) . This  was  done 
in  order  to  show  the  effect  on  momentum  buildup  and  subsequent 
desaturation  maneuvers  of  misalignment  between  vehicle  axes  and 
vehicle  principal  axes.  For  this  orientation,  no  significant  effect 
resulted . 

Figures  12.8  thru  12.10  show  the  results  of  repeating  the 
runs  of  figures  12.5  thru  12.7,  respectively,  except  that  the 
X-POP  orientation  was  used.  In  figure  12. 8,. no  desaturation  law 
was  used.  The  heavy  part  of  the  trace  of  | |o^| | occuring  on  sheet 

2 of  figure  12.8  is  due  to  the  distribution  law  turning  on  when  f 
drops  below  64  and  off  when  f reaches  64.  Theoretically,  there  should 
be  no  CMG  momentum  buildup.  The  momentum  buildup  seen  on  this 
sheet  is  due  to  analog  computer  inaccuracy.  In  the  absence  of 
a desaturation  law,  CMG  momentum  is  open  loop*  Therefore,  any  bias 
in  the  analog  computer  gravity  gradient  torque  due  to  inaccur- 
acies causes  a CMG  momentum  buildup.  For  instance,  a one  percent 
bias  in  the  maximum  scaled  value  of  gravity  gradient  torque  of  0.2 
ft— lb  would  result  in  a momentum  buildup  of  approximately  1,000 
ft-lb-sec  per  orbit.  The  computer  inaccuracy  momentum  buildup 
does  not  invalidate  the  orbital  runs  since  it  can  be  considered 
due  to  some  small  vehicle  disturbance  torque. 

From  figure  12.9,  which  repeats  the  run  of  figure  12.8 
with  the  desaturation  law  active  when  the  vehicle  is  behind  the 
earth  from  the  target  (136°),  it  is  seen  that  the  momentum  is  held 
to  below  2,000  ft-lb-9ec  with  a maneuver  angle  of  6°. 

Figure  12.10  shows  the  results  obtained  with  a 1/2  degree 
offset  of  each  vehicle  principal  axis  from  th*-  nominal  orientation 
of  Z-TT  and  X-POP.  A much  larger  momentum  buildup  resulted  with 
a 9°  maneuver  angle  required  for  desaturation. 

Figures  12.11  thru  12.15  show  the  results  of  the  Earth  point- 
ing runs  with  the  vehicle  Z-axis  pointing  toward  the  local  vertical 
vector  (Z-LV) . In  the  runs  corresponding  to  figures  12.11  thru 
12,13,  the  vehicle  was  in  the  X-IOP  orientation.  The  runs  of  figures 
12.14  and  12.15  are  for  the  X-POP  orientation.  For  all  Z-LV  orbital 
runs,  the  vehicle  orbital  position  was  initialized  at  zero  (0qc«  0°). 
The  vehicle  rate  for  the  axis  about  which  the  vehicle  turned 
was  initialized  at  the  orbital  rate. 

Figure  12.11  corresponds  to  the  run  with  X-IOP,  Z-LV  and  no 
desaturation  law  present.  Theoretically,  no  momentum  buildup 
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should  occur . The  observed  buildup  Is  due  to  >n“lo8  *£ 

accuracy  as  explained  above.  Figure  12.12  repeats  the  run  of  the 
previous  figure  with  the  desaturation  law  active  for  ®^lt: 

every  other  orbit.  As  can  be  seen,  computer  Inaccuracy 
buildup  was  not  the  same  for  each  orbit.  An  average  maneuver  angle 
of  1®  was  required  for  desaturation. 

In  flaure  12.13  with  1/2  degree  vehicle  offset  of  each 
axis  from  the  nominal  X-IOP  and  Z-LV.  much  larger 
ups  are  observed.  Furthermore,  they  are  the  same  from  orbit  to 
obit.  This  is  because  the  momentum  accumulation  is  mainly  due  to 
d vehicle  position  error,  end  not  to  enelog  c^put.r  lajccur- 

acy.  A maneuver  angle  of  1.5*  was  required  to  desaturate  3.000 
£t-lb-sec  of  momentum. 


The  results  of  the  X-POP , 
law  are  shown  in  figure  12.14. 
this  run  was  made.  Therefore , 
law  was  not  required. 


Z-LV  run  with  the  CMG  desaturation 
No  momentum  buildup  oc cured  when 
although  present,  the  desaturation 


Similarly,  referring  to  figure 
offset  1/2  degree  on  each  axis  from 
orientation,  only  cyclical  momentum 
saturation  was  not  necessary. 


12.15  when  the  vehicle  was 
the  nominal  X-POP  and  Z-LV 
buildup  occured  so  that  de 


12-10 


SYMBOL 

AQ 

61(J) 


3(j) 


J 


D 


t 

t 


S 


S 


G 


f 

E 

H 


”CMG 


[I] 

'V 


LIST  OF  SYMBOLS 

DESCRIPTION 

Finite  change  In  the  quantity  Q 
Inner  global  angle  of  the  Jth 
(J-l,...,6) 

Outer  gimbal  angle  of  the  |th  f,MC»<S^j^s^  0 ^ j 
(J-1.....6) 

Limited  Singularity  Avoidance  Distribution  Lav 
gimbal  rate  vector 

Limited  Pauedo  - Inverse  Steering  Lav  gimbal  rate  vector 

Unlimited  Psuedo  - Inverse  Steering  Law  global  rate 
vector 

Gravity  Gradient  Desaturation  Lav  small  angle  maneuver 
vector 

Determinant  of  (A] [A]^+{B] [B]^+[C] (C]^+[D) [D]^  defined 
in  section  9.4.4. 

Vehicle  principal  axes  attitude  error  vector 
CMG  wheel  momentum 

Total  CMG  momentum  vector 

Total  (CMG  plus  vehicle)  momentum  vector 

Vehicle  momentun  vector 

Vehicle  prlnlcpal  axes  inertia  matrix 

Vehicle  Control  Lav  position  gain  matrix 


12-11 


SYMBOL 

DESCRIPTION 

[K,.] 

Vehicle  Control  Law  rate  gain  matrix 

^1 

Initial  value  of  the  quantity  Q 

Q 

max 

ql 

Maximum  value  of  the  quantity  Q 

1th  component  of  vehicle  quaternion  vector  (1-1,..., 4). 

t 

time 

<T 

acom 

CMG  torque  command 

te 

Unlimited  Distribution  Law  torque  error  vector 

-*• 

T 

g 

0OC 

Gravity  gradient  torque  vector 

Calculated  vehicle  orbital  position 

Vk 

Vehicle  principal  axes  kth  component  of  the  vector  V 
(k=*x,  y,  z) 

X-IOP 

Orientation  with  vehicle  X principal  axis  in  orbital 
plane. 

X-POP 

Orientation  with  vehicle  X principal  axis  perpendicular 
to  orbital  plane 

Z-LV 

Orientation  with  vehicle  Z principal  axis  pointing  to- 
ward the  earth 

Z-TT 

Orientation  with  vehicle  Z principal  axis  pointing  to- 
ward an  inertial  target 

-V 

U> 

Vehicle  angular  velocity  vector 

Desired  vehicle  angular  velocity  vector 

-► 

0) 

s 

Sensed  vehicle  angular  velocity  vector 

Vf 

Gradient  of  the  quantity  f with  respect  to  CMG  gimbal 
angles 

• 

Q 

Time  derivative  of  the  quantity  Q. 

I|V|| 

-* 
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13.  CONCLUSIONS 

In  this  report,  a control  moment  gyro  (CMG)  attitude  control 
system  is  designed  for  a large  orbiting  spacecraft.  The  purposes 
of  this  study  are:  (1)  to  demonstrate  the  basic  procedures  that 

should  be  followed  in  designing  a CMG  control  system,  (2)  to  define 
the  various  software  control  .options  available,  and  (3)  to  verify 
the  proper  operation  of  the  selected  control  logic  utilizing  a 
hybrid  computer  simulation  of  the  CMC.  control  system. 

For  this  study,  the  vehicle  used  was  the  Space  Shuttle. 

Using  the  Shuttle  sortie  missions  defined  in  the  General  Dynamics/ 
Convair  Phase  B Research  and  Application  Modulo  (RAM)  program,  an 
analysis  was  performed  to  define  the  vehicle  mission  requirements. 
These  mission  requirements  are  listed  in  table  13.1.  From  table 
13.1,  two  distinct  advantages  of  adding  a CMG  attitude  control  sys- 
tem to  the  Shuttle  become  apparent.  The  first  one  is  that  the 
baseline  Shuttle  reaction  control  subsystem  (RCS)  is  too  large  to 
meet  the  vehicle  pointing  and  stabilization  requirements  list  but, 
that  these  requirements  are  within  the  projected  capabilities  of  a 
CMG  control  system.  The  second  and  the  most  important  advantage 
of  a CMG  system  deals  with  the  contamination  control  requirements 
listed  in  table  13.1.  A RCS  system  controls  the  attitude  of  a 
spacecraft  by  expelling  matter  which  is  a potential  source  of 
experiment  contamination  whereas  a CMG  control  system  is  a con- 
tamination free  system.  The  contamination  requirements  listed  in 
table  13.1  are  fairly  stringent  and  in  all  likelihood  could  not 
be  met  if  the  baseline  Shuttle  RCS  was  used  for  attitude  control. 

The  next  step  in  designing  a CMG  control  system  is  to 
translate  the  mission  requirements  into  appropriate  CMG  system 
requirements.  The  resulting  CMG  system  requirements  derived 
using  the  mission  requirements  listed  in  table  13.1  are. 

CMG  system  momentum:  13,000  ft-lb-sec  (spherical) 

CMG  system  torque:  200  ft-lb  about  each  axis 

CMG  redundancy:  "fail  operational,  fail  safe" 

The  above  CMG  system  torque  and  momentum  requirements  were  sized 
based  on  projected  disturbance  torques  acting  on  the  vehicle  and 
the  momentum  that  the  CMG  system  must  store  in  order  for  the 
vehicle  to  maintain  the  required  vehicle  attitudes  for  one  orbit. 
The  CMG  torque  and  momentum  requirements  associated  with  the 
vehicle  maneuver  rate  requirements  listed  In  table  13.1  are 
excessive  and  are  not  reflected  in  the  above  CMG  torque  and 
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Table  13.1.  Mission  Requirements 


Absolute  Shuttle  Pointing  Requirement:^  min 
Shuttle  Stabilization  Requirement:  3 min/observation 

Shuttle  Attitude  Requirements: 

X-POP  Inertial  (X  axis  perpendicular  to  the  orbital  plane 
X-IOP  Inertial  (X  axis  in  the  orbital  plane) 

Z-LV  (Z  axis  aligned  with  the  local  vertical) 

CMC  System  Momentum  Desaturation:  once  an  orbit  capability 

Vehicle  Maneuver  Rate  Requirement:  0.1  degree/second  about 

each  vehicle  control  axis  (rate  must  be  attainable  in 
15  seconds) 

Contamination  Control: 

Particles:  10,000  class 

fk  -7 

Gas:  10  to  10  torrs 
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momentum  requirements.  A decision  was  made  to  perform  all  large 
angle  Shuttle  maneuvers  (i.e.,  from  a X-POP  inertial  attitude  to 
a X-IOP  inertial  attitude)  by  using  the  baseline  RCS.  The  CMC 
system  is  used  to  provide  fine  maneuver  control  by  reducing  system 
overshoots  and  settling  times. 

Using  these  CMC.  system  requirements,  various  CMC  configura- 
tions were  devised  to  meet  these  requirements.  both  double  glmhal 
and  single  gimbal  CMG  systems  were  considered.  Each  configuration 
was  evaluated  on  the  basis  of  the  number  of  CMGs  needed,  size, 
weight,  power,  and  the  impact  on  the  system  of  a single  CMG  failure. 
The  selected  CMG  system  consists  of  six  double  gimbal  CMGs  with  each 
CMG  having  a wheel  momentum  of  2,300  ft-lb-sec  and  no  gimbal  stops. 

The  mounting  configuration  used  in  this  study  has  two  CMGs  identically 
mounted  along  each  vehicle  axis.  Because  of  the  absence  of  gimbal 
stops,  the  mounting  configuration  is  not  critical.  Logically,  the 
CMGs  should  be  mounted  based  on  vehicle  space  and  structural  con- 
siderations. 

Next  , a vehicle  control  loop  is  designed  that  will  result  in 
a stable  system  and  one  that  can  meet  the  vehicle  pointing  and 
stabilization  requirements  listed  in  table  13.1.  The  vehit le 
control  law  used  in  this  study  is  a standard  rate  plus  position 
control  law.  The  function  of  the  vehicle  control  law  is  to 
generate  an  appropriate  CMG  torque  command  based  on  the  sensed 
vehicle  motion.  lne  veliicie  control  law  rate  and  position  gain 
matrices  are  selected  to  meet  the  vehicle  pointing  and  stabiliza- 
tion requirements. 

The  vehicle  control  system  has  been  designed.  The  only  re- 
maining task  is  to  select  the  CMG  control  logic  needed  to  implement 
the  CMG  control  system.  The  required  CMG  control  logic  consists 
of  three  components;  they  are:  (1)  a CMG  maneuver  control  law, 

(2)  a CMG  gimbal  rate  command  control  law,  and  (3)  a CMG  system 
momentum  management  scheme.  In  each  of  the  above  categories, 
there  are  a number  of  possible  candidates.  In  order  to  select 
the  "most"  appropriate  control  logic  mix,  a trade  study  is  per- 
formed. From  each  set  of  candidates,  a law  is  selected  based 
primarily  on  its  computational  complexity  and  performance. 

In  section  8 of  this  report,  three  candidate  CMC  maneuver 
control  laws  are  derived;  they  are  based  on  (1)  quaternion,  (2) 
direction  cosine,  and  (3)  Euler  angle  strapdown  implementations 
for  describing  the  attitude  of  a spacecraft.  The  funct lous  of 
these  three  maneuver  control  laws  are  to  generate  the  appropriate 
errors  signals  that  will  enable  the  vehicle  to  maintain  or  trac* 
specific  attitudes  and  to  perform  particular  maneuvers  from  one 
attitude  to  another.  The  resultant  attitude  error  and/or  rate 
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maneuver  commands  are  Implemented  by  inputting  theae  signals 
Into  the  vehicle  control  law.  The  quat€.»rnlon  maneuver  control 
law  was  selected  because  (1)  the  vehicle  maneuver  produced  is 
optimal  and  (2)  the  associated  strapdown  and  maneuver  equations 
can  be  simply  and  readily  computed.  The  resultant  vehicle 
maneuver  is  optimal  because  the  vehicle  is  rotated  about  a single 
axis  through  the  smallest  angle  required  to  produce  the  desired 
attitude  change. 

The  CMG  glmbal  rate  command  law  consists  of  two  parts:  (1) 

a CMG  control  law  or  steering  law  that  generates  a set  of  glmbal 
rate  commands  that  will  result  in  the  desired  CMG  torque  as  com- 
puted by  the  vehicle  control  law  and  (2)  a singularity  avoidance 
scheme  that  generates  another  set  of  CMG  glmbal  rate  commands  that 
drives  the  CMG  system  away  from  singularity  without  producing  any 
additional  CMG  torque.  For  a double  glmbal  CMG  system,  the  singu- 
larity condition  that  this  singularity  avoidance  scheme  must  avoid 
is  the  "anti-parallel"  condition  where  the  individual  CMG  wheel 
momentum  vectors  are  aligned,  but  with  some  of  them  pointed  in 
opposite  directions.  In  this  condition,  the  CMG  system  is  phy- 
sically unable  to  generate  the  desired  CMG  torque.  The  CMG  con- 
trol law  and  singularity  avoidance  glmbal  rate  commands  are 
summed  and  sent  to  the  appropriate  CMG  actuators  as  a single 
glmbal  rate  command.  In  section  9,  four  candidate  CMG  control 
laws  are  derived;  they  are:  (1)  the  Cross  Product  CMG  Control 

Law,  (2)  the  H-Vector  CMG  Control  Law,  (3)  the  Scissored  Pair  CMG 
Control  Law,  and  (4)  the  Pseudo- Inverse  CMG  Control  Law.  From 
these  four  candidates,  the  Pseudo-Inverse  CMG  Control  Law  was 
selected  because  (1)  it  is  a decoupled  control  law  meaning  that 
the  resultant  CMG  control  torque  generated  identically  equals  the 
CMG  torque  command  and  (2)  this  law  minimizes  the  CMG  glmbal  rate 
commands  therefore  minimizing  the  energy  required  to  generate  the 
desired  CMG  torque.  Also  in  section  9,  three  singularity  avoidance 
schemes  are  derived;  they  are:  (1)  Arbitrary  Torquing  of  CMGs 
Away  From  Singularity,  (2)  Isogonal  CMG  Distribution  Law,  and  (3) 
Optimal  CMG  Distribution  Law.  The  Optimal  CMG  Distribution  Law 
was  selected  because  (1)  it  maximizes  a singularity  function  that 
is  a measure  of  the  "distance"  the  CMG  system  is  away  from  an  "anti- 
parallel" condition  and  (2)  it  is  very  compatible  with  the  selected 
Pseudo-Inverse  CMG  Control  Law.  An  attempt  was  made  to  combine  the 
Pseudo-Inverse  CMG  Control  Law  and  the  Optimal  CMG  Distribution  Law 
into  a single  CMG  glmbal  rate  command  law.  The  obvious  advantage 
of  combining  these  two  laws  is  that  only  a single  expression  is 
needed  to  generate  the  total  CMG  glmbal  rate  command.  The  resultant 
expression  for  this  combined  glmbal  rate  command  is  so  complex  that 
there  is  no  computational  savings  or  improved  performance  capability 
resulting  from  combining  these  two  laws.  Therefore,  the  recommended 
mode  of  operation  is  to  use  the  individual  glmbal  rate  command  laws 
and  then  to  add  their  corresponding  glmbal  rate  commands  to  form 
the  total  command. 
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The  function  of  the  CMG  system  momentum  management  scheme 
is  to  insure  that  the  CMG  momentum  scheme  does  not  become  saturated 
from  a momentum  storage  standpoint.  The  primary  mechanism  for 
accomplishing  this  objective  is  a CMG  momentum  desaturat ion  system. 
This  mechanism  desaturates  the  CMG  system  by  applying  a properly 
directed  torque  to  the  vehicle  which  reduces  the  momentum  stored 
in  the  CMG  system.  In  section  10,  two  general  types  of  CMC  de- 
saturation  systems  are  described;  they  are:  (1)  a reaction  jet 

desaturation  system  utilizing  the  baseline  Shuttle  RCS  and  (2)  a 
gravity  gradient  desaturation  system  which  uses  the  natural  gravity 
gradient  torques  acting  on  the  vehicle.  A RCS  desaturation  system 
desaturates  the  CMG  system  by  sending  appropriate  jet  firing  com- 
mands to  the  baseline  RCS.  For  a gravity  gradient  desaturation 
system,  CMG  desaturation  is  accomplished  by  sending  vehicle  maneuver 
commands  and  rate  commands  to  the  vehicle  control  law  where  these 
commands  are  implemented.  A RCS  desaturation  system  is  more 
versatile  than  a corresponding  gravity  gradient  system  in  that  it 
can  develop  large  desaturation  torques  in  any  direction  thus  de- 
saturating  the  CMG  system  in  a very  short  time.  Its  major  drawback 
is  that  it  expells  mass  during  desaturation  that  can  be  a severe 
source  of  experiment  contamination.  For  this  reason  the  two  RCS 
desaturation  systems  devised  in  section  10  were  eliminated  from 
consideration  as  the  prime  CMG  desaturation  system.  Four  gravity 
gradient  desaturation  laws  were  derived  in  section  10;  they  are: 

(1)  a small  angle  multiaxis  maneuver  law,  (2)  a large  single  axis 
maneuver  law,  (3)  a reflexive  law  requiring  large  multiaxis  maneuvers, 
and  (4)  a gravity  tracking  law  also  requiring  large  raultiaxis  man- 
euvers. All  of  these  laws  involve  maneuvering  the  vehicle  at  the 
start  of  the  desaturation  period  to  a favorable  orientation  where 
the  gravity  gradient  torque  acting  on  the  vehicle  will  cause  the 
magnitude  of  the  CMG  momentum  to  decrease.  Of  the  four  gravity 
gradient  desaturation  laws,  the  small  angle  multiaxis  CMG  desatura- 
tion law,  law  1,  was  selected  because  of  the  following  reasons: 

(1)  the  computational  requirements  associated  with  this  law  are 
fewer  than  those  associated  with  the  other  laws  and  (2)  the  resultant 
small  angle  maneuvers  can  be  performed  by  the  CMG  control  system. 

This  latter  reason  is  important  because  the  other  candidate  desatura- 
tion laws  require  at  least  a single  large  angle  maneuver.  To  per- 
form these  large  maneuvers,  the  baseline  RCS  would  probably  have 
to  be  used  in  order  to  generate  the  large  torque  and  momentum  re- 
quired to  perform  th?se  maneuvers  in  a reasonable  period  of  time. 
Firing  the  baseline  RCS  to  perform  these  maneuvers  tends  to  defeat 
the  principal  reason  for  adding  a CMG  control  system  to  a vehicle 
like  the  Shuttle  that  of  reducing  RCS  contamination.  It  is  recom- 
mended that  a RCS  desaturation  system  be  retained  as  a back-up  CMG 
desaturation  system  in  order  to  give  the  system  an  emergency  CMG 
desaturation  capability. 


